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Convergence rate result for a modified steepest descent method and a modified mini- 

mal error method for the solution of nonlinear ill-posed operator equation have been 

proved with noisy data. To our knowledge, convergence rate result for the steepest de- 

scent method and minimal error method with noisy data are not known. We provide a 

convergence rate results for these methods with noisy data. The result in this paper are 

obtained under less computational cost when compared to the steepest descent method 

and minimal error method. We present an academic example which satisfies the assump- 

tions of this paper. 
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1. Introduction 

Steepest descent method is used extensively (see [1–8] for linear ill-posed equations and [11,13] for nonlinear ill-posed

equations) for solving ill-posed operator equations. In this study we consider a modified steepest descent method and a

modified minimal error method for approximately solving the operator equation 

F (x ) = y, (1.1)

where F : D ( F ) ⊆ X → Y is a nonlinear Fréchet differentiable operator between the Hilbert spaces X and Y . Let D ( F ), 〈 ., . 〉 and

‖ . ‖ , respectively stand for the domain of F , inner product and norm which can always be identified from the context in

which they appear. Fréchet derivative of F is denoted by F ′ (.) and its adjoint by F ′ (.) ∗. Further we assume that Eq. (1.1) has a

solution ˆ x , which is not depending continuously on the right-hand side data y , i.e., (1.1) is ill-posed. 

It is assumed further that we have only approximate data y δ ∈ Y with 

‖ y − y δ‖ ≤ δ. 

Steepest descent method was considered by Scherzer [13] , Neubauer and Scherzer [11] for approximately solving (1.1) .

In general, steepest-descent method for (1.1) can be written as 

x k +1 = x k + αk s k , (1.2)

where s k is the search direction taken as the negative gradient of the minimization functional involved and αk is the descent.

For solving Eq. (1.1) with y δ in place of y , method (1.2) was studied by Scherzer [13] when s k = −F ′ (x k ) 
∗(F (x k ) − y δ ) and

αk = 

‖ s k ‖ 2 
‖ F ′ (x ) ∗s ‖ 2 . For linear operator F , Gilyazov [10] studied ( α-process) method (1.2) when s k = −F ′ (x k ) 

∗(F (x k ) − y δ )

k k 

∗ Corresponding author. 

E-mail addresses: nitksanthosh@gmail.com , sgeorge@nitk.ac.in (S. George), msabarijothi16@gmail.com (M. Sabari). 

http://dx.doi.org/10.1016/j.amc.2016.09.009 

0 096-30 03/© 2016 Elsevier Inc. All rights reserved. 

http://dx.doi.org/10.1016/j.amc.2016.09.009
http://www.ScienceDirect.com
http://www.elsevier.com/locate/amc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2016.09.009&domain=pdf
mailto:nitksanthosh@gmail.com
mailto:sgeorge@nitk.ac.in
mailto:msabarijothi16@gmail.com
http://dx.doi.org/10.1016/j.amc.2016.09.009


170 S. George, M. Sabari / Applied Mathematics and Computation 294 (2017) 169–179 

 

 

 

 

 

 

and αk = 

〈 (F ∗F ) αs k ,s k 〉 〈 (F ∗F ) αs k ,F 
∗F s k 〉 . Vasin [14] considered a regularized version of the steepest descent method in which

s k = −F ′ (x k ) 
∗(F (x k ) − y δ ) + α(x k − x 0 ) and αk = 

‖ s k ‖ 2 
‖ F ′ (x k ) s k ‖ 2 + α‖ s k ‖ 2 . Here and below x 0 is the initial guess. Also, observe

that the TIGRA-method of Ramlau [12] is of the form (1.2) with s k = −[ F ′ (x k ) 
∗(F (x k ) − y δ ) + αk (x 0 − x k )] and αk = βk . Note

that, in all these methods, one has to compute Fréchet derivative of F at each iterate x k in each iteration step which is in

general very expensive. 

1.1. Preliminaries 

Let B (x, r) , B (x, r) stand, respectively for the open and closed balls in X , with center x ∈ X and of radius r > 0. 

In [11] , Neubauer and Scherzer considered the steepest descent method: 

x k +1 = x k + αk s k (k = 0 , 1 , 2 , . . . ) 

s k = −F ′ (x k ) 
∗(F (x k ) − y ) (1.3) 

αk = 

‖ s k ‖ 

2 

‖ F ′ (x k ) s k ‖ 

2 

and the minimal error method: 

x k +1 = x k + αk s k (k = 0 , 1 , 2 , . . . ) 

s k = −F ′ (x k ) 
∗(F (x k ) − y ) (1.4) 

αk = 

‖ F (x k ) − y ‖ 

2 

‖ s k ‖ 

2 

in the noise free case and obtained the rate 

‖ x k − ˆ x ‖ = O (k −
1 
2 ) (1.5) 

under the assumptions ( A ): 

( A 1 ) F has a Lipschitz continuous Fréchet derivative F ′ (.) in a neighborhood of x 0 . 

( A 2 ) F ′ (x ) = R x F 
′ ( ̂  x ) , x ∈ B (x 0 , ρ) where { R x : x ∈ B ( x 0 , ρ)} is a family of bounded linear operators R x : Y −→ Y with 

‖ R x − I‖ ≤ C‖ x − ˆ x ‖ 

where C is a positive constant and 

( A 3 ) 

x 0 − ˆ x = (F ′ ( ̂  x ) ∗F ′ ( ̂  x )) 
1 
2 z 

for some z ∈ X . 

In the present paper, we consider a modified steepest descent method and a modified minimal error method, in the case

of noise free case, defined by 

x k +1 = x k + αk s k (k = 0 , 1 , 2 , . . . ) 

s k = −F ′ (x 0 ) 
∗(F (x k ) − y ) (1.6) 

αk = 

‖ s k ‖ 

2 

‖ F ′ (x 0 ) s k ‖ 

2 

and 

x k +1 = x k + αk s k (k = 0 , 1 , 2 , . . . ) 

s k = −F ′ (x 0 ) 
∗(F (x k ) − y ) (1.7) 

αk = 

‖ F (x k ) − y ‖ 

2 

‖ s k ‖ 

2 
, 

respectively. Instead of assumptions ( A ), we use the following assumptions ( C): 

( C 0 ) ‖ F ′ ( x ) ‖ ≤ m for some m > 0 and for all x ∈ D ( F ). 

( C 1 ) F ′ ( ̂  x ) = F ′ (x 0 ) G ( ̂  x , x 0 ) where G ( ̂  x , x 0 ) is a bounded linear operator from X −→ X with 

‖ G ( ̂  x , x 0 ) − I‖ ≤ C 0 ρ

where C 0 is a positive constant and ρ ≥ ‖ x 0 − ˆ x ‖ . 
( C 2 ) F ′ (x ) = R (x, y ) F ′ (y ) (x, y ∈ B (x 0 , ρ) ) where { R ( x , y ): x , y ∈ B ( x 0 , ρ)} is a family of bounded linear operators R (x, y ) :

Y −→ Y with 

‖ R (x, y ) − I‖ ≤ C 1 ‖ x − y ‖ 

for some positive constant C and 
1 
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( C 3 ) 

x 0 − ˆ x = (F ′ (x 0 ) 
∗F ′ (x 0 )) 

1 
2 v 

for some v ∈ X. 

Observe that x 0 − ˆ x in ( C 3 ) is depending on the known initial guess x 0 , where as in ( A 3 ), x 0 − ˆ x is depending on the

unknown ˆ x . Not only this advantage but also in our method one need to compute the Fréchet derivative only at one point

x 0 throughout the iteration process. 

As already mentioned in the abstract, no convergence rate results are known for steepest descent method and minimal

error method with noisy data. In other words, it remains an open question whether convergence rate results can be proven

for the methods (1.3) and (1.4) with noisy data. We considered methods (1.6) and (1.7) with noisy data and obtained a

convergence rate result. Using the same idea we obtained a convergence rate result for methods (1.3) and (1.4) . 

The rest of the paper is organized as follows. In Section 2 we present a Convergence analysis of method (1.6) and

(1.7) and in Section 3 we present a Convergence rate result for method (1.6) and (1.7) with noisy data. In particular, we

consider a discrepancy principle in Section 3.1 and in Section 3.2 we present a convergence rate result for steepest descent

method and minimal error method. Finally the paper ends with an academic example in Section 4 . 

2. Convergence analysis of method (1.6) and (1.7) 

The main purpose of this section is to obtain an error estimate for ‖ x k − ˆ x ‖ under the assumptions ( C). For this purpose

we make use of the following result in [10] (see [10, Lemma 2] ). Let { v k } be a sequence in X , ν > 0, be some parameter

such that 

‖ A 

νv k ‖ 

2 − ‖ A 

νv k +1 ‖ 

2 ≥ ε k 〈 A 

ν+1 v k , A 

νv k 〉 
for k = 0 , 1 , 2 , . . . , where A is a positive self adjoint operator and ε k > 0. Then 

‖ A 

νv k ‖ ≤ [2(ν + 1)] ν‖ v k ‖ 

1 
ν+1 

[ 

k −1 ∑ 

i =0 

ε i ‖ v i ‖ 

− 1 
ν+1 

] −ν

. (2.1)

We shall apply the above result (i.e., (2.1) ) to v k = A 

− 1 
2 (x k − ˆ x ) with A = F ′ (x 0 ) 

∗F ′ (x 0 ) and ν = 

1 
2 . Therefore, in order to

apply (2.1) , we need to prove; 

‖ x k − ˆ x ‖ 

2 − ‖ x k +1 − ˆ x ‖ 

2 ≥ ε k 〈 A (x k − ˆ x ) , x k − ˆ x 〉 (2.2)

for some ε k > 0 and ‖ A 

− 1 
2 (x k − ˆ x ) ‖ is bounded. Let C̄ = max { C 0 , C 1 } . 

Lemma 2.1. Let ( C) conditions hold and let C̄ ρ ≤ √ 

5 − 2 . Let x k be as in (1.6) or (1.7) . Then, x k ∈ B ( x 0 , ρ) and 

‖ x k +1 − ˆ x ‖ 

2 + αk [1 − C̄ 2 ρ2 − 4 ̄C ρ] ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 ≤ ‖ x k − ˆ x ‖ 

2 (2.3)

for all k = 0 , 1 , 2 , . . . . Moreover, 

∞ ∑ 

k =0 

αk ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 < ∞ . 

Proof. We shall prove the result using induction. Note that x 0 ∈ B ( x 0 , ρ) and suppose x k ∈ B ( x 0 , ρ). Then using (1.6) or (1.7) ,

we have 

‖ x k +1 − ˆ x ‖ 

2 − ‖ x k − ˆ x ‖ 

2 = −2 αk 〈 x k − ˆ x , F ′ (x 0 ) 
∗(F (x k ) − y ) 〉 + α2 

k ‖ F ′ (x 0 ) 
∗(F (x k ) − y ) ‖ 

2 

= −2 αk 〈 x k − ˆ x , F ′ (x 0 ) 
∗[ F (x k ) − F ( ̂  x ) − F ′ (x 0 )(x k − ˆ x )] 〉 

+ αk [ αk ‖ F ′ (x 0 ) 
∗(F (x k ) − y ) ‖ 

2 − 2 〈 x k − ˆ x , F ′ (x 0 ) 
∗F ′ (x 0 )(x k − ˆ x ) 〉 ] 

= −2 αk 

〈
F ′ (x 0 )(x k − ˆ x ) , 

∫ 1 

0 

(F ′ ( ̂  x + θ (x k − ˆ x )) − F ′ (x 0 )) dθ (x k − ˆ x ) 

〉
+ αk [ αk ‖ F ′ (x 0 ) 

∗(F (x k ) − y ) ‖ 

2 − 2 ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 ] . (2.4)

So by ( C 2 ), we have 

‖ x k +1 − ˆ x ‖ 

2 − ‖ x k − ˆ x ‖ 

2 = −2 αk 

〈
F ′ (x 0 )(x k − ˆ x ) , 

∫ 1 

0 

[ R ( ̂  x + θ (x k − ˆ x ) , x 0 ) − I] dθF ′ (x 0 )(x k − ˆ x ) 

〉
+ αk [ αk ‖ F ′ (x 0 ) 

∗(F (x k ) − y ) ‖ 

2 − 2 ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 ] 

≤ 2 αk 

∫ 1 

‖ R ( ̂  x + θ (x k − ˆ x ) , x 0 ) − I‖‖ F ′ (x 0 )(x k − ˆ x ) ‖ 

2 dθ

0 
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+ αk [ αk ‖ F ′ (x 0 ) 
∗(F (x k ) − y ) ‖ 

2 − 2 ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 ] 

≤ 2 αk ̄C ‖ ̂

 x + θ (x k − ˆ x ) − x 0 ‖‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 

+ αk [ αk ‖ F ′ (x 0 ) 
∗(F (x k ) − y ) ‖ 

2 − 2 ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 ] . (2.5) 

Observe that αk ‖ F ′ (x 0 ) 
∗(F (x k ) − y ) ‖ 2 = ‖ F (x k ) − y ‖ 2 in the case of method (1.7) and in the case of (1.6) , we have

αk ‖ F ′ (x 0 ) 
∗(F (x k ) − y ) ‖ 2 = 

〈 F ′ (x 0 ) s k ,F (x k ) −y 〉 2 
‖ F ′ (x 0 ) s k ‖ 2 ≤ ‖ F (x k ) − y ‖ 2 . So for both methods (1.6) and (1.7) , we have 

αk ‖ F ′ (x 0 ) 
∗(F (x k ) − y ) ‖ 

2 ≤ ‖ F (x k ) − y ‖ 

2 

= 

∥∥∥∥
∫ 1 

0 

F ′ ( ̂  x + θ (x k − ˆ x )) dθ (x k − ˆ x ) 

∥∥∥∥
2 

= 

∥∥∥∥
∫ 1 

0 

[ R ( ̂  x + θ (x k − ˆ x ) , x 0 ) − I + I] dθF ′ (x 0 )(x k − ˆ x ) 

∥∥∥∥
2 

≤ ( ̄C ‖ ̂

 x + θ (x k − ˆ x ) − x 0 ‖ + 1) 2 ‖ F ′ (x 0 )(x k − ˆ x ) ‖ 

2 

≤ ( ̄C ρ + 1) 2 ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 . (2.6) 

Therefore, by (2.5) and (2.6) we have 

‖ x k +1 − ˆ x ‖ 

2 − ‖ x k − ˆ x ‖ 

2 ≤ [( ̄C ρ + 1) 2 + 2 ̄C ρ − 2] αk ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 . 

This completes the proof. �

Let 

p(t) = −2 t 3 − 26 

5 

t 2 + 

56 

5 

t − 4 

5 

. 

Note that p(0) = − 4 
5 < 0 and p(1) = 

16 
5 > 0 . So p ( t ) has a zero in (0, 1). Let r 0 be the smallest zero of p in (0, 1). Next, we

shall prove the boundedness of ‖ A 

− 1 
2 (x k − ˆ x ) ‖ . 

Lemma 2.2. Let ( C) conditions hold and C̄ ρ < min { √ 

5 − 2 , r 0 } = 0 . 0740 . Let x k be as in (1.6) or (1.7) . Then, ‖ A 

− 1 
2 (x k − ˆ x ) ‖ is

bounded. 

Proof. Using ( C 3 ), one can prove that x k − ˆ x ∈ R (A 

1 
2 ) for all k = 0 , 1 , 2 , . . . . Therefore, we can apply the operator A 

− 1 
2 to

x k +1 − ˆ x and x k − ˆ x to obtain 

‖ A 

− 1 
2 (x k +1 − ˆ x ) ‖ 

2 − ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

2 

= −2 αk 〈 A 

− 1 
2 (x k − ˆ x ) , A 

− 1 
2 F ′ (x 0 ) 

∗(F (x k ) − y ) 〉 + α2 
k ‖ A 

− 1 
2 F ′ (x 0 ) 

∗(F (x k ) − y ) ‖ 

2 

= −2 αk 〈 A 

− 1 
2 (x k − ˆ x ) , A 

− 1 
2 F ′ (x 0 ) 

∗(F (x k ) − F ( ̂  x ) − F ′ ( ̂  x )(x k − ˆ x )) 〉 
+ αk [ αk ‖ A 

− 1 
2 F ′ (x 0 ) 

∗(F (x k ) − y ) ‖ 

2 − 2 〈 A 

− 1 
2 (x k − ˆ x ) , A 

− 1 
2 F ′ (x 0 ) 

∗F ′ ( ̂  x )(x k − ˆ x ) 〉 ] 

= −2 αk 

〈
A 

− 1 
2 (x k − ˆ x ) , 

∫ 1 

0 

(F ′ ( ̂  x + θ (x k − ˆ x )) − F ′ ( ̂  x )) dθ (x k − ˆ x ) 

〉

+ αk [ αk ‖ F (x k ) − y ‖ 

2 − 2 〈 A 

− 1 
2 (x k − ˆ x ) , F ′ ( ̂  x )(x k − ˆ x ) 〉 ] . (2.7) 

So by ( C 2 ) and (2.7) , we have 

‖ A 

− 1 
2 (x k +1 − ˆ x ) ‖ 

2 − ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

2 

= −2 αk 

〈
A 

− 1 
2 (x k − ˆ x ) , 

∫ 1 

0 

(R ( ̂  x + θ (x k − ˆ x ) , ̂  x ) − I) dθF ′ ( ̂  x )(x k − ˆ x ) 

〉

+ αk [ αk ‖ F (x k ) − y ‖ 

2 − 2 〈 A 

− 1 
2 (x k − ˆ x ) , F ′ ( ̂  x )(x k − ˆ x ) 〉 ] . 

= −2 αk 

〈
A 

− 1 
2 (x k − ˆ x ) , 

∫ 1 

0 

[ R ( ̂  x + θ (x k − ˆ x ) , ̂  x ) − I] dθF ′ ( ̂  x )(x k − ˆ x ) 

〉

+ αk [ αk ‖ F (x k ) − y ‖ 

2 − 2 〈 A 

− 1 
2 (x k − ˆ x ) , F ′ (x 0 )(x k − ˆ x ) 〉 

− 2 〈 A 

− 1 
2 (x k − ˆ x ) , [ F ′ ( ̂  x ) − F ′ (x 0 )](x k − ˆ x ) 〉 ] 
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= −2 αk 

〈
A 

− 1 
2 (x k − ˆ x ) , 

∫ 1 

0 

[ R ( ̂  x + θ (x k − ˆ x ) , ̂  x ) − I] dθF ′ ( ̂  x )(x k − ˆ x ) 

〉
+ αk [ αk ‖ F (x k ) − y ‖ 

2 − 2 〈 A 

− 1 
2 (x k − ˆ x ) , F ′ (x 0 )(x k − ˆ x ) 〉 

− 2 〈 A 

− 1 
2 (x k − ˆ x ) , F ′ (x 0 )[ G ( ̂  x , x 0 ) − I](x k − ˆ x ) 〉 ] . 

The last step follows from ( C 1 ). So, we have 

‖ A 

− 1 
2 (x k +1 − ˆ x ) ‖ 

2 − ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

2 

≤ 2 αk ‖ A 

− 1 
2 (x k − ˆ x ) ‖ ̄C 

∫ 1 

0 

θ‖ x k − ˆ x ‖ dθ‖ R ( ̂  x , x 0 ) − I + I‖‖ F ′ (x 0 )(x k − ˆ x ) ‖ 

+ αk 

[ 

αk 

∥∥∥∥
∫ 1 

0 

F ′ ( ̂  x + θ (x k − ˆ x )) dθ (x k − ˆ x ) 

∥∥∥∥
2 

− 2 ‖ x k − ˆ x ‖ 

2 + 2 ̄C ρ‖ x k − ˆ x ‖ 

2 

] 

≤ 2 αk ‖ A 

− 1 
2 (x k − ˆ x ) ‖ ̄C 

∫ 1 

0 

θ‖ x k − ˆ x ‖ dθ‖ R ( ̂  x , x 0 ) − I + I‖‖ F ′ (x 0 )(x k − ˆ x ) ‖ 

+ αk 

[ 

αk 

∥∥∥∥
∫ 1 

0 

[ R ( ̂  x + θ (x k − ˆ x ) , x 0 ) − I + I] dθF ′ (x 0 )(x k − ˆ x ) 

∥∥∥∥
2 

− 2 ‖ x k − ˆ x ‖ 

2 + 2 ̄C ρ‖ x k − ˆ x ‖ 

2 

] 

≤ αk ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

C̄ 

2 

‖ x k − ˆ x ‖ (1 + C̄ ρ) ‖ F ′ (x 0 )(x k − ˆ x ) ‖ 

+ αk [ αk (1 + C̄ ρ) 2 ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 − 2 ‖ x k − ˆ x ‖ 

2 + 2 ̄C ρ‖ x k − ˆ x ‖ 

2 ] . 

Therefore by Lemma 2.1 , we have 

‖ A 

− 1 
2 (x k +1 − ˆ x ) ‖ 

2 − ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

2 

≤ αk ‖ A 

− 1 
2 (x k − ˆ x ) ‖ ̄C ‖ x k − ˆ x ‖ (1 + C̄ ρ) ‖ F ′ (x 0 )(x k − ˆ x ) ‖ − αk 

5 

‖ x k − ˆ x ‖ 

2 

+ αk 

[
(1 + C̄ ρ) 2 

1 − 4 ̄C ρ − C̄ 2 ρ2 
+ 2 ̄C ρ − 9 

5 

]
‖ x k − ˆ x ‖ 

2 

≤ αk ‖ A 

− 1 
2 (x k − ˆ x ) ‖ ̄C (1 + C̄ ρ) ‖ x k − ˆ x ‖‖ F ′ (x 0 )(x k − ˆ x ) ‖ 

− αk 

5 

‖ x k − ˆ x ‖ 

2 . (2.8)

The last step follows from the fact that for C̄ ρ ≤ r 0 , we have (1+ ̄C ρ) 2 

1 −4 ̄C ρ−C̄ 2 ρ2 
+ 2 ̄C ρ ≤ 9 

5 . Now using the relation 2 ab ≤ a 2 + b 2

with a = 

√ 

1 
5 αk ‖ x k − ˆ x ‖ and b = 

√ 

5 αk 
2 C̄ (1 + C̄ ρ) ‖ A 

− 1 
2 (x k − ˆ x ) ‖‖ F ′ (x 0 )(x k − ˆ x ) ‖ in (2.8) , we have 

‖ A 

− 1 
2 (x k +1 − ˆ x ) ‖ 

2 − ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

2 ≤ 5 

4 

C̄ 2 (1 + C̄ ρ) 2 αk ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

2 ‖ F ′ (x 0 )(x k − ˆ x ) ‖ 

2 . (2.9)

Now since C̄ ρ ≤ min { √ 

5 − 2 , r 0 } ≤ 0 . 0740 , we have by (2.9) 

‖ A 

− 1 
2 (x k +1 − ˆ x ) ‖ 

2 − ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

2 ≤ 1 . 4418 ̄C 2 αk ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

2 . 

Set z k = ‖ A 

− 1 
2 (x k − ˆ x ) ‖ . Then 

z 2 k +1 ≤ (1 + 1 . 4418 ̄C 2 αk ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 ) z 2 k . 

By induction 

z 2 k ≤
k −1 ∏ 

i =0 

(1 + 1 . 4418 ̄C 2 αi ‖ A 

1 
2 (x i − ˆ x ) ‖ 

2 ) z 2 0 . (2.10)

The convergence of 
∏ ∞ 

i =0 (1 + 1 . 4418 ̄C 2 αi ‖ A 

1 
2 (x i − ˆ x ) ‖ 2 ) follows from the convergence of 

∑ ∞ 

i =0 αi ‖ A 

1 
2 (x i − ˆ x ) ‖ 2 . By

Lemma 2.1 , 
∑ ∞ 

i =0 αi ‖ A 

1 
2 (x i − ˆ x ) ‖ 2 < ∞ . Therefore there exist M > 0 such that 

∑ k −1 
i =0 C̄ 

2 αi ‖ A 

1 
2 (x i − ˆ x ) ‖ 2 < M, which implies

that 

k −1 ∏ 

i =0 

(1 + 1 . 4418 ̄C 2 αi ‖ A 

1 
2 (x i − ˆ x ) ‖ 

2 ) = e 
∑ k −1 

i =0 ln (1+1 . 4418 ̄C 2 αi ‖ A 1 2 (x i − ˆ x ) ‖ 2 ) 

≤ e 1 . 4418 M . (2.11)
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From (2.10) and (2.11) , we have z 2 
k 

≤ e 1 . 4418 M z 2 
0 
. Since by ( C 3 ), z 0 = ‖ A 

1 
2 (x 0 − ˆ x ) ‖ = ‖ v ‖ . So we have 

z 2 k ≤ e 1 . 4418 M ‖ v ‖ 

2 . (2.12) 

This completes the proof. �

Remark 2.3. Note that, in (2.8) , one can split −2 ‖ x k − ˆ x ‖ 2 into two parts, say −c‖ x k − ˆ x ‖ 2 and (c − 2) ‖ x k − ˆ x ‖ 2 such that
(1+ ̄C ρ) 2 

1 −4 ̄C ρ−C̄ 2 ρ2 
+ 2 ̄C ρ ≤ 2 − c. In this way one can choose a larger ρ . We choose c = 

1 
5 for our convenience. 

Theorem 2.4. Let ( C) conditions hold and let C̄ ρ < min { √ 

5 − 2 , r 0 } = 0 . 0740 . Let x k be as in (1.6) or (1.7) . Then 

‖ x k − ˆ x ‖ ≤ ˜ C k −1 / 2 

where ˜ C = 

√ 

3 e 1 . 4418 M ε−1 / 2 ‖ v ‖ . 
Proof. Observe that 

αk ≥ ‖ F ′ (x 0 ) ‖ 

−2 . 

So for εk := ε = 0 . 6985 ‖ F ′ (x 0 ) ‖ −2 , we have from Lemma 2.1 , the conditions( C) and C̄ ρ ≤ 0 . 0740 ;
‖ x k − ˆ x ‖ 

2 − ‖ x k +1 − ˆ x ‖ 

2 ≥ (1 − 4 ̄C ρ − C̄ 2 ρ2 ) αk ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 

≥ 0 . 6985 ‖ F ′ (x 0 ) ‖ 

−2 ‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 

= ε‖ A 

1 
2 (x k − ˆ x ) ‖ 

2 

= ε‖ F ′ (x 0 )(x k − ˆ x ) ‖ 

2 

= ε〈 F ′ (x 0 ) 
∗F ′ (x 0 )(x k − ˆ x ) , x k − ˆ x 〉 

= ε〈 A (x k − ˆ x ) , x k − ˆ x 〉 . 
An application of (2.1) , yields 

‖ x k − ˆ x ‖ ≤
√ 

3 ‖ A 

− 1 
2 (x k − ˆ x ) ‖ 

2 / 3 ε−1 / 2 

[ 

k −1 ∑ 

i =0 

‖ A 

− 1 
2 (x i − ˆ x ) ‖ 

−2 / 3 

] −1 / 2 

= 

√ 

3 z 2 / 3 
k 

ε−1 / 2 

[ 

k −1 ∑ 

i =0 

z −2 / 3 
i 

] −1 / 2 

. (2.13) 

So by (2.12) and (2.13) , we have 

‖ x k − ˆ x ‖ ≤
√ 

3 e 1 . 4418 M ε−1 / 2 k −1 / 2 ‖ v ‖ 

≤ ˜ C k −1 / 2 . (2.14) 

�

3. Convergence analysis of method (1.6) and (1.7) with noisy data 

In this section we consider method (1.6) and (1.7) with noisy data y δ instead of y . As already mentioned in the introduc-

tion we assume that 

‖ y − y δ‖ ≤ δ. 

Precisely, we define: 

x δk +1 = x δk + αδ
k s 

δ
k (k = 0 , 1 , 2 , . . . ) 

s δk = −F ′ (x 0 ) 
∗(F (x δk ) − y δ ) (3.1) 

αδ
k = 

‖ s δ
k 
‖ 

2 

‖ F ′ (x 0 ) s 
δ
k 
‖ 

2 

and 

x δk +1 = x δk + αδ
k s 

δ
k (k = 0 , 1 , 2 , . . . ) 

s δk = −F ′ (x 0 ) 
∗(F (x δk ) − y δ ) (3.2) 

αδ
k = 

‖ F (x δ
k 
) − y δ‖ 

2 

‖ s δ
k 
‖ 

2 
, 
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instead of x k in (1.6) and (1.7) , respectively. We will use the following assumption together with the assumptions ( C): 

( C 4 ) F satisfies the local property 

‖ F (u ) − F (v ) − F ′ (x 0 )(u − v ) ‖ ≤ η‖ F (u ) − F (v ) ‖ (η ≤ 1 

2 

) (3.3)

for all u, v ∈ B (x 0 , ρ) . 

It was shown in [4–8] (for linear ill-posed problems) that the steepest descent method converges in the case of exact

data, but due to the instability of the steepest method it is impossible to use a-priori parameter choice strategies as stopping

criteria. Therefore, a-priori strategy is used in the literature [13] for stopping (3.1) and (3.2) . As already mentioned in the

introduction, a-priori stopping rules are used for steepest descent method in the literature to prove the convergence of

(3.1) and (3.2) to ˆ x but no error estimate for ‖ x δ
k 

− ˆ x ‖ was given (as far as the authors are known). In this section we

propose a discrepancy principle for method (3.1) and (3.2) . 

3.1. Discrepancy principle 

Proposition 3.1. Let ( C) conditions hold. Let x δ
k 

be as in (3.1) or (3.2) . Then, a sufficient condition for x δ
k +1 

, to be a better

approximation of ˆ x is that, 

‖ F (x δk ) − y δ‖ > τδ (3.4)

where 

τ > 2 

(1 + η) 

1 − 2 η
> 2 . (3.5)

In particular, if x δ
k 

∈ D (F ) and (3.4) holds for all 0 ≤ k < k ∗ with τ as in (3.5) , then 

k ∗(τδ) 2 ≤
k ∗−1 ∑ 

k =0 

‖ F (x δk ) − y δ‖ 

2 ≤ τ‖ F ′ (x 0 ) ‖ 

2 

(1 − 2 η) τ − 2(1 + η) 
‖ x 0 − ˆ x ‖ 

2 . (3.6)

Proof. Using (3.1) or (3.2) , we have 

‖ x δk +1 − ˆ x ‖ 

2 − ‖ x δk − ˆ x ‖ 

2 = −2 αδ
k 〈 x δk − ˆ x , F ′ (x 0 ) 

∗(F (x δk ) − y δ ) 〉 + αδ
k 

2 ‖ F ′ (x 0 ) 
∗(F (x δk ) − y δ ) ‖ 

2 

= 2 αδ
k 〈 F (x δk ) − y δ − F ′ (x 0 )(x δk − ˆ x ) , F (x δk ) − y δ〉 

+ αδ
k [ α

δ
k ‖ F ′ (x 0 ) 

∗(F (x δk ) − y δ ) ‖ 

2 − 2 ‖ F (x δk ) − y δ‖ 

2 ] 

≤ 2 αδ
k ‖ F (x δk ) − F ( ̂  x ) + y − y δ − F ′ (x 0 )(x δk − ˆ x ) ‖‖ F (x δk ) − y δ‖ 

+ αδ
k [ α

δ
k ‖ F ′ (x 0 ) 

∗(F (x δk ) − y δ ) ‖ 

2 − 2 ‖ F (x δk ) − y δ‖ 

2 ] . (3.7)

So by ( C 4 ), we have by (3.7) 

‖ x δk +1 − ˆ x ‖ 

2 − ‖ x δk − ˆ x ‖ 

2 ≤ 2 αδ
k (η‖ F (x δk ) − F ( ̂  x ) ‖ + δ) ‖ F (x δk ) − y δ‖ 

+ αδ
k [ α

δ
k ‖ F ′ (x 0 ) 

∗(F (x δk ) − y δ ) ‖ 

2 − 2 ‖ F (x δk ) − y δ‖ 

2 ] 

≤ 2 αδ
k [ η‖ F (x δk ) − y δ‖ + (1 + η) δ] ‖ F (x δk ) − y δ‖ 

+ αδ
k [ α

δ
k ‖ F ′ (x 0 ) 

∗(F (x δk ) − y δ ) ‖ 

2 − 2 ‖ F (x δk ) − y δ‖ 

2 ] 

= αδ
k (2 η − 1) ‖ F (x δk ) − y δ‖ 

2 

+ αδ
k 2(1 + η) δ‖ F (x δk ) − y δ‖ 

+ αδ
k [ α

δ
k ‖ F ′ (x 0 ) 

∗(F (x δk ) − y δ ) ‖ 

2 − ‖ F (x δk ) − y δ‖ 

2 ] . 

In both methods, i.e., (3.1) and (3.2) , αδ
k 
‖ F ′ (x 0 ) 

∗(F (x δ
k 
) − y δ ) ‖ 2 ≤ ‖ F (x δ

k 
) − y δ‖ 2 . Therefore, we have 

‖ x δk +1 − ˆ x ‖ 

2 − ‖ x δk − ˆ x ‖ 

2 ≤ αδ
k [(2 η − 1) ‖ F (x δk ) − y δ‖ 

2 + 2(1 + η) δ‖ F (x δk ) − y δ‖ ] , (3.8)

so, by (3.4) , we have 

‖ x δk +1 − ˆ x ‖ 

2 − ‖ x δk − ˆ x ‖ 

2 ≤ αδ
k 

(
(2 η − 1) + 2 

(1 + η) 

τ

)
‖ F (x δk ) − y δ‖ 

2 < 0 . (3.9)

Now since αδ
k 

≥ ‖ F ′ (x 0 ) ‖ −2 , we have by (3.9) 

‖ F ′ (x 0 ) ‖ 

−2 

(
(1 − 2 η) − 2 

(1 + η) 

τ

)
‖ F ( x δk ) − y δ‖ 

2 ≤ ‖ x δk − ˆ x ‖ 

2 − ‖ x δk +1 − ˆ x ‖ 

2 . (3.10)
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Adding the inequality (3.10) for k from 0 through k ∗ − 1 , we obtain 

‖ F ′ (x 0 ) ‖ 

−2 

(
(1 − 2 η) − 2 

(1 + η) 

τ

)
k ∗−1 ∑ 

k =0 

‖ F ( x δk ) − y δ‖ 

2 ≤ ‖ x 0 − ˆ x ‖ 

2 − ‖ x δk ∗ − ˆ x ‖ 

2 . (3.11)

This completes the proof. �

Remark 3.2. Thus (3.11) implies that, for y δ � = y , there must be a unique index k ∗ such that (3.4) holds for all k < k ∗ but is

violated at k = k ∗ (see also [9, p. 282] ). 

Next Lemma is used to prove our main result in this section. 

Lemma 3.3. Let C̄ ρ < 

2(τ−2) 
τ . Then δ ≤ (1 − C̄ 

2 ‖ x δk − ˆ x ‖ ) ‖ F ′ ( ̂  x )(x δ
k 

− ˆ x ) ‖ for all 0 < k ≤ k ∗. 

Proof. By the definition of k ∗, we have for k ≤ k ∗; 

τδ < ‖ F (x δk ) − y δ‖ 

≤ ‖ F (x δk ) − F ( ̂  x ) ‖ + ‖ y − y δ‖ 

≤
∥∥∥∥
∫ 1 

0 

F ′ ( ̂  x + θ (x δk − ˆ x )) dθ (x δk − ˆ x ) 

∥∥∥∥ + δ

≤
∥∥∥∥
∫ 1 

0 

[ R ( ̂  x + θ (x δk − ˆ x ) , ̂  x ) − I + I] dθF ′ ( ̂  x )(x δk − ˆ x ) 

∥∥∥∥+ δ

≤
∫ 1 

0 

[ ̄C ‖ θ (x δk − ˆ x ) ‖ + 1] dθ‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ + δ

≤
(

1 + 

C̄ 

2 

‖ x δk − ˆ x ‖ 

)
‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ + δ

≤
(

1 + 

C̄ 

2 

ρ

)
‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ + δ. 

The last step follows from (3.9) (i.e., ‖ x δ
k 

− ˆ x ‖ < ‖ x 0 − ˆ x ‖ < ρ). Thus, we have 

δ ≤ 1 + 

C̄ ρ
2 

τ − 1 

‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

≤
(

1 − C̄ ρ

2 

)
‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

≤
(

1 − C̄ 

2 

‖ x δk − ˆ x ‖ 

)
‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ . 

This completes the proof. �

Let � := ‖ F ′ (x 0 ) ‖ −2 
(
(1 − 2 η) − 2 (1+ η) 

τ

)
. 

Theorem 3.4. Let ( C) conditions hold and let C̄ ρ < min { 2(τ−2) 
τ , 2 

m 

√ 

�
, 1 } . Let x δ

k +1 
be as in (3.1) or (3.2) . Then for 0 ≤ k < k ∗, 

‖ x δk +1 − ˆ x ‖ = 

{ 

O (q 
k +1 

2 ) i f δ < q k +1 

O (δ
1 
2 ) i f q k +1 ≤ δ

(3.12) 

where q := max { 1 − C̄ 2 �
4 ‖ F ′ ( ̂  x )(x δ

i 
− ˆ x ) ‖ 2 : i = 0 , 1 , 2 , . . . k } . 

Proof. Since F is Fréchet differentiable at ˆ x , 

‖ F (x δk ) − F ( ̂  x ) − F ′ ( ̂  x )(x δk − ˆ x ) ‖ = 

∥∥∥∥
∫ 1 

0 

(F ′ ( ̂  x + θ (x δk − ˆ x )) − F ′ ( ̂  x )) dθ (x δk − ˆ x ) 

∥∥∥∥. (3.13) 

So by ( C 2 ), 

‖ F (x δk ) − F ( ̂  x ) − F ′ ( ̂  x )(x δk − ˆ x ) ‖ = 

∥∥∥∥
∫ 1 

0 

(R ( ̂  x + θ (x δk − ˆ x ) , ̂  x ) − I) F ′ ( ̂  x )(x δk − ˆ x ) dθ

∥∥∥∥
≤ C̄ ‖ x δk − ˆ x ‖‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ . (3.14) 
2 
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Using (3.14) , we have, 

‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ − C̄ 

2 

‖ x δk − ˆ x ‖‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

≤ ‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ − ‖ F (x δk ) − F ( ̂  x ) − F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

≤ ‖ F (x δk ) − F ( ̂  x ) ‖ . (3.15)

Thus, by (3.15) and Lemma 3.3 we have 

‖ F (x δk ) − y δ‖ ≥ ‖ F (x δk ) − F ( ̂  x ) ‖ − δ

≥ ‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ − C̄ 

2 

‖ x δk − ˆ x ‖‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ − δ > 0 . 

(3.16)

Thus, 

‖ F (x δk ) − y δ‖ 

2 ≥ ‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

2 

+ 

(
C̄ 

2 

)2 

‖ x δk − ˆ x ‖ 

2 ‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

2 

+ δ2 + C̄ ‖ x δk − ˆ x ‖‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ δ

− C̄ ‖ x δk − ˆ x ‖‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

2 

−2 δ‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ . (3.17)

So by (3.17) and (3.10) , we have 

‖ x δk +1 − ˆ x ‖ 

2 ≤
(

1 − C̄ 2 �

4 

‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

2 

)
‖ x δk − ˆ x ‖ 

2 

+ ( ̄C ρ − 1)�‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

2 

− �δ2 − �C̄ ‖ x δk − ˆ x ‖‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ δ

+ 2�δ‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

≤
(

1 − C̄ 2 �

4 

‖ F ′ ( ̂  x )(x δk − ˆ x ) ‖ 

2 

)
‖ x δk − ˆ x ‖ 

2 

+ 2�mρδ. 

Therefore we have, 

‖ x δk +1 − ˆ x ‖ 

2 ≤ q k ‖ x δk − ˆ x ‖ 

2 + Lδ

where q k = 1 − C̄ 2 �
4 ‖ F ′ ( ̂  x )(x δ

k 
− ˆ x ) ‖ 2 and L = 2�mρ. 

Note that q k = 1 − C̄ 2 �
4 ‖ F ′ ( ̂  x )(x δ

k 
− ˆ x ) ‖ 2 < 1 . Then, 

‖ x δk +1 − ˆ x ‖ 

2 ≤ q k +1 ‖ x δ0 − ˆ x ‖ 

2 + q k Lδ + ... + qLδ + Lδ

≤ q k +1 ρ2 + 

Lδ

1 − q 
. (3.18)

This completes the proof. �

3.2. Convergence rate result for steepest descent method and minimal error method with noisy data 

In this section we consider the steepest descent method and minimal error method with noisy data and obtained a

convergence rate result which is not available in the literature. The steepest descent method and minimal error method

with noisy data are defined by 

x δk +1 = x δk + αδ
k s 

δ
k (k = 0 , 1 , 2 , . . . ) 

s δk = −F ′ (x δk ) 
∗(F (x δk ) − y δ ) (3.19)

αδ
k = 

‖ s δ
k 
‖ 

2 

‖ F ′ (x δ
k 
) s δ

k 
‖ 

2 
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and 

x δk +1 = x δk + αδ
k s 

δ
k (k = 0 , 1 , 2 , . . . ) 

s δk = −F ′ (x δk ) 
∗(F (x δk ) − y δ ) (3.20) 

αδ
k = 

‖ F (x δ
k 
) − y δ‖ 

2 

‖ s δ
k 
‖ 

2 
, 

respectively. We have the following convergence rate result. 

Theorem 3.5. Let ( C) conditions hold and let C̄ ρ < min { 2(τ−2) 
τ , 2 

m 

√ 

ω 
, 1 } . Let x δ

k +1 
be as in (3.19) or (3.20) . Then for 0 ≤ k < k ∗,

‖ x δk +1 − ˆ x ‖ = 

{ 

O (q 
k +1 

2 ) i f δ < q k +1 

O (δ
1 
2 ) i f q k +1 ≤ δ

(3.21) 

where q := max { 1 − C̄ 2 ω 
4 ‖ F ′ ( ̂  x )(x δ

i 
− ˆ x ) ‖ 2 : i = 0 , 1 , 2 , . . . k } with ω := ‖ F ′ (x δ

k 
) ‖ −2 

(
(1 − 2 η) − 2 (1+ η) 

τ

)
. 

Proof. Simply follow the proof of Theorem 3.4 . �

4. Example 

In this section we present an academic example which satisfies the assumptions ( C 1 ) and ( C 2 ). 

Example 4.1. Consider a nonlinear operator equation F : L 2 [0, 1] → L 2 [0, 1] defined by 

F (u ) := ( arctan (u )) 2 . (4.22) 

The Fréchet derivative of F is 

F ′ (u ) w = 

2 arctan (u ) 

1 + u 

2 
w. 

If u ( x ) vanishes on a set of positive Lebesgue measure, then F ′ ( u ) is not boundedly invertible. If u ∈ C [0, 1] vanishes even at

one point x 0 , then F ′ ( u ) is not boundedly invertible in L 2 [0, 1]. 

Note that 

F ′ ( ̂  u ) w = F ′ (u 0 ) G ( ̂  u , u 0 ) w, 

and 

F ′ (u ) w = R (u, u 0 ) F 
′ (u 0 ) w 

with G ( ̂  u , u 0 ) = 

1+ u 2 
0 

1+ ̂ u 2 
arctan ( ̂ u ) 

arctan (u 0 ) 
and R (u, u 0 ) = 

1+ u 2 
0 

1+ u 2 
arctan (u ) 

arctan (u 0 ) 
, respectively. Further, for u 0 � = 0, 

‖ G ( ̂  u , u 0 ) − I‖ ≤
[ 

1 

‖ arctan (u 0 ) ‖ 

+ 2 max {‖ ̂

 u ‖ , ‖ u 0 ‖} 
] 
‖ ̂

 u − u 0 ‖ 

and 

‖ R (u, u 0 ) − I‖ ≤
[ 

1 

‖ arctan (u 0 ) ‖ 

+ 2 max {‖ u ‖ , ‖ u 0 ‖} 
] 
‖ u − u 0 ‖ . 

That is, assumptions ( C 1 ) and ( C 2 ) are satisfied. 
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