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Abstract: In this paper, we deal with nonlinear ill-posed operator equations involving a monotone operator
in the setting of Hilbert scales. Our convergence analysis of the proposed derivative-free method is based on
the simple property of the norm of a self-adjoint operator. Using a general Holder-type source condition, we
obtain an optimal order error estimate. Also we consider the adaptive parameter choice strategy proposed by
Pereverzev and Schock (2005) for choosing the regularization parameter. Finally, we applied the proposed
method to the parameter identification problem in an elliptic PDE in the setting of Hilbert scales and compare
the results with the corresponding method in Hilbert space.
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1 Introduction

In this study we consider the problem of approximating a solution x of the nonlinear equation
Fix)=y (1.1)

where F : D(F) ¢ X — X is a nonlinear operator and X is a Hilbert space. Recall [3-5, 13, 15, 28, 30-32] that
F is said to be monotone if
(F)-F(y),x-y) =0

for all x,y € D(F). Here and below (-,-) and | - || stand for the inner-product and corresponding norm,
respectively, in X.

A typical example of (1.1) is the parameter identification problem in an elliptic PDE [15], i.e., to find the
source term g in the elliptic boundary-value problem

-Au+éu)=q inQ,

1.2
u=0 onoQ (1.2)

from measurement of u in Q. Here {: R — R is a Lipschitz continuously differentiable monotonically
increasing function and Q ¢ R? is a smooth domain. The corresponding forward operator in this case is
F: H*(Q) — H*(Q) defined by

F(g)=u
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is monotone. This can be seen as follows:

(F(q1) - F(q2), 41 - @2) = j(ul Cu2)(q1 - g2) dx
(ug — uz)(=A(ur — up) + &(ur) — &(uy)) dx

(A1 = u2)? + (Eur) - &u2))(ur - up)) dx

Q
Q
Q
2 " \Y4 (ul - uZ)”iZ(Q) > 0.

Note that equation (1.1) is in general ill-posed in the sense that the solution x is not depending continu-
ously on the data y. We assume that the available data y® € X is such that

ly-y°l<é

and equation (1.1) is ill-posed. Therefore one has to use regularization methods for approximating x. Since F
is monotone, one may use Lavrentiev regularization method [1, 8, 11, 32], in which the solution xg of the
equation

F(x) + a(x - xo) = y° (1.3)

is taken as an approximation for x where x¢ is some initial guess. Note that a closed form solution for (1.3)
is not easy to find for nonlinear F. Therefore, many authors [1, 2, 8, 11, 32] considered iterative methods to
find an approximation for xg. In [12], George and Nair considered a derivative-free iterative method defined
forn=0,1,2,...by

X 0= X8 o = BIFOS o) + a(xd - x0) - ¥°1, (1.4)

where f8 is a scaling parameter and a is a regularization parameter for approximating x3. It is known [15, 28,
31, 32] that the optimal order error estimate for Lavrentiev regularization is

x5 — x|l = 0(671) (1.5)

under the source condition
X()—)A(GR(F’(X())V), O<v<l,

or
Xo-X € R(F'(x)V), O<v<l.

In order to improve the convergence rate in (1.5), many authors considered iterative regularization method
for (1.1) in the setting of Hilbert scales [6, 7, 9, 10, 13, 14, 17, 19-26, 29, 30]. In this paper we consider
Lavrentiev regularization method for (1.1) in the setting of Hilbert scales. We also consider an inverse free,
derivative-free iterative method for approximating x in the setting of a Hilbert scales.

The rest of the paper is organized as follows: Preliminaries are given in Section 2, the method and its
convergence analysis are given in Section 3. Error bounds are given in Section 4, parameter strategies are
given in Section 5. Implementation of the adaptive parameter choice is given in Section 6 and the numerical
experiments are given in Section 7. Finally, the paper ends with a conclusion in Section 8.

2 Preliminaries

First, we recall the definition of Hilbert scale:

Definition 2.1 ([21]). A family {X}scr of Hilbert spaces is called a Hilbert scale if it satisfies the following
conditions:

e Fors<t, X cXsand X;is a dense subset of Xs.

o As Hilbert spaces, the above inclusion is a continuous embedding, i.e., there exists c; ; > 0 such that

Ixlls < cs,elxlle  forall x € X;. (2.1)
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In this study, we consider a Hilbert scale {Xs}scr generated by a strictly positive definite, unbounded, densely
defined, self-adjoint operator L : D(L) ¢ X — X. That is, L satisfies

(Lx, x) >0,
D(L)is dense in X and
ILx|l = x|, x € D(L).

Recall (cf. [9]) that the space X; is the completion of D := (2, D(L¥) with respect to the norm |x|; induced
by the inner product
(u, v)¢ = (L'u,v), wu,veD.

Moreover, {Xs}ser satisfies Definition 2.1 (cf. [9, 10, 29, 30]).
Next we show that the equation
F(x) + aLs(x - xo) = y° (2.2)

has a unique solution xg’ s+ We need the following definition for our proof.

Definition 2.2 ([2, cf. Definition 1.1.42]). An operator A : X — X is said to be coercive if there exists a func-
tion c(t) defined for all ¢ > 0 such that c(¢) —» oo as t — oo, and the inequality

(A(x), x) = (x|
holds for all x € D(A).
Next, we prove that the operator T := F + aL® is coercive. This can be seen as follows:

(T(x), x) = (F(x) + aL®(x), x)
= (F(x) — F(0) + aL®(x), x — 0) + (F(0), x)
= (F(x) = F(0), x = 0) + {(aL%(x), x) + (F(0), x)

> al|x||2 ~ IF(O)|lllx]| (by the monotonicity of F)
1
>a IxI1% — IFO) x| (by (2.1))
Co,s
and hence (T00. %) L
X), X
—0— 2> lim «a [l = IF(O)]| = co.
Ixl—oo  [Ix]| Ixl—oc0  Co,s

Thatis, T = F + aLS is coercive. Further,

1

Co,s

(TX) = TW), x = y) = (FO) = F(y), x - y) + a{L5(x - y), x = y) > a—|Ix - y|I?,

i.e., T is strongly monotone. So by the Minty—Browder Theorem [2, p. 54], for given a > 0, (2.2) has a unique
solution x§ ; for any y? € X.
Let ro = |xo — X||s. The following Lemmas is used to prove our main results.

Lemma 2.3. Let xg’s be the solution of (2.2) and xgs is the solution of

F(x) + aL®(x — xg) = y. (2.3)
Then
IE.s — Xegslls < Cos
a,s a,slls = O,Sa
and
IXa,s — Xlls < lIxo — Xlls.
In particular,

)
"th,s = Xolls < CO,sa + 2r0. (2.4)
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Proof. Observe that, by (2.2) and (2.3), we have
F(x8 §) - F(Xas) + aL* (X5 s — Xa,s) = ¥° —y.
Hence,
(FOG ) = F(Xas), X5 s = Xays) + A{LS(XG ¢ = Xays), Xo.5 = Xas) = (V° =¥, X5 s = Xas),
s0, by using (2.1) and the monotonicity of F, we have
allxd s = Xa,sll3 < 8IX5 5 — Xasll < 6o slx s = Xaslls-
Thus,
5 )
"Xa,s - Xa,s"s < CO,SE'

Again, since y = F(X), we have
F(xq,s) + aL®(xq,s — Xo) = F(X),

so that
F(xq,s) - F(x) + aLs(Xa,s -Xo0) =0,
i.e.,
F(Xq,5) - F(x) + aL®(xq,s — X) = aL®(xo — X).
Hence,

(F(Xa,s) — F(X), Xq,s — X) + a<Ls(Xa,s -X), Xa,s —X) = a(L®(xo — X), Xa,s — X).
Again, using the monotonicity of F, we have
Alxa,s — X2 < allL? (Xq,5 = ONILE (X0 — D)l < @llxa,s — Xlsllxo — Xlls-

Thus,
Xa,s — Xlls < X0 = Xlls.

Now (2.4) follows from the triangle inequality:
IX3,5 = Xolls < X35 = Xaysls + Ixa,s = Xlls + 1% = Xolls.
This completes the proof. O

Remark 2.4. Note that by (2.1) and (2.4), we have

s 5 6
lIxg,s = Xoll < co,sllxg,s = Xolls < Co,s(Co,sE +2r9),

i.e., x2 ; € B(xo, R), where
’ 1)
R= CO’S<CO’SE + 21’0).

3 The Method and the Convergence Analysis

Let p = co,s(co,s + 1)(Co,s + 2r0). We assume that the following conditions hold:
(i) B(xo,p) < D(F),

(ii) F has self-adjoint Fréchet derivative F'(x) for every x € B(xo, p),

(iii) there exists Bo > 0 such that

IL2F'(x)L™2|| < Bo forall x € B(xo, p).
(iv) there exist positive constants d1, d>, b such that
dilxll-p < IF'(0)x| < dalIx|-p forally € B(xo,p)and x € X.
Let f(t) := min{d!, d'}, g(¢) := max{d}, d}, t € R, |¢t| < 1. Further, let Ms, := L3 F'(y)L"3 fory € B(xo, p).
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We shall make use of the following proposition, the proof of which is analogous to the proof of [9, Propo-
sition 3.1].

Proposition 3.1 (cf. [9, Proposition 3.1]). Fors > 0and|v| <1,

v v v _
F(3 )Wl < IMEx0 < g(5 Il ssm, X €, y € Blxo, p).

The Method. Let 6 € (0, d] and a € [§, a). We define the sequence {xg’a,s} iteratively forn =0, 1, 2,3, ... by

Xg+1,a,s = Xg,a,s - ﬁ[L_S(F(Xg,a,s) - yé) + a(xg,a,s - XO)]’ (3'1)
where xg’ as = Xo and B := Iﬁ We observe that if {xﬁ,a’s} converges as n — oo, then the limit is xg,s, the

solution of (2.2).
Next, we prove the main results of this section.

Theorem 3.2. For each 6 € (0, d] and a € [8, a) the sequence {xf,’a,s} is in B(xo, p) and it converges to xg,s

as n — oo. Further,
B

6
n,a,s Xa,s" < kqg,s’

llx
_ 1

where qq,s :=1 - Paand k > co,s(co,s + 21o) With  := Bora’

Proof. Clearly, we have xg,a,s = Xxo € B(xo, p). Also, since p > co sR by (2.4), we have xg,s ¢ B(xo, p). By the
Fundamental Theorem of Integration, we have

1
Fx) - F(u) = [ j F'(u + 00x - w)) dO | (x - u)
0
whenever x and u are in a ball contained in D(F). We show iteratively that xg’ as € B(xo, p), the operator
1
Anp = J F'OS 4008 ., —x5.))do
0

is a well-defined positive self-adjoint operator and

8

8 8 )
||Xn+1,a,s - Xa,s”S < (1 _ﬁa)llxn,a,s - Xa,s"S

forn=0,1,2,..., which will complete the proof, since |xo — x3 (Il < co,sllx0 = x5 lls < co,sR < p.
Formally, by (2.1), we have

) 8 8 ) - ) 8 ) )
Xn+1,a,s - Xa,s = Xn,a,s - Xa,s - B[L S(F(Xn,a,s) - F(Xa,s)) + a(Xn,a,s - Xa,s)]'
Since
8 ) 8 5
F(Xn,a,s) - F(Xa,s) = An,e(xrz,a,s - Xa,s)’
we have
5 8 - 5 )
Xpit.as — Xas = = BL™°An,g + aD)](Xp 4,5 = Xq.5)- (3.2)

Now, let n = 0. We have already seen that |xo — xg’sll < p so that xg’S € B(xg, p) and Ag g is a well-defined
positive self-adjoint operator with IIL’ng,gL’% [l < Bo.

Next assume that for some n > 0, xﬁ’ as € B(xo, p) and A, ¢ is a well-defined positive self-adjoint operator
with |[L2Ap,eL"%| < Bo. Then from (3.2),

L300, s —X55) = [I-BL 2 AnoL % +aD)L? (x4 s — x5 ),
SO
1xG, 1. = X3 slls < 1T = BL™TAn6L™2 + aD (x5 4 - X5, s
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Since L2 A, gL~% and hence I - B(L™% A, ¢L~% + al) are positive self-adjoint operator, we have (cf. [18])
I - B(L™2AnpL ™% +al)| = sup [{[I - B(L™2An,L"% + al)lx, x)|
Ixl=1

= sup |(1 - Ba) - B(L™2 Ap,oL "2 x, X)|
Ixl=1

and since |[L™3 A, L3 | < Bo foralln e Nand j = lﬁ’ we have

0<BL ™3 AnoL 2x,x) < BIL™ZAnoL 2| < B0 < 1 - a

forall a € (0, a). Therefore,
IT-B(L™3AnpLl™ +al)| <1 - Ba.

Thus,
8 8 5 5
||Xn+1,a,s - Xa,s”S < (1 _ﬁa)llxn,a - Xa,s"S'

Hence,

8 § 8 8 §

”Xn+1’a’s - Xa,s" < CO,S"XnJrl’a’s - Xa,s”S < CO,S"XO - Xa’s"S
and
5 §
104 1.a,s = Xoll < Co,sIXp41.q,5 = Xolls

) § )
< €0,slIXn11.4,5 = Xaslls + 1Xg,s — Xolls]

8
< €o,s(co,s + Dllxo — xg sls

< co,s(Co,s + 1)(2r0 + Co,5) < p.

Thus, x8 € B(xo, p). Also, for0 <0 <1,

n+1,a,s

) ) 6 6 )

n+l,a,s Xa,s)] - Xol = ”(Xa,s - Xo) + 6(Xn+1,0(,s - Xa,s)”

8

n+1,a,s
) 6 )

< €o,sllxg,s = Xolls + OlXp, 1 4.5 = Xa,slls]

]
< co,s(Co,s + 1)||Xa,s — Xolls

xS ¢ + 6(x

8 8
< ”X[x,s - XO" + 9||X - Xa,s"

< ¢o,s(Co,s + 1)(2ro + Co,s)
<p.

Hence, An.1,¢ is a well-defined positive self-adjoint operator with |L™2A,1,9L 77| < Bo. This completes
the proof. O

4 Error Bounds Under Source Conditions

In order to obtain estimate for IIXQ, s — X|I, we have to impose some nonlinearity conditions on F and assume
that xo — X belongs to some source set. We use the following two assumptions to obtain an error estimate
for [Ix§ ¢ - XII.

Assumption 4.1. There exists a constant ko > 0 such that for every x € B(xo, p) and v € X there exists an
element ®d(x, xg, v) € X such that

[F'(x) - F'(x0)]v = F'(x0)®(x, X0, V)

and
D (x, x0, VI < kolVIllx = xoll

for all x, v € B(xo, p).
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Assumption 4.2. There exists some E > 0, t > 0 such that xo — X € X; and | xo — X||; < E.

Theorem 4.3. Let xg,s be the solution of (2.2), let x, s be the solution of (2.3), and let Assumption 4.1 and
Assumption 4.2 with t < s + b hold. Further, suppose

pko < =52~ 5 s+b
(s+b )
Then we have the following estimates:
(a) We have
X~ Xesl < — 0
s f(5+b) g(s+b )pkO as+h
(b) We have

(s+b) £
< E s+b
TS S e kop

Xa,s

(c) Inparticular, fora =6 %, we have
x5, = Xl = 0(67).

Proof. Let A = jol F'(Xq,s + 0(x5 s — Xa,5)) d6. Then, since
F(x §) = F(Xa,s) + aLs (X5 s — xa.5) = ¥° - ,

we have
(As +aL®)(x5 5 — Xa,5) =y° - y.

In particular,
(F'(x0) + aL¥)(x3 ¢ — Xa,5) = ¥° =y + (F'(x0) = A)(x0 ¢ — Xa,s)-

Therefore, we have

X5 ¢ = Xas = (F'(x0) + aL¥) [y — y + (F'(x0) = As) (X3 s — Xa,s)]

1
= (F'(xo) + aL®)™ [y5 -y - F'(x0) j @ (X0, Xays + OO — Xa,5), X5 — Xay5) de]
0

and hence

1% ¢ — Xa,sll < I(F'(x0) + aL®) 2y - )|

1
)LF (x0) j (X0, Xa,s + OO ¢ — Xa5), X5 g — Xay5) dON
0

= F1 + rz,
where s
Ty = [(F'(xo0) + aL) ' (y° - y)l,

1
T, = ”(F'(xw +aL®) " F (xo) j (X0, Xa,s + OO ¢ ~ Xay5), X s — Xays5) deﬂ.
0

Note that by Proposition 3.1, we have

T1 = I(F' (x0) + aL) L (y® - y)lI
= ||L*% (L3F (xo)L™2 + al) 'L72 (y? - y)|

<= )uB“b(B s+aD L8 —y)|
s+b

c_ 6
f(m) )
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where here and below
Bs=LiF (xo)L 2.

Again, by Proposition 3.1, we have
1
T, = llL‘i(Bs +al) 'L F (x0) J D(x0, Xq,5 + 0(xg,s — Xa,s)s x,‘i’s ~ Xa,s) dG”
0

1
<

B (Bg + al) 'B,L?

2

) )
D(x0, Xa,s + O(Xq s — Xa,5)» Xg.s — Xa,s) dGU

f

)

%)
+

1 _S_

< (Bs + al) 'BsBSP L3
f(ﬁ) s sPs

6 é
D(x0, Xa,s + 0(Xq,s — Xa,s)» Xg,5 — Xa,s) dGU

Ot} Ot .

g
stb J D(xo, Xa,s G(Xz,s - Xa,s), Xg,s - Xa,s) de“
0

IN

fs55)

§ 8(:35)
f535)
S 8(:35)
f(35)

The last step follows from the fact that x4 s, xg’ s € B(xo, p) and hence

) )
ko j X0 — Xas — 005 — Xa ) IXE. — Xl 46

6
pkolxg,s — Xa,sll-

Xa,s + 00X s — Xq,5) € B(x0, p).
This proves (a). To prove (b), we notice that since y = F(x), we have by (2.3)
F(xq,5) — F(X) + aL®(xq,s — x0) = 0.

Let
1
A- j F'(% + 0(xa s - X)) dO
0

Then by (4.1),
(A +aL®)(xq,s — X) = aL®(xp — X)
or
(F'(x0) + aL®)(Xq,s — X) = (F'(x0) = A)(Xq,s — X) + aL®(xo — X).
Therefore,
Xa,s — X = (F'(x0) + aL®) L [(F' (x0) = A)(Xq,s — X) + aL®(xo — X)].

Hence, using Assumptions 4.1 and 4.2, we have
- 1 ,
Xas—X =L 3 (Bs+al) 'L} | =F'(xo) j D(x0, X + O(Xas — R), Xas — X) dO
L 5 )
+aLl i(Bs +al) 'L IL5(xo - X)

- 1 .
=L 2(Bs+al) 'L™% | -F'(xo) J’ D(x0, X + O(Xq,s — X), Xq,5s — X) dO
| ] ]

+al 2(Bs +al) L5 (xo - ).

DE GRUYTER

(4.1)
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So
1
Ixa,s = %Il <|L72(Bs + al) ™' L™3 [F’(XO) j (X0, X + 0(Xa,s — X), Xa,s = X) de] ”
0
+allL™2(Bs + al) "L (xo - X)||
L 1
< B (B, + al) 'B,L} J D(x0, % + OXas — %), Xas - X) dell
f( s+b) 0
1 = s N
+ @QHB?" (Bs +al) *L2 (xo - X)
s+b
1
< f( B + an " B.BE FL3 J@(Xo,fc + 0(Xas - X), Xas - X) d@”
s+b 0
f( aIIBS*” (Bs +al)*L2 (xo - X)||
s+b
g( s+b) s S 3 1 s+b s+b
< s I@(Xo,x+6(xa,s—x),xa,s—x) dao| + f( aII(Bs+aI) BS™ Bg LZ(xo—x)||
s+b s+b
g( S+b ) -~ ~ ~ 1 s+b s+b
< koIIXo - X = 0(xq,s = Ollxa,s = Xl + 75—~ aII(Bs +aD) T BEPIBST LE (xo - X
f( s+b f( s+b
g(m) g(“b) . .
< kop"Xa,s - as+b llxo — XII¢
f( s+b f( s+b
g(m) . & S+b) s
= kOp"Xa,s - E(X s+b
f( s+b f( s+b
This completes the proof of (b). Now (c) follows from (a) and (b). O
5 A Priori Choice of the Parameter
Note that by (a) and (b) of Theorem 4.3, we have
xS, — x| < c( I aT) (5.1)
QA s+b
where
C_s,0 g( SS+ )E
C= max{ ; , } (5.2)
f(s+b) g(ﬁ)ﬂko f(s+b) g(s+b)k0p
Further observe that the error ‘sb + a5 in (5.1) is of optimal order if as := a(t, §) satisfies,
as+b
6 t
e = (As+h ,
A s+b

That is, as = 855, Hence, by (5.1) we have the following theorem.

Theorem 5.1. Let the assumptions in Theorem 3.2 and Theorem 4.3 hold. For § > O, let a := a5 = 6 7. Let ns
be such that

: . 8
ng := mm{n tqps < —5 }
QA s+b
Then
~ %] = 0(875).

§
||Xn5,a,s
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5.1 Adaptive Scheme and Stopping Rule

In [27], Pereverzev and Schock introduced the adaptive selection of the parameter strategy. We modified the
adaptive method suitably for the situation for choosing the regularization parameter a. For convenience, take

xf’as = Xﬁ,-,a,—,s- Letie{0,1,2,...,N}and a; = yiao,wherey >1landag > 6.
Let
-+ 6
l —max{ a;?’ < —; } <N, (5.3)
A s+b
— Y . =6 o
k = max{i:[Ixj, x]-ya,sll <4C—-,j=0,1,2,...,i- 1, (5.4)

where C = C + k with Cis asin (5.2) and k is as in Theorem 3.2. Now we have the following theorem.

Theorem 5.2. Assume that there exists i € {0, 1, ..., N} such that
t 1)

+bS

as

_b_
A s+b

Let the assumptions of Theorem 3.2 and Theorem 4.3 be fulfilled, and let | and k be as in (5.3) and (5.4),
respectively. Let

. n 6
ni=min{n:qg ¢ < — -

s+b
&

Thenl < k and

¥ bt
"ng,a,s —X|| < 6Cuss6%8.
Proof. To prove l < k, it is enough to show that, for eachi € {1, 2, ..., N},
a;*bS b = ||an,txs n(xs”— =0,1,2,...,i—-1.
A s+b a
For j < i, we have
) 5 5 s
"Xni.a,s - an,a,s" < ”Xi as x|+ %= <, S"

>+C< % 6 )széa.ﬁué 6 <4C 6

C( s+b

s+b s+b s+b S+
al. a; a a;
Thus, the relation I < k is proved. Observe that
5 5
llx - xnk asl < X — xn, asl+ lenk as ~ Xn,asls
where
o6 ~ 55 ~ 0
X = Xp, a5l < Cla;™ + e 2C -
s+b s+b
a a
Now since [ < k, we have
) 5 - 6
"Xnk,a,s - Xm,a,s" <4C b
s+b
o
Hence,
- 5 _ 0
X = Xp, a5l < 6C .
S+ b
a
2 b = b b,
Now, since a;™ = 6% < a aj;; < psbaps+, it follows that
6 b 6 bt
B S}lsb _ys+b6t+b.
S+b s+b
a Qs
This completes the proof. O
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6 Implementation of Adaptive Choice Rule

The balancing algorithm associated with the choice of the parameter specified in Theorem 5.2 involves the
following steps:

o Choose ap > O such that § < ap and u > 1.

+ Choose a; := plap,i=0,1,2,...,N.

6.1 Algorithm

(1) Seti=o0.
(2) Choose
. n 6
n; := mln{n fas S }
ais+b
(3) Solve xj g5 := xﬁi’ai,s by using the iteration (3.1).
(4) If
- 6 ..
IXi,a,5s = Xj,a,sll > 4C 5 J <0
a:s+b

then take k = i — 1 and return xj 4 5.
(5) Elseseti=i+1and go to (2).

7 Numerical Experiments

In this section we present a numerical experiment for the elliptic boundary-value problem (1.2) and compare
the results of method (3.1) with that of method (1.4). Let us define the linear operator

L: H?>nH[0,1] c L?[0, 1] — L?[0, 1]

by Lx = —x"". Then L is densely defined, self-adjoint and positive definite [16] and the Hilbert scale {X}s gen-
erated by L is given by

X5 = {x € B[0, 1] : x®(0) = x®D(1) =0, [= 0, 1, ..., [% - %]}
for any s € R, where H*[0, 1] is the usual Soholev space and
1
Il = | (ol de
0
foralls =0,1,2,.... We have taken s = b = 2 in our computation. Tables 1 and 2 gives the number of iter-

ations, alpha and the relative error.

Remark 7.1. From the tables and figures, one can see that method (3.1) gives a better approximation than
method (1.4).

Method (3.1) Method (1.4)
I1%-x5 4, sl Ix-x5 4 |
Function k ng ak) - :"’""‘s k ne ak) - :"’""
WD s WD |
X =min{x,1-x},x € [0, 1] 5 31 0.0829 0.0074 7 24 0.0312 0.3021

x=x2if0.2<x<0.7,x=xelse 5 32 0.0954 0.0093 6 27 0.0474 0.4655

Table 1: The number of iterations, alpha and the error for y = 1.15, 9 = 11@, B =0.25.
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Method (3.1) Method (1.4)
1%-x3 g s 1%-x3, g, I
Function k ng  ak) )(?'& ne  ack) ~ :"’""
16, 51 I3, I
X =min{x, 1 - x}, x € [0,1] 23 15 0.0080 0.0085 20 16 0.0100 0.0926
x=x2if0.2<x<0.7,Xx=xelse 12 20 0.0245 0.0086 15 18 0.0157 0.1548
. . . _ _ 1 _
Table 2: The number of iterations, alpha and the error for y = 1.25, 6 = 555, f = 0.25.
sources data sources data
0.5 x 0.045 - 0.5 = 0.045 .
0.04 E 0.04
0.035 g 0.035
0.03 E 0.03
0.025 g 0.025
0.02 + g 0.02 |
0.015 E 0.015
0.01 g 0.01 |
reconstruction 0005 H | _ [?CO"Str”C’tion | reconstruction 0.005 | reconstruction
— — —true ue . — — —true — — —true
observation observation
0.1 : 0 : 0.1 : 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

(a) Exact and approximate data and solution of method (3.1)
for X = min{x, 1 — x}.

(b) Exact and approximate data and solution of method (1.4)
for X = min{x, 1 — x}.

Figure 1: Exact solution and approximated solution for y = 1.15, 6 = 1&5, B = 0.25.
sources data sources data
0.5 T 0.025 T 0.5 T 0.025 T
0.02 + E 0.02 |
0.015 1 0.015
0.01 E 0.01 |
0.005 E 0.005
reconstruction -
reconstruction - Ttue reconstruction o tr:euc:nstructlon
oy )
rue observation — — —true observation
-0.2 L 0 L -0.1 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

(a) Exact and approximate data and solution of method (3.1)
forx =x2if0.2 < x < 0.7 and X = x else.

(b) Exact and approximate data and solution of method (1.4)
forx = x2if0.2 <x < 0.7 and X = x else.

Figure 2: Exact solution and approximated solution for y = 1.15,0 = %, B =0.25.

8 Conclusion

In this paper we considered a derivative-free iterative method for approximately solving ill-posed equations
involving a monotone operator in the setting of Hilbert scales. We obtained an optimal order error estimate
under a general Holder-type source condition. Also we considered the adaptive parameter choice strategy
considered by Pereverzev and Schock [27] for choosing the regularization parameter.
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sources data sources data
0.045 . 0.5 2 0.045 :
/ \\
0.04 0.04
0.035 0.035
0.03 + 0.03
0.025 0.025
0.02 + 0.02 +
0.015 0.015
0.01 0.01
reconstruction 0.005 reconstruction
reconstruction 0005 1/ | — — —true ) reconstruction ) - —c-fe
— — —true observation — — —true observation
-0.1 0 L -0.1 0 T
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

(a) Exact and approximate data and solution of method (3.1)
for X = min{x, 1 — x}.

(b) Exact and approximate data and solution of method (1.4)
for X = min{x, 1 — x}.

. . . . . _ _ 1 _
Figure 3: Exact solution and approximated solution for y = 1.25, 6 = 555, f = 0.25.
sources data sources data
0.5 T 0.025 T 0.5 T 0.025 T
4
0.02 0.02 E
0.015 0.015 E
0.01 | 0.01 + E
0.005 g 0.005 | p
reconstruction reconstruction
reconstruction — — Ttrue reconstruction — — —true
— — —true observation — — —true observation

-0.1 0 L -0.1 0 -

0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

(a) Exact and approximate data and solution of method (3.1)

forx = x2if0.2 < x < 0.7and X = x else.

(b) Exact and approximate data and solution of method (1.4)
forx = x?if0.2 <x < 0.7 and X = x else.

Figure 4: Exact solution and approximated solution for y = 1.25, 0 = 51%, B =0.25.

Funding: The work of Santhosh George is supported by the Core Research Grant by SERB, Department of
Science and Technology, Government of India, EMR/2017/001594. K. Kanagaraj would like to thank National
Institute of Technology Karnataka, India, for the financial support.

References

(1]

J. I. Alber, The solution by the regularization method of operator equations of the first kind with accretive operators in

a Banach space, Differ. Uravn. 11 (1975), no. 12, 2242-2248, 2302.

Y. Alber and |. Ryazantseva, Nonlinear Ill-Posed Problems of Monotone Type, Springer, Dordrecht, 2006.

N. Buong, Convergence rates in regularization for nonlinear ill-posed equations under accretive perturbations, Zh. Vychisl.
Mat. Mat. Fiz. 44 (2004), no. 3, 397-402.

N. Buong, On nonlinear ill-posed accretive equations, Southeast Asian Bull. Math. 28 (2004), no. 4, 595-600.

N. Buong and N. T. H. Phuong, Convergence rates in regularization for nonlinear ill-posed equations involving m-accretive
mappings in Banach spaces, Appl. Math. Sci. (Ruse) 6 (2012), no. 61-64, 3109-3117.

Brought to you by | National Institue of Technology, Surathkal
Authenticated | sgeorge@nitk.ac.in author's copy
Download Date | 7/9/18 8:53 AM



14

(6]

(7]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

(18]
[19

[20]

[21]

[22]

[23
[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

= S. George and K. Kanagaraj, Derivative Free Regularization Method DE GRUYTER

H. Egger and A. Neubauer, Preconditioning Landweber iteration in Hilbert scales, Numer. Math. 101 (2005), no. 4,
643-662.

H. W. Engl, M. Hanke and A. Neubauer, Regularization of Inverse Problems, Math. Appl. 375, Kluwer Academic, Dordrecht,
1996.

S. George and M. Kunhanandan, An iterative regularization method for ill-posed Hammerstein type operator equation,

J. Inverse Ill-Posed Probl. 17 (2009), no. 9, 831-844.

S. George and M. T. Nair, Error bounds and parameter choice strategies for simplified regularization in Hilbert scales,
Integral Equations Operator Theory 29 (1997), no. 2, 231-242.

S. George and M. T. Nair, An optimal order yielding discrepancy principle for simplified regularization of ill-posed
problems in Hilbert scales, Int. J. Math. Math. Sci. (2003), no. 39, 2487-2499.

S. George and M. T. Nair, A modified Newton-Lavrentiev regularization for nonlinear ill-posed Hammerstein-type operator
equations, J. Complexity 24 (2008), no. 2, 228-240.

S. George and M. T. Nair, A derivative-free iterative method for nonlinear ill-posed equations with monotone operators,

J. Inverse Ill-Posed Probl. 25 (2017), no. 5, 543-551.

S. George, S. Pareth and M. Kunhanandan, Newton Lavrentiev regularization for ill-posed operator equations in Hilbert
scales, Appl. Math. Comput. 219 (2013), no. 24,11191-11197.

A. Goldenshluger and S. V. Pereverzev, Adaptive estimation of linear functionals in Hilbert scales from indirect white noise
observations, Probab. Theory Related Fields 118 (2000), no. 2, 169-186.

B. Hofmann, B. Kaltenbacher and E. Resmerita, Lavrentiev’s regularization method in Hilbert spaces revisited, Inverse
Probl. Imaging 10 (2016), no. 3, 741-764.

Q.-N. Jin, Error estimates of some Newton-type methods for solving nonlinear inverse problems in Hilbert scales, Inverse
Problems 16 (2000), no. 1, 187-197.

S. G. Krein and J. I. Petunin, Scales of Banach spaces, Russian Math. Surveys 21 (1966), 85-160.

M. T. Nair, Functional Analysis: A First Course, 4th print, Prentice-Hall, New Delhi, 2014.

F. Liu and M. Z. Nashed, Tikhonov regularization of nonlinear ill-posed problems with closed operators in Hilbert scales,
J. Inverse Ill-Posed Probl. 5 (1997), no. 4, 363-376.

S. Lu, S. V. Pereverzev, Y. Shao and U. Tautenhahn, On the generalized discrepancy principle for Tikhonov regularization in
Hilbert scales, J. Integral Equations Appl. 22 (2010), no. 3, 483-517.

P. Mahale, Simplified iterated Lavrentiev regularization for nonlinear ill-posed monotone operator equations, Comput.
Methods Appl. Math. 17 (2017), no. 2, 269-285.

P. Mathé and S. V. Pereverzev, Geometry of linear ill-posed problems in variable Hilbert scales, Inverse Problems 19
(2003), no. 3, 789-803.

F. Natterer, Error bounds for Tikhonov regularization in Hilbert scales, Appl. Anal. 18 (1984), no. 1-2, 29-37.

A. Neubauer, An a posteriori parameter choice for Tikhonov regularization in Hilbert scales leading to optimal convergence
rates, SIAM J. Numer. Anal. 25 (1988), no. 6, 1313-1326.

A. Neubauer, Tikhonov regularization of nonlinear ill-posed problems in Hilbert scales, Appl. Anal. 46 (1992), no. 1-2,
59-72.

A. Neubauer, On Landweber iteration for nonlinear ill-posed problems in Hilbert scales, Numer. Math. 85 (2000), no. 2,
309-328.

S. Pereverzev and E. Schock, On the adaptive selection of the parameter in regularization of ill-posed problems, SIAM J.
Numer. Anal. 43 (2005), no. 5, 2060-2076.

E. V. Semenova, Lavrentiev regularization and balancing principle for solving ill-posed problems with monotone
operators, Comput. Methods Appl. Math. 10 (2010), no. 4, 444—-454.

U. Tautenhahn, Error estimates for regularization methods in Hilbert scales, SIAM J. Numer. Anal. 33 (1996), no. 6,
2120-2130.

U. Tautenhahn, On a general regularization scheme for nonlinear ill-posed problems. Il. Regularization in Hilbert scales,
Inverse Problems 14 (1998), no. 6, 1607-1616.

U. Tautenhahn, On the method of Lavrentiev regularization for nonlinear ill-posed problems, Inverse Problems 18 (2002),
no. 1, 191-207.

V. Vasin and S. George, An analysis of Lavrentiev regularization method and Newton type process for nonlinear ill-posed
problems, Appl. Math. Comput. 230 (2014), 406-413.

Brought to you by | National Institue of Technology, Surathkal
Authenticated | sgeorge@nitk.ac.in author's copy
Download Date | 7/9/18 8:53 AM



	Derivative Free Regularization Method for Nonlinear Ill-Posed Equations in Hilbert Scales
	1 Introduction
	2 Preliminaries
	3 The Method and the Convergence Analysis
	4 Error Bounds Under Source Conditions
	5 A Priori Choice of the Parameter
	5.1 Adaptive Scheme and Stopping Rule

	6 Implementation of Adaptive Choice Rule
	6.1 Algorithm

	7 Numerical Experiments
	8 Conclusion


