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Abstract The meshindependence principle states that, if Newton’s method is used to solve an
equation on Banach spaces as well as finite dimensional discretizations of that equation, then
the behaviour of the discretized process is essentially the same as that of the initial method.
This principle was inagurated in Allgower et al. (STAM J Numer Anal 23(1):160-169, 1986).
Using our new Newton—Kantorovich-like theorem and under the same information we show
how to extend the applicability of this principle in cases not possible before. The results can
be used to provide more efficient programming methods.
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Introduction

We are interested in the problem of locating a solution x* of equation
F(x)=0. (1)

Here, X, Y denote Banach spaces, D C X is open, convex and F : D € X —> Y is
differentiable in the sense of Fréchet.
Newton’s method is defined forn =0, 1,2, ..., by

Xnt1 = Xn — F'(0n) T F (x), )

converges quadratically to x* under certain conditions. However the iterates cannot be found
easily in general. That is why we introduce a family of discretized equations

Pp(y) =0 3

indexed by some positive real number i with P, : X, —> Yj and X}, ), being of finite
dimension. Define the discretization on X by bounded linear operators Ly : X — X}, and
introduce the family of discretized iterations by

yo = Ly(x0), yio =y —PLoHT PG (n = 0). 4)

In the elegant paper [3] they showed the relationship between distances || x,+1 —x, |, [y} e
vl llx, — x*l, ||yf,’ — y;Il (n > 0) and the connection between the two iterations.

One of the basic assumptions was the Lipschitz continuity of operators F’, P;(h > 0).
Here instead we use a combination of Lipschitz and center-Lipschitz conditions. This way
the error bounds are improved, the minimum #n for which ||x, —x*|| < & holds can be smaller
and the radius of convergence larger [2,3,7,9,12,13,16-22,25,26,28,30-33]. Other studies
can be found in [1-33].

Mesh Independence Principle

Let U(v, &) and U (v, §) stand respectively for the open and closed balls in X with center
v € X and of radius £ > 0. Let xo € D and R > 0. Define
Ro = sup{t € [0, R) : U(xo,t) € D}

We will need the following semilocal and local convergence theorems.

Theorem 1 Let F : U(xg, Ro) S X — Y be a differentiable operator in the sense of
Fréchet. Assume the existence of parameters n > 0, £y > 0 such that

F'(xo)™" € L(Y, X), (1
I F(x0) "' F(xo)ll <1 2)

and
1 (x0) "' [F'(x) — F'(xo)1ll < €ollx — xol. 3)

Moreover, assume the existence of £ > 0 such that

1
| F'(x0) "' [F'(x) — F'()]|| < £llx — y| forall x, y € U(xo, Ro) N U <xo, E—) =U,
0
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Ln=<1 5)
and
t* < Ry, (6)
where
t* = lim t, < t**
n—00
Lon
£ = [1 + —] n < 2bn,
2(1 —a)(1 — £on)
1
L=y (,/zoz + 4o + /Lo + 8£(2)>
1 1
b=-|14+-—— 7
2 [ * 2(1 —a)] 7
and
24
0= .
£+ /02 + 8Lyt
Lo(ty — to)?

o = 0, 1 = n, h =t +

1, =1 + —
n+2 n+1 2(1 _K()tn—H) =

Then, lim,— o0 X, = x* € U(xo, t*) for some x*, F(x*) = 0, so that the following
items hold
A

lxn42 — Xpt1ll < <t =ty ©)
2[1 = £Lollxn+1 — xoll]

and
o = x*[| < % — 1. (10)
Moreover, the solution x* is unique in U(xo, t*), and if there exists R > t* such that
U(xo,R) €D (11)
and
Lo(t* +R) <2, (12)
then, the solution x* is unique in U (xo, R).

Proof Simply notice that the iterates x, remain in U which is a more precise location than
U (x0, Rp) used in [17], since U < U (xg, Ro). Based on this observation the proof is analo-
gous to the one in [17].

For x* such that F(x*) = 0, let

Ry =sup{t € [0, R) : U(x*,t) C D}.

[}
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Theorem 2 Let F : D C X — Y differentiable in the sense of Fréchet. Assume: there exist
a simple zero x* € D, of equation F(x) = 0 and parameter yy > 0 such that

IF' ) THF () = F'GM]I < yollx — x| forall x € U(x*, Ry), 13)

Moreover suppose that there exists y > 0 such that

1
IF' (x*) "' [F'(x) = FOD)IIl < yllx — y| forall x,y € Uy := U(x*, R) N U (x*, 7) ,

Y0
(14)
and
y1 < Ry, (15)
where
2 (16)
Y1 = .
20 +vy
Then, lim,— o0 X, = x* € U(xq, 1), x* is the only solution in U (x*, y1) and
¥l — x*|I?
—x*| < 17
lxn+1 — x| < o1 (I7)

= yollxn — x*|11°

Proof Notice that iterates remain in Uj. This is a better location for the iterates x,, than
U(x*, Ry) used in [4]. Then, the proof follows exactly as the corresponding one in [4]. O

Remark 3 The preceding results improve the corresponding ones in [17] and [4] which in
turn improved the corresponding ones in [2,3]. Indeed, we have:

Semilocal Convergence (Theorem 1)
The Lipschitz condition corresponding to (4) and used in [2,3,17] is given by: there exists
£1 > 0 such that

IF" () ™' F' (¥) = F'W]Il < €illx — yll for each x, y € U (xo, Ro)- 2.4)

Then, the conclusions of Theorem 1 were obtained as in [17] using £ instead of £. Notice
however that

by < ¢
and in particular
L=<t

hold. If £ = £ our results reduce to the corresponding ones in [17]. But if £ < ¢, then the
new results have the following advantages over the ones in [17]:

i. Weaker sufficient convergence criteria. Indeed, the old criteria are given by
Lin=1, (2.5)

where

L=

(,/zozl 4Ly + 0l + 8€2> .

Bl
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Notice that
Lin<l = Lnp=1

but not necessarily vice versa, unless if £y = £;.
ii More precise error estimates on the distances || x,,+1 —X» ||, [|x, —x*||. Indeed the majoriz-
ing sequence given in [17] is defined by

Co(uy — up)?
uo =0, u; =n, M2:M1+m,
¢ _ 2
Upt2 — Upt1 +M foreach n=1,2,....

2(1 — Lottnr1)
Then, a simple inductive argument shows that
In < up
Ing1 —In < Upt1 — Up
and t* <u* = lim u,.
n—oo

Strict inequality holds in the first two inequalities, if £ < £; and n = 3, 4, .... The last
inequality shows that the information on the location of the solution is more precise,
since t* < u*.

Local Convergence (Theorem 2)
The Lipschitz condition corresponding to (14) and used in [4] is given by: there exists y > 0
such that

IF' (x*) "' [F'(x) = F'()]Il < 7llx — yllforeach x, y € U(x*, Ry). (2.14)
Then, again in view of (14) and (2.14"), we get that
Yy <V

hold. The radius of convergence in [4] is given by

_ 2
Y= .
20 + ¥
Then, we have
1< ¥
and, if y < y, then
71 < V1.

The corresponding error bound in [4] using y instead of y is given by

= X2
X1 — x| < 7l =27 . (2.17)
2[1 — yollx, — x*]

In view of (17) and (2.17") we deduce that the new error bounds are more precise than the old
ones leading to fewer iterations in order to obtain a certain desired error tolerance. Finally,
notice that no additional computational effort is required because if we find £, we also find
special cases £( and ¢. The same is true for the constants y, yy and y.

@ Springer
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Definition 4 Asin [3,12] let $* C X be such that
x*eS* x, €8x, —x* €S, xpp1—x, €8, n>0.
Consider the family
{Ph. Ly, Ly}, h >0,
where

P, : Dy — ?h,

Ly:X— Xp, Lp:Y >V,
such that

Lp(S*NU*) C Dy,.

(18)

19)

(20)

€2y

(22)

The discretization family (19) is Lipschitz-center, Lipschitz uniform if there exist p >

0, £o = £o(h) > 0 so that

U(Lp(x*), p) S D,

1Py (u) = Pp(Lp(x* N < Lollu — Lp(x™)l, u € U(Lp(x¥), p)
and £ = £(h) > 0 such that

_ 1
1Py (u) — Pp(w)|| < €llu — v, u,veU <Lh(x*), p) NU(Lp(x™), %> = Up.

Moreover (19) is: bounded if there exists a constant ¢ > 0 so that
1Ly < qllull, uesS*,
stable: if there exists a o > 0 such that
1Py (La@) ™ <0, ue s NU,
and consistent of order p :, if there exist co > 0, ¢; > 0, ¢2 > 0 so that

Ly (F(x*) — Py(Ly(x*))| < coh?,

1Ly (F(x)) — Pu(Ly(x)|| < c1h?, x € S* N U,
and
I Ly (F'(x))(y) — Pp(Ly)) Ly < c2h?,

x € S*NU*, y e S*. We can show the following result for (3) and (4).

(23)

24)

(25)

(26)

27)

(28)

(29)

(30)

Theorem 5 Let F : D € X — Y be an operator satisfying hypotheses of Theorem 2 such
that a Lipschitz, center-Lipschitz uniform discretization (19) exists which is bounded, stable

and consistent of order p. Then

@ Springer
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(a) Equation (3) has a solution which is locally unique with
yi = Lp(x*) + Oh?), 31)

for each h such that

o \/7 1 1/p
O0<h<hg= , ) 32
== o= ma <2bcoo> <0002L> (32)

(b) There exist hy € (0, hol, r1 € (0, r*] such that Newton’s method (4) converges to y;;
and for all k > 0

Y= Ly(x) + O(hP), (33)
Pr(yf) = Lu(F(xg)) + O(hP) (34)
Y= yi = Ly(xk — x*) + O(hP) (35)

foreach h € (0, hi] and xg € U(x*, ry).

Proof We showed in Theorem 1 that when

a(h) = Lo || Py(Ly(x*) " Pu(Lp(x™)] < 1, (36)

r(h) < 2b)| P(Ly ()" Pu(La(*)I| < p, (37

then Eq. (3) has a solution y}l‘ which is unique in U(Ly(x*), r(h)). Using (36), (27), (28) and
(32) we get in turn

a(h) < Lo || Py(Lp(x*)|
= Lo || Py(Ly(x*)) — Li(F(x*)|l
< Lo2coh? <1 (38)

and
r(h) < 2bcoh? < p (39)
which hold by the choice of & given by (32). Hence (31) follows from
vy — L)l < r(h) < 2bocoh?. (40)
By Theorem 2 Newton’s method (4) converges to y; if

2

1w =il < G oIP on T @D
and
Uy, 1L (x0) = yill € U(Ln(x™), p). (42)
Estimate (42) holds, if
i = Lo+ I1Ln (x0) — yy 1l < p. (43)
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By (26) and (38) we can have

ILn(x0) = ¥yl < ILn(x0) — L)+ I1La(x™) — vyl

< qllxo — x*|| + 2bocoh? . (44)
Therefore (42) holds if
qllxo — x*|| + 4bocoh? < p. (45)
Using the identity and the Banach perturbation Lemma [7,9,17,29]
Py (i) = Ph(La(x*) — Pp(Lp(x*) ™ (P (Li(x*)) — P ()] (46)
we get
_ Il Py (L ()|
1P~ < — — (47)
L= Loll P (Lpn(x*) ™ IILp(x*) — yyll
o
< ——. 48
~ 1 —2bloo2coh? (48)
Hence (41) holds if
2(1 — 2btgcoo’hP)
—x* 4bo coh? . 49
qlixo — x™|| +4bocoh? < 2o + Do (49)
Choose
1/p 1/p
. P 1
hy = B e S — ; 50
2= mi {<8bcoo> <4bcoo(1 +z00)) } 50)
and
| e 1
=min{-—, ——¢. 51
" {M(%WMMU} eh

Then (41) and (42) hold for each & € (0, hy] and xg € U (x™, rp). That is for these choices
of 1 and x, Newton’s method (4) converges to y;. Define

1 1/p
hi = min { Ay, 52
! : [402(6»1 + )26 + z)] 62
i 1 (53)
rp=min{ry, — .
! 2 400q
With the above choice equation in A

o ¢ 2 *

———— | A"+ 2lg|lxo — x¥||A+ (c1 + c)h? | =2 (54)
1—4looh [2

is quadratic and has a positive solution, which satisfies

d <4o(c1 + c2)h?. (55)
We now show using induction on 7 that for & € (0, h1), xo € U(x*,r),andalln >0

Iy = LaGa) ]| < d (56)
holds.
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For n = 0 (56) holds. Assume (56) holds forn = 0, 1, ..., k. Using (4) we obtained the
identity
Yipr = LuGen) = PO IR, OO OF = LaGa)
— Py + Ph(La(x))]
+ [(P;;(y/?) — Py(Lp (i) Ly (F (x) ™' F ()]
+ [P;;(Lh(xk))L/z(F'(kalF(xk)) — Lp(F(xp)]
+ Ly (F (x1)) — Pa(Li(xi))1}. (57)
As in (47) we get

o o

A tooE —Inol = T—tood (58)
We can get in turn
[rool = atsn = P + Puctacan| = 5 ot = L]
< gdz, (59)
1Py () = Pr(Lin (i) L (F' ) ™ Fao) < Lqllyg — LG [l xes1 — x|
< 2£qd|xo — x*|. (60)
(since [lxer1 — x*|| < [l — x*])
Il Py (L () Ly (F' (i) ™' F(x1)) — Li(F ()| < c2h?, (61)
and
ILA(F(xk)) = Po(Li(x)|| < cih?. (62)
By (55) and (57)—(62) we get
Iyfy = Lin(ag)ll < d < 4o (e + c2)h?, (63)

where d satisfies (54). Moreover by the Lipschitz continuity of P, there exists b such that
1P, < b, x € Up. (64)
Therefore we can have

I1PL () = L (F )l < I1Ph(yl) — Pu(Ly )l

1Py (L (xx)) — Lin(F ()|
< bllyk — L)l + c1h?
< d4ob(ci + cp)h? + c1h? = c3h? (65)

where ¢3 = 40 b(c| + ¢2) + ¢1. Furthermore by (40), (56) and (63) we get

||y/i’ =y = LaGg —x™)|| < ||y1il — L)l + llyy — La(x) |l
< 4ob(cy + c2)h? + 2bocoh? = ch?, (66)

where ¢ = 20 (bcg + 2¢1 + 2¢3). O

The following result is the second part of the mesh independence principle.
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Theorem 6 Suppose: hypotheses of Theorem 5 hold; there exists ;v > 0 such that
}lin%inf ILn (N = pllx|l forx e S* (67)
>
Let 7 € (0, r1] and each fixed ¢ > 0,xq € U(x*, 7). Then, h = h(e, h1] can be obe-
gintheoained such that
lul =1 (68)
for each h € (0, h], where i = min{n > 0, ||x,, — x*|| < ¢} —min{n > 0, ||yf1' -yl < el
Proof Let k be the unique integer satisfying
i1 —x*|l < & < llae — X, (69)

and i3 > 0 ( depending on xg) such that

I1Ln(xx — x| = pllxg — x*| forall & € (0, h3). (70)
Define
- B |1
r=max{rl,m}, ﬂ:mm{;,u,Zq}, (71)
and

_— B Up ue1/p
h = min {hl,h}},[zo'c(z—i_ﬂgo)] ’(Tc) }. (72)

By (66) and (72) we can get

Be
191 = Vil < 1Lk = XD +eh” < qe + == < 2qe. (73)
Moreover from Theorem 2 we get

oyt — vil?

Iy = yill <
" 21 = Loollyty — yilll
i B | B
— k+1 — h
201 — oo llyg — vl "
Lo (qF + chP)
1 — oo (g7 + chP)
< Age < €. (74)
By (66) and (70)
1 1 _
e < xk —x* < —1LpCGx — x| < =yl — yill + chP), (75)
iz u
or
- ne ne
Ik = ¥ill = e = eh? = pe — = = = (76)
Furthermore if ||y,€’_1 —yill < &, we get
1 ne
h_yHl < =Be < = 77
lyy —ypll < zﬁs_ > an
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contradicting (76). Hence we get

iy =il = e (78)
The result now follows from (69), (74) and (78). ]

Remark 7 The preceding results reduce to the corresponding ones in [3], when
0 =1{yand cy = cy. (79)
Note though that (79) and
co < ci (80)

hold. In case (74) or (80) hold as strict inequalities then it is clear that our smallest integer
np satisfying |lx, — x*|| < & is smaller than the corresponding integer n, given in the
references mentioned above. Hence we require less computational steps to achieve the same
error tolerance ¢ than before. The ratios in relationships (33)—(35) are also finer.

Note that the improvements made through our Theorem 1-6 are achieved under the same
hypotheses as before. The rest of the works on the mesh independence principle listed in the
references can also be improved along the same lines.

Remark 8 1If (67) is replaced by the stronger but standard in most discretization studies
condition

gimo Ly ()| = |Ix|| uniformly for x € S*, (81)

then Theorem 6 still holds but /2; does not depend on xg. Note also that (68) follows from
(81).

Remark 9 As already noted in [2,3,7,9,11-23,25-33] the local results obtained here can
be used to provide a more efficient programming for projection iteration methods such as
Arnoldi’s, the generalized minimum residual iteration method(GMRES), the generalized
conjugate residual iteration method (GCR), for combined Newton/finite-difference projection
iteration methods. Moreover, the results can be useful to solve mesh independence problems
where the trapezoidal method, the box method and allocation iterations for boundary value
problems are involved.
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