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Abstract: An error estimate for the minimal error method for nonlinear ill-posed problems under general
a Holder-type source condition is not known. We consider a modified minimal error method for nonlinear
ill-posed problems. Using a Hélder-type source condition, we obtain an optimal order error estimate. We also
consider the modified minimal error method with noisy data and provide an error estimate.
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1 Introduction

In this paper, we deal with the nonlinear ill-posed operator equation
F(x) =y, (1.1)

where F : D(F) € X — Y is a nonlinear Fréchet differentiable operator. Here D(F) denotes the domain of
F and X, Y are Hilbert spaces with inner product (-,-) and norm | - ||, respectively, which can be always
identified from the context in which they appear. It is assumed that the operator equation (1.1) has a solu-
tion x for the exact data y. The operator equation (1.1) is ill-posed in the sense that the solution x does not
depend continuously on the right-hand side data y. Furthermore, it is assumed that we have only approximate
data y® € Y with

ly - y°ll < 6.

To approximate the solution x, iterative methods and iterative regularization methods are studied in [1, 2, 4,
5, 8-10, 12-16, 19]. Let B(x, p) and B(x, p) stand, respectively, for the open ball and the closed ball in X,
with center x € X and of radius p > 0. In [14], Neubauer and Scherzer considered the minimal error method
defined for k=1, 2, ... by

Xk+1 = Xk + AkSk,

where xg is the initial guess, sy = —F' (xx)* (F(xx) — y) is the search direction taken as the negative gradient of
the minimization function involved and
_ IF(xx) - yII?
skl

is the descent. Convergence analysis in [14] was based on the following assumption.
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Assumption A. We assume the following:
(A1) F has a Lipschitz continuous Fréchet derivative F'(-) in a neighborhood of xg.
(A2) We have F'(x) = R,F'(X), x € B(xo, p), where {Ry : x € B(xo, p)} is a family of bounded linear operators
R, : Y — Y with
IRx -1l < Clix - X,

where C is a positive constant.
(A3) Wehave xo — X = (F'(X)*F'(%))2 v for some v € X.
Recently, the authors in [8] studied a modified minimal error method in which, we have taken

F(xy) - yl?
sk =-F(x0)*(F(xx) -y) and ak:%

and the convergence analysis in [8] was based on the following assumptions:

Assumption B. We assume the following:
(BO) |IF'(x)|]l < m for some m > 0 and for all x € D(F).
(B1) We have F'(%) = F'(x0)G(X, xo), where G(X, Xo) is a bounded linear operator from X — X with

IG(X, x0) = I < Cop,

where Cy is a positive constant and p > [ xo — X]|.
(B2) Wehave F'(x) = R(x, y)F'(y), x, y € B(xo, p), where {R(x, y) : x,y € B(xo, p)}is a family of bounded lin-
ear operators R(x,y) : Y — Y with
IR, y) =1l < Callx =yl
for some positive constant C; .
(B3) We have xo — X = (F'(x0)*F'(x0))> v for some v € X.

Remark 1.1. Itis known that [11], condition (B2) is more restrictive than (A2). So, we give an examples from
[10, 14] satisfying (B2) (also see [10] for more examples satisfying (B2)).

Example 1.2. Consider the problem of estimating c in
-Au+cu=f inQ, u=g inQ, (1.2)

where Q is a bounded domain in R? or R with smooth boundary or with Q being a parallelepiped, f € L?(Q)
and g € H2(3Q). The nonlinear mapping F : D(F) < L2(Q) — L2(Q) is defined as the parameter to solution

mapping
F(c) = u(o),

where u(c) is the solution of (1.2). Then F is well defined on (see [10, 17])
D(F):={ceL?:|c-¢| <yforsomey>0and¢>0a.e.l.
Then the Fréchet derivative of F and its adjoint are given by (see [10, 14, 17])
F'(c)h = -A(c) M (hu(c)), F'(c)*w = -u(c)A(c)'w
with A(c) : H?> n H) — L? defined by
A(c)u = -Au + cu.
Ifu(c) > x,x > 0, for all ¢ € B(co, p), (p < y), then
F'(d) =R(d, ¢)F'(c), c,d e B(co,p)
with )

R(d, ¢)*w = A(c)[mA(d)‘lw]

and
IR(d, c)-Ill < C1lld = cl, c¢,d € B(co, p),

where C; is a positive constant independent of ¢ and d. That is F satisfies condition (B2).
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The second author and his collaborators studied iterative methods [6, 7, 20, 21] for solving the ill-posed
operator equation (1.1) and obtained the error estimate for ||xf -X| (Xf is the iterative solution of the method
under consideration) under the assumption

Xo - X = (F'(x0)*F'(x0))"v, veX. (1.3)

For frozen-type regularization methods for ill-posed problems, assumption (1.3) is used (see [6, 11] (also see
Seminova [18])), instead of the classical Hélder-type source condition,

xo - X = (F'(%)*F'(%)"v. (1.4)

As far as the authors know, for the minimal error method no error estimate is known under the general
Holder-type source condition (1.3) or (1.4) for v # % In order to obtain an error estimate under the general
source condition (1.3). The main goal of this study is to obtain an error estimate for a modified form of minimal
error method defined by

. F(xx) - yl?
Xks1 =X+ Sy (k=0,1,2,...), sk = —F'(x0)*(F(xx) - y), ay = _FCa) =yl (1.5)

T AIF(xa) -y’
where A = F'(xg)*F'(xg) and 0 < g < % under the Holder-type source condition (1.3). Note that for g = %,
we have
3 IF(xx) - ylI?
~ (F'(xo)(F(x) - y), F(x) - y)
as a special case. We obtain the error estimate || xx — x| = O(k™)for0 < v < % - g under assumption (1.3) (see
Theorem 2.3). We also considered the method (1.5) with noisy data y5 and obtained error estimate.

(495

Remark 1.3. We make the following remarks.

(a) Forg = %, method (1.5) reduced to the modified minimal error method considered in [8], but the proof
in the present paper cannot be applied for the method considered in [8].

(b) Note that for g close to zero, v is close to %, i.e., we obtain the error estimate O(k™") for 0 < v < % (see
Theorem 2.3).

The rest of the paper is organized as follows. Convergence analysis of method (1.5) is given in Section 2 and
the convergence rate result of method (1.5) with noisy data is given in Section 3.

2 Convergence Analysis of Method (1.5)

To obtain an error estimate for ||x; — X|| under assumption (1.3), we need the result of [9, Lemma 2]. Let {vy}
be a sequence in X, and let v > 0 be some parameter such that

IAY Vil = 1A Vi I = k(A i, AV Vi)

fork=0,1,2,...,where A is a positive self-adjoint operator and &x > 0. Then
L[kt T
A Vil < [2(v + )]V [lvil 7T [ Z 5i||Vi||_M] . (2.1)
i=0

To apply (2.1) with v = A™V(xx - X), one has to prove that
Ixk = %1% = X1 = XI* > ex(AQxx = X), Xk = X)

for some € > 0 and [|A7V(xx — X)| is bounded.
Let
V1+4B2-(B%+1)

B=|A7 9 <V2 and D= =
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Lemma 2.1. Let assumption (B2) and (1.3) hold with 0 < v < % —qandlet0 < C1p < D. Let xi be as in (1.5).
Then xi € B(xo, 2p) and
~ 1 ~ ~
Ixks1 = XI% + axTIA2 O = DN < i = 112
with
I'=2-(B*Cip? +2(B* +1)C1p + B?) (2.2)
forallk =0,1,2,....Moreover,

(o 1
Y allA? (- DI < oo
k=0

Proof. We shall prove the result using induction. Note that xo € B(xo, 2p) and suppose that xx € B(xo, 2p).
Then using (1.5), we have
Ixier = X1 = lxic = XI? = =20 (xic = X, F'(x0)* (F(Xx) = ¥)) + @zl F' (x0)* (F(xx) = y)II”
= =2ai(Xx = X, F' (x0)* [F(xx) = F(X) = F'(x0)(Xx = X)])

+ ar[arll F' (xo0)* (F(xi) = Y)I* = 20xx — %, F'(x0)*F' (X0) Xk — X))]
1

= —2ak<F’(xO)(Xk -X), j(F’(fc + t(xi — X)) — F'(x0)) dt (xi - 5{)>
0

+ arlarlF' (x0)* (FOxi) = y)I? - 2A% (- 9)12).

So by (B2), we have

1

Ixics1 = X7 = I = X1 = —2ak<F’(Xo)(Xk - X), J[R()? + t(xx = %), Xo) = I] dt F'(x0) (x - 5()>
0

+ aklarl F' (x0)* (FOu) = YI” - 2142 (i - DI
1

< 20 j IRC + t0xc = %), X0) = TIF (x0) (xic = )1 dt
0

+ ar[al F' (x0)* (FCx) — WI? — 21147 (xic — 2)112]
< 2k C %+t~ %) — xollIAZ (xi — )11
+ ailarllF' (xo)* (F(xi) — y)I2 = 21147 (i = D121, (23)
Note that, by the definition of ay, we have
il F' (x0)" (FOo) = I? = arll A2~ 1AL (F(xp0) - y)II?
< AT 2 |F () - )2

2
B2

1
J F'(% + tOx — ) dt (x - %)
1

0
2
_p? J[R()‘( T+t = R), x0) — T+ 11 dt F'(xo) (xx - %)
0
< B2(C1l1% + t(xx — X) = xoll + 1)2[IF" (x0) (xx — %)
< BX(C1p + 12147 (xic - D)1 (2.4)
Therefore, by (2.3) and (2.4) we have
Ixicsr = X1 = Ixi = X1 < ~TagllA? (xg - 212
This completes the proof. O
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Next, we will prove the boundedness of A~ (xx - X)||. Let By = [AZ V79,0 < v < 1-gwith0O<g< 3.

Lemma 2.2. Let assumption (B2) and (1.3) hold with0 < v < % —qand0 < C1p < D. Let xy be asin (1.5). Then
|A™Y(xx — X)| is bounded.

Proof. By using (1.3), one can prove that x; — X € R(AY) for all k=0,1,2,.... So, we can apply A~ to
X1 — X and xx — X. Then we have

IA™ (Xke1 = I = AT (xx = R = 2¢A™Y (k= %), A7V (Xp1 = Xi)) + 1A (e — x00)11?
= —2a(A™" (g — %), A™F' (x0) " (F(xie) - y)) + ag|A™F' (x0)* (F(xie) - y)|I?
< 2aillA™ (xk = OIA™F (x0)* (F(x) - y)
+ ai||A7VF’(X0)*(F(Xk) -yI2.
This implies A7 (xk+1 = 0% < (A7 (xk = D)l + arllA™F (x0)* (F(xx) - y)I)?, i.e.,
IA™Y (Xie1 = O < AT (i = Ol + arll A™VF' (x0)* (F(xi) = Y- (2.5)
By the definition of ay, we have
arllA™VF (x0)* (F(xi) - y)lI* = ATV IAY(F(xy) - I
< AT IF(x) - I

1 2
— A2 j F'(& + t0 = %)) dt (= B - 2.6)
0
Using assumption (B2) in (2.6), we get
1 2
arllA™F' (x0)* (F(xx) - VI = IIA%_V_"II2 J[R()? + t(xi = %), Xo) = I + I dt F' (x0) (xi — X)
0
< ATV (C % + txx - X) = xoll + 12 IF (x0) (X - X117
< B2(Cip + 12A% (xic - D)2,
S0
1 ~
Vil A™F (x0)* (F(xx) = Y)Il < B1(C1p + DIAZ (x = %). (2.7)
Therefore by (2.7) and (2.5), we have
A7 (Xge1 = 0l < AT (xx = )|l + VaxB1(C1p + 1)||A%(Xk - X)|. (2.8
Let zx = [|[A7Y(xx — X)||. Then by (2.8),
Zkt < 2k + B1(C1p + DVAKIAZ (xic = D),
i.e.,
k-1 )
zk <20 +B1(Cap + 1) ) VaillA2 (xi - X)l.
i=0
By Lemma 2.1, we have
zZx < zo+ B1(Cip + 1)M,
where M is such that -
> adlA? - 01 < M2,
k=0
Now since zg = |[A7V(xg — X)|| = [A7VAYV| = ||v|, we obtain
Zk < "V" + B1(C1p + 1)M (29)
This completes the proof. O
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Theorem 2.3. Let assumption (B2) and (1.3) for 0 < v < % —q hold and let 0 < C1p < D. Let xi be as in (1.5).
Then
Ixx - Il < Ck™,

where C = [2(v + D]Vev(Ivl + B1(Cip + 1)M).

Proof. Note that
a = A7),

since (B2) and (1.3) for 0 < v < 1 — g hold and Cyp < D. Set i := € = T|A9| 72, where T is as in (2.2). Now
Lemma 2.2 implies

Ixk = X117 = Xies1 - X% > TagllAZ (xic = %112
> TIAY A% (x - 2112
= el A% (xi - DI
= &(F'(x0)* F' (x0) (Xk — X), Xi — X)
=e(A(xg — X), X — X).

Therefore by (2.1), we have

k-1 -v
i = %I < [20v + DIVIA™ (e - )77 [ Y elA™ o - olF
i=0
1 k=1 4 77V
<[2(v+D)]Vz" e‘V[ Y oz ] . (2.10)
i=0

So by (2.9) and (2.10), we have
Ixx = x|l < [2(v + 1)]Ve " (IIvll + B1(C1p + 1)M)k™Y < Ck™Y,

as desired. O

Remark 2.4. The above result shows that we have obtained the error estimate ||x; — x|| = O(k™V) for0 < v < %

under the general source condition (1.3) as ¢ — O.

3 Convergence Rate Result of Method (1.5) with Noisy Data

In this section we study the modified form of minimal error method (1.5) for noisy data y‘S instead of exact
data y. We assume that [y — y°| < & as stated in the introduction. The minimal error method (1.5) with noisy
data takes the form

IF(x$) - y°|12

5 5, 6.0 5 ' # 5 5 5
Xy, =xp+apsy (k=0,1,2,...), Sy = —F'(x0)"(F(x}) = ¥°), ay =
i IA9(F(x§) - yo)|2

(3.1)
As in [8], we assume:
(B4) F satisfies the local property

IF(u) = F(v) = F'(xo)(u = )|l < nllF(u) - FW)l|

for all u, v € B(xg, p) with max{l’TBz, 1- BTZ - %,O} <n<1l- BTZ.
Throughout this section we assume that B(xo, 2p) c D(F).
Due to the instability of (1.5) for the noisy data, it is not possible to use an a priori regularization strategy
as a stopping rule. So we need an a posteriori strategy as a stopping rule (i.e., discrepancy principle). In [14],
Neubauer and Scherzer noticed that no convergence rate result has been proven for the minimal error method
with noisy data. But the authors in [8] proved the convergence rate by proposing a modified discrepancy

principle. Using the idea from [8], we can prove a convergence rate result for method (3.1).
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3.1 Discrepancy Principle

Proposition 3.1. Let assumption (B4) holds and let xf be as in (3.1). Then xi € B(xo, 2p) c D(F) for all
k=0,1,2,...,andif

IF6S) -yl = 6, (.2)
where
(1+n)
T> Zm > 2, (3.3)

then, for all 0 < k < k., with T as in (3.3), we have

T|[F' (xo)|I?
2-2n-B)T-2(1+n)

k.-1
k.(18)” < Y IF(Q) -y°I* < lIxo — XI1.

k=0
Proof. Note that xg € B(xg, 2p). Suppose that xf € B(xo, 2p). Using (3.1), we have
. . R N 2 N
xS, | = %1% = xS - %1% = —2ad (x ~ %, F'(x0)* (F(x9) = ¥°)) + a"|IF' (xo)* (F(x2) - y®)II?
= 2a8(F(x%) - y° - F'(x0)(x% - %), F(x§) - y°)
+af [l F (x0)* (F(x2) = yO)I* = 211 F(x$) - y°1I]
< 2a8|F(x2) -~ F(®) +y - ¥° = F'(xo) (§ = DINF () - 0|
+af[allF (x0)* (F(x2) = yO)I* - 21IF(xd) - y°II2]. (3.4)
So by (B4) and (3.4), we have
xS, = %I% = xS - x1? < 2al(IF(xE) = F®O)I + S)IF(xE) - y°|
+al [l F (x0)* (F(X) — yO)I? = 2IF(x9) - y°|1%]
<222 [IF(S) - yol + (1 + p)SIIF(E) - YO
+al[alIF (x0)* (F(x9) - yO)I? - 21F(x§) - y°I?]
= ad(2n - 2)IF(D) - YO1? + a2(1 + )SIF(E) - vl + (@)1 F' (xo0)* (F(x$) - yO)II%.
Note that
aSIIF (x0)* (F(2) - yO)I? = all A2 (F(x0) - yO)I? < alAT-92|A9(F(xE) - yO)I? < BAIF(E) - yO)12.
Therefore we have

xS, | = %% — Ix - %1% < al[(2n + B? = 2)IF(xd) - y°|1% + 2(1 + n)SIF(xS) - y°lIl,

so by (3.2),

. “ 1+
I, — %I - Ixd - %) < ag((zn +B2-2)+ 2¥>||F(x£) ~y92 <o. (3.5)

Thisimplies |[x,, - %]l < [x - %Il < |xo — %Il < p. Thus we obtain [x{,, - xoll < [Ix],; - %Il + Ixo - %Il < 2p, i.e.,
x£+1 € B(xg, 2p) c D(F)forallk=0,1,2,....Nowsince af > || A9]|72, we have by (3.5)

_ 1+ R -
14712( (2 - 2n - B - ZQ)MF(xi) L o (L Sy ) (3.6)
Adding inequality (3.6) for k from O through k. — 1, we obtain
_ 1+ kel . R
149172(@ - 20- 8- 25 0) 5 1R -1 < o - 7 - g, - 1% 6.7)
k=0

This completes the proof. O
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Remark 3.2. Note that (3.7) implies that, for y° # y, there must be a unique index k., such that (3.2) holds

for all k < k, butis violated at k = k, (see also [3, p. 282]).

Let 0 := A9 2((2 - 27 - B?) - 222) and

m 2
q_l_Q(T—l) )

Now, we shall prove that g < 1 for T > 2. Note that, to prove g < 1, it is enough to prove that

Q2 = st - 2n - By - 2D (Y

for T > 2. That is to prove that

p(1) =13 - 217 + (1 - |A9|?(2 - 2n - B )m?)1 + 2(1 + n)m?*|A9|™2 > 0

for 7 > 2. This follows from the conditionn > 1 - BTZ - %.
Theorem 3.3. Let assumptions (B2) and (B4) hold and let p < min{%, #ﬁ}' Let xfﬂ be asin (3.1). Then

for0 <k < k.,
s .o |0@T) ifs<qgh,
||Xk+1_xl|: 1 ekt
0(672) ifqg“t <6,

— Qm?
whereq :=1 - CSNE

Proof. By the definition of k., we have for k < k.,
76 < [F(x2) = y°I < IF(x$) = FIl + lly = y°lI.

So,
IF(S) - F®)Il > (1 - 1)8.

Again by (3.8), we have

6 < |[F(x}) - y°|l < +68 <mlxd - %] + 86,

1
J F'(% + 0% - ) d (< — %)
0

i.e., s
5 < mllx; = x|
T-1
Thus, by (3.9) and (3.10),
5y _ b6 5 " mix; - X mp
IFOR) =yl 2 IF(q) = FOO)lIl = 6 = (1 -1)6 - -1

It follows from (3.11) that

5 -
m||x; - x|

2
L) - 26mid - 5.

IFO) -y > (r - 1287 +

So by (3.12) and (3.6), we have

2

I,y - 12 < (1- 025 ) )il - 12 - 0 - 1262 + 208mIxd - &
m 2
<(1-0(c5;) ) - X1 - Q@ - 1767 + 206mp
m NN\ 6 o
<(1-0(25) )1t -+ 206mp.

2(1—1)6——1>0.

(3.8)

(3.9

(3.10)

(3.11)

(3.12)
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Therefore,
6 5112 5 o2
Ixe, 1 = XI° < qlixy - xII° + L6,

where g = 1 - Q(:%)? and L = 2Qmp. Then

Lé
Ix%,, — X1 < ¢ Ix§ - %> + "L + -+ + gL + L6 < g 1p? + .

1-¢

This completes the proof. O
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