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Abstract The aim of this paper is to expand the applicability of a fast iterative method
in a Banach space setting. Moreover, we provide computable radius of convergence, error
bounds on the distances involved and a uniqueness of the solution result based on Lipschitz-
type functions not given before. Furthermore, we avoid hypotheses on high order derivatives
which limit the applicability of the method. Instead, we only use hypotheses on the first
derivative. The convegence order is determined using the computational order of convergence
or the approximate order of convergence. Numerical examples where earlier results cannot
be applied to solve equations but our results can be applied are also given in this study.

Keywords Newton-type method - Radius of convergence - Local convergence -
Restricted convergence domains
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1 Introduction

Let F : Q € By —> B, be a continuously Fréchet-differentiable operator between the
Banach spaces By and B, and 2 be a convex set. Let U (a, p), Ul(a, p) stand, respectively
for the open and closed balls in B; with center a € B and of radius p > 0.

In this study, we consider the problem of approximating a solution &* of nonlinear equation

F(x) =0, (1.1)
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using the method considered in [8] for increasing the order of convergence of iterative meth-
ods defined foreachn =0, 1,2, ... by

Bn = an — F/(an)_lF(O‘n)

Yn = (o, Bn) (1.2)

1 = Yn — F'(Ba) ™' F (),

where o9 € € is an initial point, ¢ : 2 x Q — B is a continuous oper-
ator describing a method of convergence order p(p a natural number). In [8], the
above method is considered for solving systems of equations, when B; = By = R’
(i a natural number). Using Taylor expansion and the assumptions on derivatives of
order up to four of F, Cordero et al. [8] proved the convergence order of method
(1.2) is p + 2. The assumptions on the higher order Fréchet derivatives of the oper-
ator F restricts the applicability of method (1.2). For example consider the follow-
ing:

Example 1.1 Let By = B, = C[0,1], Q2 = U(a*, 1) and consider the nonlinear integral
equation of the mixed Hammerstein-type [1,2,6-9,12] defined by

1 2
x(s) = / G(s, 1) (x(t)3/2 + %) dr,
0

where the kernel G is the Green’s function defined on the interval [0, 1] x [0, 1] by

(I—s)t, t<s

Gls, 1) = {s(l —1), s<t.

The solution a*(s) = 0 is the same as the solution of Eq. (1.1), where F : CIO0, 1]
— ([0, 1] is defined by

! 2
F@®) :x(s)—/ G(s, 1) (x(t)3/2+%> dt.
0

1
/ G(s, t)dt
0

1
F'(x)y(s) = y(s) — / G(s, 1) @xm”z +x(z>) dt,
0

Notice that

1
< -.
-8

Then, we have that

so since F'(a*(s)) =1,
1w —1 / 173 1/2
|F (™) (F (X)—F()’))Hfg §||X—y|| +llx =yl

One can see that, higher order derivatives of F do not exist in this example.

Our goal is to weaken the assumptions in [8] and apply the method for solving equation
(1.1) in Banach spaces, so that the applicability of the method (1.2) can be extended using
Lipschitz-type functions. The study of the local convergence is important because it provides
the degree of difficulty for choosing initial points. Notice that in the studies using Taylor
expansions and high order derivatives the choice of the initial point is a shot in the dark. The
technique introduced in this paper can be used on other iterative methods [1-18].
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The rest of the paper is organized as follows. In Sect. 2 we present the local convergence
analysis. We also provide a radius of convergence, computable error bounds and a uniqueness
result. Special cases and numerical examples are given in the last section.

2 Local convergence analysis
Let wog : [0, +00) —> [0, +00) be a continuous and non-decreasing function with wg(0) =
0. Define the parameter pg by

po =sup{r > 0:wo(t) < 1}. 2.1)

Let w : [0, pg) —> [0,+00), v : [0, p9) —> [0, +00) be also continuous and non-
decreasing functions with w(0) = 0. Define functions g; and %; on the interval [0, pp)
by

o w((1 = 0)r)do

1) =
g1(t) T wo()
h@) =g —1.
We have that 7;(0) = —1 < 0 and h(t) — 400 ast —> p, . As a consequence of

intermediate value theorem, the function /1 has zeros in the interval (0, pg). Denote by p;
the smallest such zero.
(C) Suppose that there exist o, B € [0, pp) with « < B and a function g» : [0, pg)
—> [0, +00) such that for hy(r) = g2(t) — 1, ho(e) < 0 and hp(B) —> 400 or a
positive number as  —> p .

Notice that under condition (C) function A, has zeros in the interval («, 8) < (0, pg).
Denote by p, smallest such zero. Define parameter py by

po = max{t € [0, po] : g1 ()t < 1}. (2.2)
Define functions g3 and 43 on the interval [0, pg) by
) v(Og2(1)1)do
O=(1+2— )0
& ( 1= woi0n ) ¥
and
h3(t) = g3(r) — 1.

(H) Suppose that there exist @, 8 € [0, 7o) with @ < f such that h3(@) < 0 and h3(8) —
400 or a positive number as f — po - Denote by p3 the smallest zero of function h3
on the interval (&, B). Notice that condition (7{) implies condition (C). Define the radius of
convergence p by

p =min{p;}, i=1,2,3. 2.3)
Then, for each ¢ € [0, p)
0<g(@)<1, i=1,2,73 2.4)
and
0<gi(t) <1. (2.5)

The local convergence analysis of method (1.2) that follows is based on the preceding
notations.
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Theorem 2.1 Let F : Q C By — By be a continuously Fréchet-differentiable operator.
Let ¢ : Q x Q —> By be a continuous operator. Suppose there exist «* € Q and function
wo : [0, +00) —> [0, 400) continuous and non-decreasing with wy(0) = 0 such that for
each o € Q

F(a@*) =0, F'(a)7'eLB, B, (2.6)

and
IF' (@)~ (F'(@) — F'(@®)|| < wo(lle — a*|); 2.7

Let w,v : [0, po) —> [0, +00) be continuous and non-decreasing with w(0) = 0. Let
Qo =QNU(a*, py). Foreach a, B € Qo

IF ()" (F'(a) — F'(B)Il < w(llee — B, (2.8)
IF (@) 'F'@)l < v(lle =y, (2.9
Foreacha € Qand p = o — F'(0) "' F(x)
lo(a, B) —a*|l < g2l — ™[]l — ™| (2.10)
U*. p) S Q @2.11)

and condition (H) holds where radius po, po and p are given in (2.1), (2.2) and (2.3),
respectively. Then, the sequence {ay,} generated for ag € U(a*, p) — {a*} by method (1.2)
is well defined in U («*, p), remains in U(a™*, p) for eachn = 0, 1,2, ... and converges to
a*. Moreover, the following estimates hold

1B — ™|l < g1(llan — @ Dlletn — ™|l < llay — ™| < p, (2.12)

lvn — oIl < g2(llon — oDl — ™| < [loty — | (2.13)
and

a1 — o[l < g3(lan — ™Dl — ™[ < [l — ™|, (2.14)

where the functions g;,i = 1, 2, 3 are defined previously. Furthermore, if there exists p* > p
such that

1
/ wo(0p*)do < 1, (2.15)
0
then the limit point a* is the only solution of equation F(x) = 0in Q1 = QN U(a*, p*).

Proof We shall show that the estimates (2.12)—(2.14) hold using mathematical induction on
the integer k. Let @ € U (o™, p) — {a*}. Then using (2.6) and (2.7), we have that

IF ()" (F'(a) — F'(@*)|| < wo(lle — a*)) < wo(p) < 1. (2.16)
It follows from (2.16) and the Banach Lemma on invertible operators [2,4, 16] that F’ () le
L(B;, By) and

1
MWWFWWE1 2.17)

—wo(lle — a*|)’

In particular iterate By is well defined by the first substep of method (1.2) for n = 0. We can
write by (2.6) and (1.2) that

Bo —o* = ag —a* — F'(ag) ™' F(ap)

1
= —F'(ap) ! /0 [F'(a* + 0(ag — ™)) — F'(ap)](cg — a™)df. (2.18)
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Using (2.3), (2.4) (for i = 1), (2.8), (2.17) (for a = ap) and (2.18), we get in turn that
1Bo — a* || < IF' (o)™ F' ()]

1
x / F' (@) (F'(@* 4 6(ap — a*)) — F'(@0)) (ot — ™) H
0

- Jo w((1 = 0)lorg — ar*[)db g — ¥

1 —wo(llao — o)
= g1(lleo — a*Dlleco — ™|l < llwg — ™|l < p, (2.19)
which shows (2.12) forn = O and By € U («*, p). It follows that yy is well defined by second

substep of method (1.2) for n = 0. Using (2.3), (2.4) (for i = 2) and (2.10), we get in turn
that

lvo — e[l = llg (a0, Bo) — ™|
< g2(llao — a*|Dllewo — &™[| < [lwg — || < p, (2.20)
0 (2.13) holds for n = 0 and yy € U(a®, p). It follows from (2.17) for «g = By and (2.19)
that F/(89)~! € L(B,, By) and
1

I —wo(llfo —a*I)
1

< .

— 1 —wo(gi(lleo — a*Dllero — )
We also have « is well defined by (2.21) and the third substep of method (1.2) for n = 0.
Then by method (1.2) for n = 0, we have that

llar — Il < llyo — o™ + I1F'(Bo) ™" F' @)l F' (@) "' F (o) . (2.22)

IF'(Bo) ™" F' (™) <

221

In view of (2.6) we can write

1
F(yo) = F(yo) — F(a") = /0 F'(@" +60(y0 — a™)d0(yo — a¥), (2.23)

so since ||a* + 0(ag — o) — ™| = Ollag — || < p, (i.e., @* + O(xg — @®) € U(a*, p)
for each 8 € [0, 1]), (2.9) and (2.20) gives (2.23) and

1
IF" @)™ F (o)l < /0 v(@lvo — a*IDdollyo — o

1
< / v(g2(lleo — o IDlleo — oD g2(llatg — @D lleg — ™[I (2.24)
0
Next, from (2.4) (for n = 0), (2.20)—(2.24), we get in turn that
fol v(0g2(llag — ™Dl — a*[1)dO
1 —wo(g1(lleo — a*[Dlleo — *[)

x g2 (llewo — o™ D lleg — &l (2.25)
= g3(lleo — a*Dlleo — || < llatg — ™|l < p, (2.26)

lar — ol = (1 +

which shows (2.14) forn = 0 and a; € U (a*, p). The induction for estimates (2.12)—(2.14)
is completed in an analogous way, if we simply replace «o, Bo, Y0, &1 by @k, Bk, Vi, Qk+1 in
the preceding estimates. Then, from the estimates
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ok —a®|| < cllax — ™| < r, 2.27)
where ¢ = g3(lap — «®||) € [0, 1), we deduce that limy_ o0 = o™ and 41 €
U(a*, p). Finally, to show the uniqueness part, let 8* € Qo with F(8*) = 0. Define
T = /01 F'(a* 4+ 0(8* — a™))dO. Then, using (2.7), we obtain that

1
IF" @)™ (T = F'(a™)] < /0 wo(@le™ — B*[NdO

1
5/ wo(Bp™)do < 1. (2.28)
0

Hence, we have that T—' € L(B,, B;). Then, from the identity 0 = F(8*) — F(a*) =
T (B* — a™), we conclude that o™ = B*. o

Remark 2.2 (a) In the case when wq(t) = Lot, w(t) = Lt and Q¢ = 2, the radius pg =
ﬁ was obtained by Argyros in [2] as the convergence radius for Newton’s method
under condition (2.7)—(2.9). Notice that the convergence radius for Newton’s method

given independently by Rheinboldt [16] and Traub [18] is given by
2

3L

As anexample, let us consider the function F(x) = e*—1.Thena* = 0.Set2 = B(0, 1).

Then, we have that Ly = e — 1 < L = e, 30 prg = 0.24252961 < pg = 0.324947231.
Moreover, the new error bounds [2] are:

PTR = < PA. (2.29)

L

2

a1 — o < ————lay — ™|,
1 — Lollan — a*||
whereas the old ones [5,7]
L

2

a1 — o] < ———|la, — ™|
" 1= Ll —or| "

Clearly, the new error bounds are more precise, if Lo < L. Clearly, the radius of conver-
gence of method (1.2) given by p cannot be be larger than pg4.

(b) The local results can be used for projection methods such as Arnoldi’s method, the gener-
alized minimum residual method (GMREM), the generalized conjugate method (GCM)
for combined Newton/finite projection methods and in connection to the mesh inde-
pendence principle in order to develop the cheapest and most efficient mesh refinement
strategy [1-5].

(¢) The results can be also be used to solve equations where the operator F’ satisfies the
autonomous differential equation [2—4]:

F'(x) = P(F(x)),

where P : By — B, is a known continuous operator. Since F'(x*) = P(F(x*)) =
P(0), we can apply the results without actually knowing the solution x*. Let as an
example F(x) = ¢ — 1. Then, we can choose P(x) = x + 1 and x* = 0.

(d) Itis worth noticing that method (1.2) are not changing if we use the new instead of the old
conditions [7]. Moreover, for the error bounds in practice we can use the computational
order of convergence (COC)

lltn 2 —e*||

£ = lloen 1 —a*||

- — *” ’
In llotnq1—c

oz —a* ||

foreachn=1,2,...
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or the approximate computational order of convergence (ACOC)

Ap+2—p1 |l
In llotn+

S* _ llotnr 1=l
llotn1—anll
[lotn —otn—1l

foreach n=1,2,....
In

(e) In view of (2.4) and the estimate
IF' )™ F ol = |F'5) ™ (F () = F'7) + 1
< L[ F') ™ F @) — F'@) < T+ wo(llx —x*)
condition (2.6) can be dropped and can be replaced by
v(t) =14+ wo(t)
or
v(t) = 14 wo(po),

since t € [0, pop).
(f) Letus choose @ = 1 and ¢(x, y) = y — F'(y) "' F(y). Then, we have in (2.22) with ay
replaced by Bi

J3 w1 =)k — a*NdblIBx — o||
1 —wo(g1(lax — a*Dllax —a*)

ook, B) — o™l <

)
so we can choose p = 1 and

Jy w((1 = 0)g1(1)1)dog (1) .

V() = T wol)

(g) Letus consider two special choices for ¢ leading to an extension of Frontini and Sormani

method denoted by (M5s) as well as the Cordero method denoted by (Mg) [7]:
Case (M5s). Let

9(en, Br) = B — F'(ctn) (21 = F'(B) F'(etn) ™ 1F (B)

lo(etn, Bn) — ™| < 1By — ||

2IIwo(llotn —a*|) + wollBs — ) + 11 fy v@lBs — *[)d0| B, — |
(1 = wo(llan — a*[))?
2|lwo(?) +w nr)+1 v(0g1(t)t)do
(14 Qllwo(t) + wo(g1(1)1) 2)fo (0g1(1)1) )
(I —wo(1)?)

so for ||a, — a™| < t, we can choose

_ @llwo(r) + wo(g1 (1) + 1) fy v(Bg1(1)1)do
g2(1) = ( 1 = wo)2 )gl(l)-

Case (Mg). Let

@(an, Bn) = ot — 2(F'(Bn) + F'(0tn)) ' 1F (atn)
@(tn, Bn) — & = ay — & — 2(F'(Ba) + F'(0n)) " F(atn)
= oy — o — F'(ap) "' Flaw) + F'(e) " Flan) — 2(F'(By) + F'(an)) ™"
—F'(a) + F' (@) F () = oy — &* — F'(ct) ' F(aty)
+F () " F () + F'(Ba) — 2F (B))(F'(Bu) + F (@)™ F (o).
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So

lgetn, Bn) — eIl < gillen — ™D llon — |l
(lwo(llBn — e*D+wolllan—a* (1)) fo (@ lan—c*)d6 o — o*|
2(1 = wo(llan — a*I) (A = p(lleea — ™))

so for ||a;, — ™| < t, we can choose

(wo (1) + wo(g1()D)) fif v(O1)dH
2(1 — wo())(1 — p(0))

&) =g1(t) +

3 Numerical examples

We present two examples in this section. We choose ¢ as in Remark 2.2 (g) in both examples.

Example 3.1 Let By = B, = C[0, 1], D = U(0, 1). Define function F on D by

1
F@)(x) = (x) — 5 /O x00(6)3d6.

Then, the Fréchet-derivative is given by

1
Flp@E)(x) =&(x) — 15/ x0¢p(0)*E(0)do, foreach £ € D.
0

Then, we have that x* = 0, wo(¢t) = Lot, w(t) = Lt,v(t) =2,Ly = 7.5 < L = 15. Then,
the radius of convergence p is given by

p1 = 0.0667, pr = 0.0045 = p, p3 = 0.0050.

Example 3.2 Returning back to the motivational example given at the introduction of this
study, we can choose (see also Remark 2.2 (5) for function v) wo(t) = w(t) = é(%«/f +1)
and v(t) = 1 + wo(po), po = 4.7354. Then, the radius of convergence p is given by

p1 = 3.5303, pr = 2.0048, p3 = | = p.
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