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On convergence of regularized modified Newton’s
method for nonlinear ill-posed problems

Santhosh George

Abstract. In this paper we consider regularized modified Newton’s method for approxi-
mately solving the nonlinear ill-posed problem F(x) = y, where the right hand side is
replaced by noisy data y% € ¥ with |y — y®| < §and F : D(F) C X — Y isa
nonlinear operator between Hilbert spaces X and Y. Under the assumption that Fréchet
derivative F’ of F is Lipschitz continuous, a choice of the regularization parameter and a
stopping rule based on a majorizing sequence are presented. We prove that under a general
source condition on x¢ — X, the error ||X — x,‘ij o || between the regularized approximation

x,f, o (X0 = xg’a) and the solution X is of optimal order.
Keywords. Tihkonov regularization, regularized Newton’s method, balancing principle.

2000 Mathematics Subject Classification. 65J20, 65J15, 47J06.

1 Introduction

In this paper we consider nonlinear ill-posed problems
F(x) =y, (1.1)

where F : D(F) C X — Y is a nonlinear operator with non-closed range R(F)
and X,Y are infinite dimensional real Hilbert spaces with corresponding inner
product (.,.) and norm ||.|| respectively. We assume throughout that

* Equation (1.1) has a solution X (not necessarily unique), which in general
does not depend continuously on the right hand side data y.

* only noisy data y8 € Y with
ly—»Il<8 (1.2)

are available.

* F possesses a locally uniformly bounded Fréchet derivative F’(.) in a ball
B, (x) of radius r around X € X.
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134 S. George

Since (1.1) is ill-posed, one has to regularize (1.1). Tikhonov regularization
(cf. [6-10,20]) is one of the most widely used regularization method for solving
linear and nonlinear ill-posed problems. In this method a regularized approxima-

tion xg is obtained by solving the minimization problem
min_ Jo(x).  Ju(x) = [F() =y’ I? +alx— x> (13)
xeD(F)

with an initial guess xo € X and a properly chosen regularization parameter o >
0. It is known [21]that if xg is an interior point of D(F), then the regularized

approximation xg satisfies the Euler equation

F'(x)*(F(x) = y%) + a(x — x0) = 0 (1.4)

of Tikhonov functional J, (x). Here and below F’(x)* is the adjoint of the Fréchet
derivative F'(x).

Convergence of a global minimizer of (1.3) was established in [7, 19,21] and
convergence rates under logarithmic source conditions on xo — X have been estab-
lished in [15].

Many authors considered iterative methods like Landweber’s method [4, 5, 11],
iteratively regularized Gauss—Newtons method [3, 12, 13], etc. for solving (1.1).
In [15] fixed point iteration

x0 = ProjD(F)xo,xk+1 = ProjD(F)fb(xk) (1.5)

with ®(x) = x — (F/(x)*F'(x) + oI )"HF'(x)*(F(x) — %) + a(x — x0)]
where Projpry is the projection (with respect to the norm on X) on D(F') has
been considered and proved that xk converges to the stationary point xg of the
Tikhonov functional J,(x). However no error estimate for ||x¥ — £ has been
given in [15]. In [16], a general sequence (z}') converging to the solution xg of the
Tikhonov functional Jq (x) were considered and obtained estimate for [|z* — £,
under the following assumptions.

Assumption 1.1. There exists v € X such that
Xo— % = @(F' ()" F'(®))v (1.6)
o(l)

where ¢ : [0,0] - RT, 0 > |F'(2)|? and the function ¥(1) = %175 is non-
decreasing. Moreover ¢ satisfies,

o
r— <

inf ——, O<ua<o.
0(@) — asizo (b *=0
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On convergence of regularized modified Newton’s method 135

In this paper we consider a modified form called regularized modified Newton’s
method defined iteratively by

Xyt = X8 o —(F'(x0)* F'(x0)+ad ) " [F' (x0)* (F (x} )~ %)+ (xf ,—x0)].
(1.7)
xg,a := Xx¢ for solving (1.1). Note that the methods considered in [14, 19, 21],

require the computation of the Fréchet derivative F'(.) at global minimizers xft

of the Tikhonov functional J, (x) and the methods considered in [15] require the
computation of the Fréchet derivative F'(.) at each iteration xﬁ,a converging to
the global minimizer of the Tikhonov functional Jy (x).

Observe that the method (1.7) requires the computation of Fréchet derivative
F’(.) only at one point xg. This is one of the advantage of the method considered
in this paper. Another advantage of our method is that the stopping rule in this
paper is based on a majorizing sequence (see [1]) and hence it is not depending on
the method.

In Section 2 we provide some preparatory result and derive error bounds for
||xg — X|| under certain general source conditions which include the logarithmic
source conditions consider in [15]. In Section 3 we consider the regularized modi-
fied Newton’s method defined in (1.7) and prove that xﬁﬂ converges to the solution
xg of (1.2). The analysis of this section is based on a majorizing sequence. Also
in this section, using an error estimate for ||xg — X||, we obtain an error estimate
for ||x£,a —X||. In Section 4 we derive error bounds for ||x£,a — X || by choosing the
regularization parameter « by an a priori as well as by the balancing principle pro-
posed by Pereverzev and Schock [18]. Algorithm for implementing the balancing
principle and the stopping rule for the iteration are given in Section 5 and finally
the paper ends with some concluding remarks in Section 6.

2 Preparatory results

Throughout this paper we assume that the operator F satisfies the following as-
sumptions.

Assumption 2.1. There exists r > 0 such that B,(X) € D(F) and F is Fréchet
differentiable at all x € B, (x).

Assumption 2.2. There exists a constant ko > 0 such that for every x,u € B,(X)
and v € X, there exists an element ®(x, u,v) € X satisfying

[F'(x) = F')]v = F'(u)®(x.u,v). [@(x, u.v)|| < kollv]lx —ull

forall x,u € B,(X)and v € X.
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136 S. George

The next assumption on source condition is based on a source function ¢ and a
property of the source function ¢. We will use this assumption to obtain an error
estimate for ||x — xg II.

Assumption 2.3. There exists a continuous, strictly monotonically increasing
function ¢ : (0,a] — (0,00) witha > || F'(x)* F'(x)| satisfying

¢ limyop(4) =0

e fora <1,p(a) >«

® Supy>o oﬂi) <cpp(a), VYA e (0,a]

e there exists v € X such that

X0 — X% = @(F'(R)*F'(®))v. (2.1

Remark 2.4. The above asumption on source function ¢ includes the logarithmic
source condition considered in [15].

We will be using the following theorems from [21] for our error analysis.

Theorem 2.5 (cf. [21], Theorem 2.7). Let xf, be the solution of the regularized
problem (1.4) and x4 be a solution of (1.4) with y8 replaced by the exact data y.

Assume Assumption 2.2 with radius r = % + 2|lxo — X||. If kollxo — X|| < 1,
then

)

VaJT=kolxo — x|

The following theorem is essentially a reformulation of Theorem 2.6 proved
in [21]. For the sake of completion, we supply its proof as well.

(2.2)

8 — xall <

Theorem 2.6. Let xy be a solution (1.4) with y5 replaced by the exact data y. As-
sume Assumption 2.2 and Assumption 2.3 with radius r = 2||xo — X||. If 2ko||xo —
x| < 1, then
. cop(a)|lv

T 2kollo — A

l[xe — (2.3)
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On convergence of regularized modified Newton’s method 137

Proof. Note that F'(xy)*(F(xq) — y) + a(xq — x9) = 0, so

(F'()*F'(%) + ol )(xq — %)
= (F'(®)*F'(®) + al)(xqg — %) = F'(xa)" (F (xa) = y) — &(xq — X0)
= a(xo — %) + F'(£)"F'(2)(xg = %) = F'(xa)" (F(xa) = »)
= a(xo — %) + F'(®)*[F'(X)(xa — £) — (F(xa) — y)]
= [F'(xa)" = F'(%)*](F (xa) — ¥)
= a(xo — %) + F'(£)*[F'(})(xa — %) = (F(xa) = F(£))]
— [F'(xa)" = F'(2)*](F (xa) — F(£)).

Thus
Xg — % =51 452+ 53 (2.4)
where
s1:=a(F'R)*F'(8) + al) " (xo — %).
s2:= —(F'R)" F'(%) + al) 7 [F'(xa)* = F'()*](F (xa) = F(2)).
and

53:= (F' Q)" F'}) + o) F'R)*[F'(}) (xa — &) = (F(xa) — F(2))].

It follows from estimates (2.15) and (2.17) in [21] (also see estimate (A.7) in [14]),
that

s2]l < kollxo = XIllxa — X

and
s3] < kollxo — X|lllxe — X

Therefore by (2.4), to complete the proof it is enough to prove that |ls;] <
co@(a)||v|. But by Assumption 2.3, we have

Isill = le(F'(R)*F'(%) + al) " o(F'()* F'(%)v

=< cop(@)|v].

This completes the proof of the theorem. o
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138 S. George

3 Regularized modified newton’s method

In this section we prove that xﬁ,a converges to xg and provide an error estimate for
||x£,a —xg ||. Our analysis is based on a majorizing sequence. Recall (see [1], Def-
inition 1.3.11) that a nonnegative sequence (f) is said to be a majorizing sequence
of a sequence (x,) in X if

Xn+1 —Xnll < tht1 —tn, VY =0.
We use the sequence (t,),n > 0, given by 7o = 0,71 = 1,

k
bt =ty + (1~ tn1) 3.1
(I-7)
where 7 € [0, 1), as a majorizing sequence, of the sequence (x,‘z,a). The following
lemma is essentially a reformulation of a lemma in [8].

Lemma 3.1. Assume there exist nonnegative numbers ko, n and ¥ € [0, 1) such
that
ko
(I—=7)
Then the sequence (t,) defined in (3.1) is increasing, bounded above by t** =

and converges to some t* such thar 0 < t* < 12;. Moreover, for n > 0,

n<r. (3.2)

_7’~
1-r>
0=<tyt1—1tn S;(tn_tn—l)ffnm (3.3)

and _
rn

—tn < T2 (3.4)

*

t

Proof. Since the result holds for n = 0,ko = 0 or r = 0, we assume that ko #
0,7 # 0 and 7 # 0. Observe that 1; — t9 = n > 0, assume that t;4+1 — t; > 0, for
all i < k for some k. Then tj 4o — ty 11 = %(Zk+] — ;) > 0, so by induction
th+1 — tn > 0for alln > 0. Now since

ko oz
(1-r -
the estimate (3.3) follows from (3.1). Further observe that

tep1 <t + Pl — tem1) < - S+ in+ e+ 759
1 — 7k+1 n

= < .
=7 17
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On convergence of regularized modified Newton’s method 139

Hence the sequence (#,),n > 0 is bounded above by 1—2;; nondecreasing, so it

converges to some 1* < =, and
i—1 o
* —ty = limtyy; =ty < im Y (tp14j —ntj) < ——1.
1—>00 1—>00 © 1 —r
J=0
That completes the proof of the lemma. o

To prove the convergence of the sequence (xﬁja) defined in (1.7) we introduce
the following notations: Let Ry (xo) := F'(x0)* F'(x0) + « and

G(x) 1= x — Ra(x0) ' [F'(x0)*(F(x) = %) + a(x —x0).  (3.5)

Note that with the above notation, G(xfl’a) = xﬁ 41 and

| Ra(x0) ™! F' (x0)* F' (xo) || < 1. (3.6)
The following lemma based on the Assumption 2.2 will be used in due course.
Lemma 3.2. For u,v € B,(xg)
1
F()— F(u)— F'(xo)(v —u) = F’(xo)/ D(u +t(v—u),xp,v—u)dt.
0
Proof. Using the fundamental theorem of integration, for u, v € By (x¢) we have
1
F(v)— F(u) = / F'(u+t(—u)(v—u)dt
0

so by Assumption 2.2 we have

F()— F(u)— F'(xo)(v —u) = F’(xo)/(;1 O+ t(v—u),xg,v—u)dt.

This completes the proof of the lemma. o

Hereafter we assume that

8
r>max{——|—2x - X ,t**}.
> NG [ xo — ||
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140 S. George

Theorem 3.3. Let the assumptions in Lemma 3.1 with n = W and As-

sumption 2.2 be satisfied. Then the sequence (xg’a) defined in (1.7) is well defined
and xﬁﬂ € By (xp) for all n > 0. Further (xﬁﬂ) is Cauchy sequence in By+(x¢)
and hence converges to xg € Byx(x9) C B+ (x9) and F’(xo)*(F(xg) —yH +
a(x$ —xp) = 0.

Moreover, the following estimates hold for all n > 0,

||x;2+1,a - xﬁ,a” Slnt1 —In, (3.7)
and 5
8 sy _ T I1F(xo) =yl
Xpo — Yol £ — = 3.8
R (3.8)

Proof. Let G be as in (3.5). Then for u, v € By=(xy),
G(u)— G(v) = u —v — Re(x0) " [F'(x0)*(F() — y°) + a(u — xo)]
+ Ro(x0) T [F'(x0)*(F(v) = ¥°) + (v — x0)]
= Rq(x0) ™" [Ra(x0) (u — v) — F'(x0)*(F(u) — F(v))]
+ &Ry (x0) ' (v — u)
= Rq(x0) " F'(x0)*[F'(x0)(u — v) — (F(u)— F(v)) + a(u—)]
+ ozRo,(xo)_l(v —u)
= Ry (x0) ™ F/(x0)*[F(x0) (u — v) — (F(u) — F(v))]

Thus by Lemma 3.2, Assumption 2.2 and (3.6) we have
1Gw) = G| =< kot ™[lu —v]. (3.9)

Now we shall prove that the sequence (¢, ) where (¢,) defined in Lemma 3.1 is
a majorizing sequence of the sequence (xﬁ,a) and x,‘z,a € By=(xg), foralln > 0.

_y6
Note that |lx{ , — xol| = [|Ra(x0) ™ F'(x0)* (F(xo) — y¥)|| = 1=l —

Ja
n =t — tg, assume that

||xl§+1,oe —xf,a” <tiv1—ti, Vi=<k (3.10)
for some k. Then
§ § § § § §
I 11,0 = Xoll = X116 = Xkl + 10k o = X1 ol + -+ 4 lI¥1,4 = Xoll
Syl =l Tl =g+ -+ 11— 1o

=1Ilg41 = t*.
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On convergence of regularized modified Newton’s method 141

So x?

it1a € By+(xp) for all i < k, and hence, by (3.9) and (3.10),

5 § 5 5 kon
%k 420 =Xkt 1.0l = kot " IXg 41 0 =Xk ol < a—7 (tk+1— 1) = let2 = lk41-

2+1,a_x1§ﬂ” < ty+1—ty foralln > 0 and hence (t,),n > 0

is a majorizing sequence of the sequence (xﬁ,a). In particular ||x,§,a —xol| <ty <

Thus by induction || x

t*, ie., xﬁja € By+(xp), foralln > 0. So (xg’a), n > 0 is a Cauchy sequence and
converges to some xg € By (x9) C By#=(xg) and

Lo FIECo) =)
Ta-n - Jal-i

Now by letting n — oo in (1.7) we obtain F’(xo)*(F(xg)—y‘g) +a(xg —xp) = 0.
This completes the proof of the theorem. o

~

] 8
”xa - xn,a” = t*

4 Error bounds

Combining the estimates in Theorem 2.5, Theorem 2.6 and Theorem 3.3 we obtain
the following,

Theorem 4.1. Let xﬁ,a be as in (1.7) and let the assumptions in Theorem 2.5,
Theorem 2.6 and Theorem 3.3 be satisfied. Then

F(xo) — y%| 7 1 §
IIxﬁa—fCIIEH (xO)~y||r_Jr _5
: (I=7) Vo /1—ko|xo— x| vV
Collvl
—¢(a). 4.1
V1 =2kollxo — X
Let
ng := min{n : 7" < §} 4.2)
and let

F(xo) — % 1
| (LCL o T
1—7 V1 —kollxo — %[/ /1 =2kollxo — %]
4.3
Theorem 4.2. Let x,‘z,a be as in (1.7), ng be as in (4.2) and C be as in (4.3). Let

the assumptions in Theorem 4.1 be satisfied. Then

)
Id gl <C (ﬁ + ¢<a)) 44)
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142 S. George

4.1 A priori choice of the parameter

Note that, if the regularization parameter ag := «(3) satisfies

Vasp(as) =6, (4.5)
then the error % + @() is of optimal order.

Let y(A) := Ay 1(1),0 < A < a. Then by (4.5), § = x(p(ag)), so
as = ¢ '(x~1(8)). Hence for the a priori choice &« = ¢~ !(y~!(§)) we have
the following theorem.

Theorem 4.3. Let y(A) = A/o~1(A) for 0 < A < a, and assumptions in Theo-
rem 4.2 holds. For § > 0, letaw = ¢~ (x~1(8)) and let ng be as in (4.2). Then

x5 o — 21 = 01 (8)).

ng.,o

The disadvantage of the above a priori parameter choice is that, in practice an
index function ¢ describing a solution smoothness is usually unknown. So one
has to apply a posteriori rules which choose o from quantities that arise during
calculations. The well-known a posteriori rules that have been used for Tikhonov
regularization of nonlinear ill-posed problems are the discrepancy principle [2,22],
the rules considered in [15,21] and the balancing principle considered in [18]. In
the next subsection we considere the balancing principle considered in [18] for
choosing the regularization parameter « in (1.7).

4.2 An adaptive choice of the parameter

In this subsection, we will present the balancing principle studied in [16—18] for
choosing the parameter « in (1.7).
In the balancing principle, the regularization parameter « is selected from some
finite set
Dy (@) :={oj = plog,i =0,1,..., M} (4.6)
where p > 1 and M is such that 1 < aps. We choose o := §, because we expect
to have an accuracy of order at least O(+/§) and from Theorem 4.2, it follows that

such an accuracy cannot be guaranteed for o < 4.
Letx; := x5 . Then by (3.8) and (4.2) we have

ng.o
R LCORS A

1 a; = 1 _ f \/(X—l"

The parameter choice strategy that we are going to consider in this paper,

we selects « = o; from Dys(x) and operates only with corresponding x;,
i=01,....M

Vi=0,1,...,M. 4.7)
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On convergence of regularized modified Newton’s method 143
Theorem 4.4. Assume that there exists i € {0,1,2,..., M} such that ¢(o;) <
J%. Let assumptions of Theorem 4.2 be satisfied and let
[ := max {i co(a) < } <M,
i
. 5 .

k:=maxi:|x; —xj|| <4C——,j =0,1,2,...,i (4.8)

V&

where C is as in (4.3). Then | < k and

% -

where ¢ = 6C /i

Xl < ey ™H(E)

Proof. To see that [ < k, it is enough to show that, for eachi € {1,2,..., M},

8 8
il <4C—, Vj=0,1,...,i.
@(a; < U - x| < & J i
For j < i, by (4.4) we have
i = ;1 <l = xTI+ [IxT = x5
(o + ) + (ot + )
(071 (0%
et T
8
<4C —.
NCT

Thus the relation [ < k is proved. Next we observe that

% =il < 1% =gl + [l — x|

=c(v

wr ) e

Jai Jai
< 6Ci.
NG
Now since oy < oy 41 < ey, it follows that
8
—— = ——\/—fﬂ(as)—\/_w ')
NN

This completes the proof of the theorem.
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144 S. George

5 Implementation of adaptive choice rule

In this section we provide an algorithm for the determination of a parameter ful-
filling the balancing principle (4.8) and also provide a starting point for the itera-
tion (3.3) approximating the unique solution xg of (1.3). We choose the starting

point xq such that xo € D(F) and || F(xo) — y*| < W\/i'

The choice of the stopping index ng involves the following steps:

* Choose ap = 6 and p > 1.

R 4ko || F (x0)—y?
Choose 7 > 0 such that 7 < (1 — \/1 — %).

« Choose the parameter aps = 1™ g big enough but not too large.
* Choose ng such that ng = min{n : 7" < §}.

Finally the adaptive algorithm associated with the choice of the parameter speci-
fied in Theorem 4.4 involves the following steps:

5.1 Algorithm

e Seti <0
* solve x; := x «; DY using the iteration (3.3).
o If f[x; — xj | > 4C\/_ j <i,thentakek =i — 1.

e Seti =i + 1 and return to step 2.

6 Concluding remarks

In this paper we have considered a regularized modified Newton’s method for
obtaining approximate solutions for a nonlinear operator equation F(x) = y,
when the available data is y8 in place of the exact data y. The procedure involves
finding the fixed point of the function

G(x) = x — (F'(x0) * F'(x0) + aI ) " [F'(x0)*(F(x) — %) + a(x — x0)]

in an iterative manner.

It should of course be mentioned that the method requires to compute the
Fréchet derivative F’(.) only at one point xo unlike the method considered in [15].
Also it should be noted that the proof for the convergence result and the stopping
rule are based on a majorizing sequence, which is independent of the method. For
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choosing the regularization parameter « we made use of the balancing principle
suggested in [18].

In a future work, it is envisaged to investigate the method considered in [15]
to obtain quadratic convergence of the iterate to the solution xg of the Tikhonov
functional Jy (x).
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