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ABSTRACT

The iterative root problem is one of the classical problem in the theory of iterative
functional equations and is described as follows: Given a non-empty X, a self map
F on X and a fixed positive integer n, to find another self map f on X such that
f* = F. If such a function f exists, then it is called an n'* iterative root of F.
Existence of iterative roots for strictly monotone continuous functions are well-
studied. Among the piecewise monotone continuous (PM) functions, the existence
of iterative roots of functions with height less than two is also well-studied.

In this thesis, we develop the method of characteristic interval to any contin-
uous functions and discuss the properties of non-isolated forts of any continuous
functions on a compact interval. This helps us to derive the conditions on the ex-
istence of iterative roots for a class of PM functions with non-monotonicity height
greater than one and a class of continuous functions with infinitely many forts.
As an application we obtain a new class of functions which is dense in the space
of all continuous functions from a compact interval into itself.

We also provide sufficient conditions on the existence of solutions of series-like
iterative functional equation for a class of PM functions. We conclude the thesis
with results on the uniqueness of iterative roots of order preserving homeomor-

phisms by using the set of points of coincidence.

Mathematics Subject Classification (AMS-2010): 39812, 39B22.
Keywords: Iterative Roots, Fractional iterates, Forts, Isolated forts, Non-isolated
Forts, Functional equations, PM Functions, Height, Characteristic Interval, Home-

omorphisms, Commuting functions, Subcommuting functions, Comparable func-

tions.
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Chapter 1

Introduction

The term functional equation, in a simple manner, can be defined as follows: Func-
tional equation is an equation involving independent functions whose unknowns
are functions. The theory of functional equations is a classical tool in mathe-
matics to solve many mathematical models which arises in applied mathematics
and engineering. The algebraic, analytical and topological structures of functional
equations not only helps us to study the mathematical models, but also provides
wide scope in pure mathematics. Functional equations finds applications widely
in the study of mechanics, dynamical systems, economics, game theory, geometry,
neural networks, artificial intelligence, probability and statistics (cf. (Aczél, 1966;
Castillo et al.; |2005; lannella and Kindermann, |2005; [Kindermann, |1998))).

One of the oldest example of a functional equation is

flx+y) = flx —y) = g(x)h(y). (1.0.1)

J. D’ Alembert reduced a problem of vibrating string to the functional equation
(1.0.1)) and it is the first ever functional equation in the modern theory of functional
equations (D’Alembert|, 1747).

Some well-known examples of functional equations:

L f(x+y)+ flz—y)=2f(2)f(y) (D’ Alembert)

2. flx+y) = f(z)+ f(y) (Cauchy)

3. f () = f(m);f(y) (Jensen)

The existence of solutions and other analytical properties of above functional equa-

tions can be found in (Kuczma et al., [1990; |Aczél, [1966; |Castillo et al.l 2005}
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Kannappan), 2009).

1.1 Iterative Functional Equations

Functional equations which involve iterates or compositions of unknown functions
are called iterative functional equations. The study of iterative functional equation
is rooted in the classical works of Abel (Abel, |1826]), Babbage (Babbage, 1815),
Schroder (Schroder, |1870) and many other well-known mathematicians.

The first ever study of iterative functional equation was due to Charles Babbage

(Babbage, [1815)). He discussed the functional equation of the form
f*(z) = id(x), (1.1.2)

where id denotes the identity function. The equation (|1.1.2]) named after him as
Babbage Functional Equation. Some other classical examples of iterative functional

equations are
1. f(h(x)) = h(z + 1) (Abel),
2. h(f(x)) = g(h(x)) (Schroder).

There are many other examples of iterative functional equations, however, we

mostly concentrate on the generalization of Babbage’s functional equation.

1.2 Iterative Root Problem

Given a non-empty set X and a function f : X — X, define f°(z) = z for all
r € X and for n € N, f*(z) = f(f"!(x)) for all z € X. The function f" is
called the n'" iterate of f. Iterative root problem is one of the classical problem
in iterative functional equations and is described as follows: Let F' : X — X be
any function and n € N be fixed. The iterative root problem is to find function
f X — X such that

f"(x) = F(x) for all z € X. (1.2.3)

2



The function f, if it exists, is called an iterative root of order n or a fractional

iterate of order n of the given function F'.

1.2.1 Examples

Example 1.2.1. The function f(x) = x? is a square iterative root of F(x) = x*

on R.

Example 1.2.2. For each fixed positive real number «, we define the function
F:R — R by F(x) = ax for all x € R. Then for each positive integer n, the
function f : R — R defined by f(x) = px for all x € R satisfies the functional
equation

f"(z) = F(x) for all z € R,

where B is the positive real number such that f" = a. Hence f is an iterative root

order n of F.

Example 1.2.3. The function F' : [0,1] — [0,1] defined by F(x) = 1 — x for all

x € R does not have any continuous iterative root of order 2n for all n € N.
Forn €N, let f:[0,1] — [0,1] be any continuous function such that f?"(z) =

F(z) for all x € [0,1]. Since the function F is bijective, we see that f is also

bijective (see | Lojasiewicz (1951)). Therefore, f is either monotonically increasing

or decreasing, in either case we see that f*" is always increasing on [0, 1], however
F is always decreasing on [0,1]. Thus F' has no continuous iterative root of order

2n for all n € N.

1.2.2 Applications

Iterative functional equations find applications in embedding flow problem (Fort],

1955)), invariant curves (Kuczma et al.;[1990), neural networks (Kindermann, |[1998;

lannella and Kindermann, 2005 and several engineering applications require solu-

tions of the iterative root problem (see the monographs (Aczél, [1966) and (Castillo
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et al., 2005)). We give a brief introduction about how the iterative root problem
can be applied in finding invariant curves and to the embedding flow problem.
Invariant Curves Problem: Let F': R” — R” be any map. A subset M of R"
is said to be invariant under F', if F(M) C M.

Given amap F': R — R" and a curve M in R", the invariant curve problem is
to determine the condition that the curve is invariant under F'. For the simplicity,
we discuss this problem in R2.

Let F' : R?> — R? be any map and let f,¢g : R? — R be its corresponding
coordinate functions. Let ¢ : [0,1] — R be any curve and Q = {(z,¢(z)) €
R? | t € [0,1]} be the graph of ¢. Now the condition that the curve ¢ is invariant

under F' (i.e., F(Q2) C Q) reduces to the following iterative functional equation:

o(f(x,o(x))) = g(x,p(x)) for all z € [0, 1]. (1.2.4)

If f(x,y)=x+y, glz,y) =ay, forall (z,y) € R? and «a is a fixed real number,

then the above functional equation ([1.2.4]) reduces to the functional equation

p(r + ¢(x) = ap(). (1.2.5)

If o« = 1 then the equation (1.2.5)) is known as Fuler’s functional equation. Further,
if f(x,y) = vy, g(x,y) = z, then the functional equation ((1.2.4]) reduces to the

Babbage functional equation

' (z) = z.
A detailed discussion on invariant curve problems can be found in the books by
Nitecki (Nitecki, |1971)) and Kuczma (Kuczma et al., |1990)).

Let X be a topological space. A (topological) flow on X is a continuous function

F: X xR — X such that

(a) For each ¢t € R, the function Fi(z) = F(z,t) is a homeomorphism from X
onto X, and

(b) F(x,t+s)=F(F(x,s),t) forallz € X and t,s € R.

4



Embedding Flow Problem: For a given topological space X and a given home-
omorphism f from X onto itself, does there exist a flow on X for which Fy = f7

If such a flow F exists, then f is said to be embedded in F'. Suppose, for a given
homeomorphism f : X — X there exists a flow F on X. Then, for each positive

integer n, property (b) reduces into the following iterative functional equation

fM(x) = F,(x) for all x € X,

where f™ denote the n'” iterate of f. Therefore, f is the n'” iterative root of F,
becomes necessary condition for solving embedding flow problem.
In fact, the existence of solutions of embedding flow problem on an interval

was proved by Fort.

Theorem 1.2.4. (Fort, 1955) Any order preserving homeomorphism of an inter-

val onto itself can be embedded in a flow.

A detailed results on embedding flow problem can be found in (Fort, |1955;
Zdun, 2014)

1.3 Basic Results on Iterative Root Problem

Mathematicians like Bodewadt (Bodewadt, [1944])), Lojasiewicz (Lojasiewicz, 1951)),
Haidukov (Haidukov, 1958)), Kuczma (Kuczma, 1961} Kuczma et al., [1990)) and
Zhang (Zhang;, [1997)) have made contribution to the significant growth of the study
on the iterative root problem. Recent works in this field are due to Zhang (Liu
and Zhang, 2011} Liu et al.| 2012), Jarczyk (Baron and Jarczyk, 2001)), Lin (Lin,
2014; Lin et al., 2017)), Liu (Liu and Gong, 2017)) and many others.

We would like to emphasize few existence and nonexistence of solutions of

iterative root problems in our context.



1.3.1 Iterative Roots of Monotone Functions

Iterative roots of strictly monotone functions are well-studied and some of the

basic results are the following:

Theorem 1.3.1. (Babbage, |1815) Let f be a particular solution of the functional
equation

f"(z) = x for all z € R. (1.3.6)

Then for any invertible function h on R the function h='o f o h is also a solution

of the functional equation .

Theorem 1.3.2. ([saacs, |1950) Let F': X — X be a function such that F(a) = b
and F(b) = a for some a,b € X with a # b. If, for any x € X, the equality
F?(z) = x implies that x € {a,b, F(x)}, then the equation

fA(z) = F(z) forallx € X
has no solutions.

Proposition 1.3.3. (Lojasiewicz, |1951) Let f : X — X be any function satisfies

the equation f* =F on X for somen > 1. Then
(i) f is one-one if and only if F' is one-one.
(ii) f is onto if and only if F' is onto.

(iii) f is bijective if and only if F' is bijective.

The functional equation ((1.2.3]) need not possess solution when the function F’

1s not continuous.

Example 1.3.4. (Dikof and Graw, |1980) Let F : R — R be the strictly increasing
function F(z) = 2(xz + [z]) + 2, = € R, where [z] is the integer part of x. Then

the function F' has no iterative root of any order.
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Throughout the thesis, we fix I = [a,b] and C'(I) be the set of all continuous
self mappings from [ into I, unless otherwise stated. One of the fundamental

result in the theory of existence of iterative roots was proved by Bodewadt.

Theorem 1.3.5. (Bdodewadt, |1944) Let F' : I — I be any strictly increasing home-
omorphism. Then for each n € N, there is a strictly increasing homeomorphism

f:I — I such that f* = F on I.

An another classical result on the existence of solutions of the functional equa-
tion (|1.2.3)) is due to Kuczma. The following theorem is often used in many of our

results, so we sketch the proof of this theorem.

Theorem 1.3.6. (Kuczma et all (1990) If F' : I — I is a continuous strictly
increasing function, then the equation has continuous strictly increasing
solution for all n € N.

Proof. Put F = {z € [a,b] | F(x) = x}. Then [ = F U ( U I.5), where I, is

a,BeF
a pairwise disjoint interval of the form [, 5] with o, € F or & = a or § = b.

Clearly F|p, s+ Lap — Iop is a strictly increasing continuous function and either
a< F(z)<z<pfforal z € (a,p)

or

a<z<F(x)<pforall z € (a, ).

Suppose on each I,z there is a strictly increasing continuous function f,z such
that
ap(®) = F(z) for all z € Ip,

then the function f : I — I defined by

fag(flf), if ze Iag

x, if zeF,

flx) =
is a continuous strictly increasing function and satisfies the functional equation
f"(z) = F(z) for all z € I.

7



Therefore to prove the result, it is enough if we prove F' has an iterative root
of order n on each I,5 = [o, §]. Without loss of generality we may assume that
a < F(z) <x < pforall z € (a,). Fix arbitrarily a point zo € («, 3) and

n € N, choose any points z1 > x5 > - -+ > x,,_1 from the interval (F(zg),z). Put
= F(x) , xpi1 = F(x1) , Tpio = F(2a),...,

and

~1 -1 -1
T =F " (2n1), 20 =F"(Tn2), 23 =F " (Ty_3),... .
Then it is easy to observe that
e L Ly < <L < << T < T g <o < Ty < 00

Put Iy = [zg41, k] for all & € Z. Now for each k € {0,1,...n — 2}, let f; be
the arbitrary but fixed strictly increasing homeomorphism from I onto I, ;. For

k>n—1, put
fu(@):=Fofi !l jo-of(z)foral zel
and for £ < —1, put
fr(@) = filho- o fil,_i(x) o F(z) for all z € .

Thus for each k € Z, the function fy is a strictly increasing homeomorphism from

I}, onto Iy, 1. Therefore the function f : o, ] — [, 5] defined by

Q, if 2=«
f(l’) = fk(x), if xel,
g, if z=p

is also a strictly increasing homeomorphism on [a, §]. Also for each z € I and
k>0,
f' (@) = frgn-10 fran—20---0 fry10 fi(z)

-1 1 _
= Folf, Ofk+1O"'Ofkjn_zofk+n—2o"'ofk+1Ofk’<x)

= F(z).



On the other hand, if £ < —1 we have,

f"(®) = fern-10 fagn-o0--0 fry10 ful(w)
= frtn-10 frgn20--0 frpo fith oo fill i (x) o F(x)

= F(x).
Thus the function f satisfies the functional equation ((1.2.3)) on [«, f5]. O

We remark here that the solution constructed above depends on strictly in-
creasing homeomorphisms from an interval into itself and there are infinitely many
such homeomorphisms. Therefore, iterative roots of strictly increasing continuous

functions are not necessarily unique.

Theorem 1.3.7. (Kuczma et al.,|1990) Let F : I — I is a continuous strictly de-
creasing onto function. Then, for each odd n € N there exists a strictly increasing

and continuous function f : 1 — I such that f* = F on I.

The following theorem gives the continuous strictly monotone solutions of the

Babbage functional equation which is discussed in (Vincze, [1959; [McShane, [1961)).

Theorem 1.3.8. (McShane, |1961) If a self mapping f of a real interval I is a
continuous solution of equation f™(x) = x for all x € I, then either f itself is the

identity mapping or n has to be even and f is a strictly decreasing involution.
Let W(n)={f"| feC)} and W = U2 ,W(n).
Theorem 1.3.9. (Simon, |1989) The set W is of first category and W # C(I).

Theorem 1.3.10. (Blokh, |1992) The set W is nowhere dense in C(I).

Even though the set of all continuous functions possessing continuous iterative
roots on a compact interval are topologically small, in the sense that they does
not contain any open ball in C'(I), developing a theory of the existence of iterative

root for the class of non-monotone functions is challenging and interesting.
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1.3.2 TIterative Roots of PM Functions

As in (Zhang), [1997)), we present some notations and basic results for the study of

PM functions.

Definition 1.3.11. (Zhang, 1997) Let F' : I — I be a continuous function. A
point o € int I 1s called a fort of F', if F' is not strictly monotone in any neigh-

borhood of «.

Note that, the point o € int I is a fort of F' if and only if for each ¢ >
there exist two distinct points z1, 29 € N (o) = {z € I | |x — a| < €} such that
F(z1) = F(x2).

We call a continuous function F': I — [ is a piecewise monotone (PM) func-
tion, if F' has only finitely many forts. The collection of all PM functions from I
into I is denoted by PM(I).

If S(F) and N(F') denotes the set of all forts and the number of forts of F'
respectively, then it is easy to observe that every fort of F'is a fort of F™ for all

n € N and hence {N(F™)} is a non-decreasing sequence of non-negative integers.
Proposition 1.3.12. (Zhang, 1997) Let F € PM(I). If N(F™) = N(F™),
then N(F™) = N(F™) for alli € N and F is strictly monotone on the range of
Fm.

Definition 1.3.13. (Zhang, 1997) The height of a PM function F' € PM(I),
denoted by H(F'), is defined to be the least non-negative integer m such that
N(F™) = N(F™), if it exists. Otherwise, H(F) = oo.

Example 1.3.14. Any strictly increasing continuous function from an interval

onto itself is of height zero.

Example 1.3.15. Consider f :[0,1] — [0, 1] defined by

x, if wE[O,i)
f@:=3 §-% # ecld
20— 3, if xvel31]



It is easy to observe that

i el
3 _z 1 13

e =r@=q 2 :;
27 47 8

\ %—m, if xe[g,l].

Here S(f) = {}1,%} and S(f*) = {i,%,%}. Moreover N(f) < N(f?) = N(f?).
This shows that H(f) = 2.

1 : : —
sl . [
4 I I I I
. | | o
[ S i
T
l iiiiiii o L 777777 \777\77A
1 | | N ()
0 1 1 3 7 1
4 2 4 8
Figure. 1.3.1

Example 1.3.16. Let T': [0,1] — [0, 1] be the tent map defined by

);
1.

2, if x €0,
2—2x, if xe]|

N[

T(z) =

[Nl

Then S(T™) = {35, 5+ - - - » 25} for all m € N, whence H(T) = .

Zhang and Yang (Zhang and Yang, (1983) defined the characteristic interval
of PM functions of height less than or equal to one written in Chinese, however
Zhang (Zhang, (1997) published it in English as follows:

Let F': I — I be a PM function of height less than or equal to one. Then, by
Proposition [1.3.12] F' is strictly monotone on the range of F'. Now, by extending

the interval on which F' is monotone, there exist two points @', b’ such that

11



(i) [a', '] 2 R(F),
(ii) o' and V' are either forts or endpoints,
(iii) there is no fort inside (a’,b').

Definition 1.3.17. (Zhang, 1997) The unique interval [a’,V'] defined above is the

characteristic interval of I, denoted by Chp.

Characteristic interval plays an important role on the existence of iterative
roots of a PM function of height less than or equal to one. The monotonicity
of I’ on the characteristic interval gives the existence of solution of the iterative
functional equation on the characteristic interval based on Theorem m
and Theorem [1.3.7, Therefore, to study the existence of iterative root on the
whole interval I, it is enough to study the possible extension of the iterative root
of the function from the characteristic interval to the whole interval. The following

theorem gives one such extension:

Theorem 1.3.18. (Zhang, |1997) Let F' € PM(I) with H(F) < 1 and Fy =

Flepy. Suppose
(i) there exists a continuous function fy such that f§ = Fy on Chp and
(ii) F(I) C F(Chy).

Then there ezists a continuous function f from I into I such that f(x) = fo(x)

for all x € Chp and f* =F on I.

Theorem 1.3.19. (Liu and Zhang, |2011) Every continuous iterative root of a PM
function F with H(F') < 1 is an eztension of an iterative root of F' of the same

order from the characteristic interval of F.

We now discuss the iterative roots of a PM function of height greater than one.

Li and Chen generalized Theorem [1.3.19] for any PM functions with finite height.

12



Theorem 1.3.20. (Li and Chen|, 2014) Let F' € PM(I) and H(F) = k. Then
every continuous iterative root of F' is an extension of an iterative root of F' of the

same order from the characteristic interval of F*.

The following theorem gives the nonexistence of iterative roots of PM functions

of height greater than one.

Theorem 1.3.21. (Zhang, 1997) Let F € PM(I) and H(F) > 1. Then F has

no continuous iterative roots of order n, for n > N(F).

Having proved that a PM function F' with H(F') > 2 has no continuous iter-
ative root of order n for n > N(F’), Zhang raised the following problem (Zhang,
1997):

Problem 1.3.22. Does there exist iterative roots of order n of a PM function

F e PM(I) with H(F) > 2 forn < N(F)?

The article by Liu et al. (Liu et al., 2012) offers a necessary and sufficient
condition for the existence of iterative root of I for the case n = N(F'), which
we will discuss in Chapter 2. The results on iterative roots of non-PM functions,
i.e., functions having infinitely many forts, can be found in (Lin, [2014; Lin et al.|
2017). In both papers the authors discussed the existence and nonexistence of
iterative roots of non-PM functions which are constant on some subinterval and
strictly monotone elsewhere. One can refer (Baron and Jarczyk, 2001} |Zdun and

Solarzl, 2014) for a detailed survey of recent results on iterative roots.

1.3.3 Some Generalizations

There are many iterative functional equations which is a generalization of itera-
tive root problem. Zhao (Zhao, |1983) discussed the existence and uniqueness of

solutions the following functional equation of the form

M)+ Nof?(2) = Fla). (1.3.7)

13



Mukherjea and Ratti (Mukherjea and Ratti, |1983) studied the functional equation

of the form

> afi(x) =0, (1.3.8)

i=0
where ¢;’s are positive real numbers.
W. Zhang (Zhang,, [1988)) further generalized the iterative functional equation
(1.2.3) into the following functional equation

2:&ﬁ@ﬁ:F@L (1.3.9)

where F' : [ — [ is a given map, f : I — [ is an unknown map, and all
Ai (i =1,...,n) are real constants. The functional equation is known as
polynomial-like iterative functional equation. It is easy to observe that the prob-
lem of finding solution of the functional equation (|1.3.9)) reduces to the iterative
root problem when A\, =1l and \; =0for 1 <i:<n—1.

Zhang (Zhang, [1988) proved the existence and uniqueness of continuous solu-
tions of the polynomial-like iterative functional equation for the class of continuous
strictly increasing functions using fixed point theory.

By generalizing the polynomial-like iterative functional equation , Jar-
czyk (Jarczykl [1997)) considered the following functional equation of the form

oo

Zaifi(x) =z, (1.3.10)

i=1
however a more generalized functional equation of the polynomial-like iterative
functional equation (|1.3.9) was considered by Murugan and Subrahmanyam (Mu-
rugan and Subrahmanyam), 2005|). The authors considered the functional equation

of the form
> Nif'(x) = F(x) (1.3.11)

and discussed the existence and uniqueness of continuous solutions of the above

functional equation for the class of continuous strictly increasing functions using
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fixed point theory. The equation is known as series-like iterative functional
equation.

For a more detailed study on the existence of continuous, differentiable so-
lutions of the functional equation and its generalization, one can refer
(Jarczykl 1987; [Murugan and Subrahmanyam) 2005, |2009). It is notable that the
existence of the solutions of the polynomial-like and series-like functional equa-
tions has been studied only for the class of strictly monotone functions. Recently
Liu et al., (Liu and Gongj, 2017)), proved the existence of solutions of polynomial-
like iterative functional equations for PM functions of height less than or equal
to one, however, the problem on the existence of solutions of series-like iterative

functional equations for PM functions is unsolved.

1.4 Outline of the Remaining Chapters

Chapter 2 deals with the iterative root problem for the class of PM functions with

height greater than one. Our main contributions are the following:

e We defined characteristic interval for any PM functions by generalizing the

definition of characteristic interval.

e We proved results on existence of iterative roots of order less than the num-
ber of forts of PM function of height greater than one on its characteristic

interval.

o We also obtained theorem on extension of iterative roots from the charac-

teristic interval to the whole interval.

Thus Chapter 2 provides an affirmative answer to the Problem [1.3.22]

In Chapter 3, we considered the iterative root problem for the class of Non-
PM functions. We discussed the iterative roots for the class of Non-PM functions
which are non-constant in any interval, but having infinitely many forts. The main

results are the following:
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e Extension of iterative roots of continuous functions having infinitely many
forts from the characteristic interval to the whole interval, if it exists on the

characteristic interval.

e By generalizing the method of characteristic interval, we proved results on
nonexistence of iterative roots of continuous functions having infinitely many

forts for a special class of functions.

e We also proved that the set of continuous functions from I into itself which

do not possess iterative roots are dense in C'(I).

In Chapter 4, our main result describes the existence of solutions of series-like

iterative functional equation of the form
> Aif'(x) = F(x),
i=1

for the class of PM functions of height less than or equal to one using the method
of characteristic interval.

Chapter 5 concludes our thesis with the discussion of uniqueness of iterative
roots of order preserving homeomorphism. Our main results provide some suffi-
cient conditions on uniqueness of iterative roots of order preserving homeomor-
phism. Indeed, we proved that an order preserving homeomorphism from an inter-
val onto itself does not possess different iterative roots which are subcommuting

or comparable using the points of coincidence of functions.
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Chapter 2

Iterative Roots of PM Functions

In this chapter, we investigate iterative root problem for the class of PM functions
of height greater than one. For any F' € PM(I) with H(F') > 2 does not possess
iterative roots of order n, n > N(F) (cf. Theorem [1.3.21). Liu et al. (Liu et al
2012)) gave a necessary and sufficient condition for the existence of iterative root

of F for the case n = N(F).

2.1 Introduction
We begin our discussion with few results from (Liu et al., 2012).

Definition 2.1.1. (Liu et al., |2012) A strictly increasing function ¢ on I into
itself is said to be a reversing correspondence, if there exists a fixed point & of ¢
and a strictly decreasing function b maps the fixed points of ¢ onto itself which

fixes & such that for every consecutive fived points & and & of ¢ the expression

¢(x) — x has opposite signs in the intervals (§1,&2) and (Y(&2),1¥(&1)).

An n'* iterative root f of a PM function F is called type 7 (type 72), if f is
strictly increasing (decreasing) on the smallest closed interval containing all the

forts of F'.

Theorem 2.1.2. (Liwu et al., |2012) Let F' € PM(I) with H(F) > 2 and assume
that N(F') > 2. Suppose that ¢y, ¢, ..., ¢, are forts of F with ¢; < cg < -++ < ¢y.
Then F has a continuous iterative root of order n, n = N(F), of type 1 if and

only if one of the following conditions is fulfilled:
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(i) n is even, F|,.,) 15 a reversing correspondence,

F(a)

v

F(ca)

v

- > F(cho) > F(c,) > a, (2.1.1)

F(e1) < Fles)

IN

- < F(ep-3) < F(cp-1) <

and either all inequalities of are equalities, or at most one of them,

namely F(a) > F(ca) or F(c,) > a, is an equality ;

(ii) n is odd, F|[.c, is decreasing,

IN
IA

F(a) F(cg) <+ < Flepq) <y, (2.1.2)

F(e1) > F(es)

v

and either all inequalities of are equalities, or at the most one of

them, namely F(a) < F(cy) or F(c,) > a, is an equality;
(iii) n is even, F|., y is a reversing correspondence,

F(b)

IN

F(Cn—l)
F(c,) > F(cp—2)

IA

F(e1) < b, (2.1.3)

v

> F(e) 2 ¢

and either all inequalities of are equalities, or at the most one of
them, namely F(b) < F(c,—1) or F(c1) < b, is an equality;

(iv) n is odd, F |, is decreasing,

F(b)

v

Flep1) >+ > F(ca) > cp, (2.1.4)

F(cn) < Flep—g)>---2F(c1) < b
and either all inequalities of are equalities, or at the most one of
them, namely F(b) > F(c,—1) or F(c1) < b, is an equality.

Now we remark here that, the existence of n” iterative roots of PM functions
F of height greater than two has been solved only for the case n = N(F'). So we

observe the the following problems.
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Problem 2.1.3. (Liu et all (2012) Does any F € PM(I) with H(F') > 2 have a

type Ty iterative root of order n, for n = N(F')?

Problem 2.1.4. (Liwu et al.,|2012) Does any F € PM(I) with H(F) > 2 have an

iterative root of order n, for n < N(F')?

This chapter focuses Problem [2.1.40 We provide necessary conditions on the
existence of iterative roots of order n < N(F') for PM functions F with H(F') > 2.
At first we generalize the definition of characteristic interval which defined for the
class of PM functions of height less than two to the class of all PM functions.
Then, by producing iterative roots of F' in its characteristic interval, we extend

that iterative root of F' to the whole interval.

2.2 Properties of Forts

The problem of finding n'* iterative root of PM function F depends on the forts,
it is worth studying the properties of forts under iteration. It is known that, for
any f € PM(I), S(f*') C S(f™) for all n € N. It is possible that S(f"!) can
be a proper subset of S(f™), the following proposition describes how the new forts
have been generated under the iteration of f.

For z € S(f), n € N, we define
Se(f) = (U /(@) N I°, (2.2.5)

where f~™(z) = {y € I | f™(y) = z} and I° is the interior of I. It is easy to
observe that SL(f) = {z} and S(f) = Ues(s)Ss- The following proposition gives

a more general result.
Proposition 2.2.1. S(f") = Uyes()Sy (f) for f € PM(I) and n € N.

Proof. Let t € S*(f) and f™(t) = x, for some m with 1 < m <n—1. Ift €
U tS(f7), then obviously t € S(f"). Assume t ¢ S(f?) for any i = 1,2,...,n—1
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and let € > 0 be given. Note that f™ is strictly monotone at ¢t. Now, by the

continuity of f™ at t, choose d, > 0 such that
St —et+e€) C(f"(t) = de, f™(E) + 0c).
Since x = f™(t) is a fort for f, there exist

yr € (J™(1) = 0, f™(B) N[t =€, +¢),

and
y2 € (J™(0), ["(8) +0) N f"(t — €, +¢)

such that f(y1) = f(y2). Therefore, by intermediate value theorem, there exist
x1,29 € (t — €,t + €) such that 1 # 9 and f(x1) = y; and f™(x3) = yo so that
fm () = fm Y (xq). Hence ¢t € S(f™1) C S(f™).

On the other hand, suppose t € S(f"). Let m(< n) be the least positive integer
such that ¢ € S(f™). We prove t = f~("=1(z) for some x € S(f). If fm1(t) #x
for any € S(f), then f is monotone at f™!(¢), which in turn implies that f™

is monotone at ¢, a contradiction. [

2.3 Generalization of Characteristic Interval

J. Zhang and L. Yang defined characteristic interval for PM functions of height
less than or equal to one (Zhang and Yang| [1983) (cf. Definition (1.3.17))). We
observe that every PM function (not necessarily be of with height < 1) possesses
a similar interval. Motivated by J. Zhang and L. Yang (Zhang and Yang) [1983)),
we define the characteristic interval for any PM function as follows:

Let F € PM(I) be any function and let [m, M] be its range. Put o’ = a, if F'
has no fort on [a, m|, otherwise ¢’ = sup{x € [a,m] | x € S(F)} and put V/ = b,
if F' has no forts on [M,b], otherwise O/ = inf{x € [M,b] | z € S(F)}. Then the

interval [a’, '] posses the following properties:
(a) o', b € S(F)U{a,b}.
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(b) If [«, 5] any subinterval of I containing [m, M| with «, 8 € S(F) U {a,b},
then [/, V] C [a, B].

Suppose there is an interval, say [t1, %], posses the properties (a) and (b). Then
[t1,t2] C [/, V] by property (b). Since t; € S(F)U{a,b} and t; < m, by definition
of ¢, t; < . Similarly ¥/ < t5. Hence [d/,0] = [t1,t2]). Therefore the interval

[a’, b'] is unique and has the properties (a) and (b).

Definition 2.3.1. Let F' : I — I be any PM function. Then the smallest closed
interval containing the range of F' whose end points are either forts of F' or the

end points of |a,b], denoted by Chp, is called the characteristic interval of F'.

We do call Chg as the characteristic interval because of the natural general-
ization of Definition [1.3.17] Indeed, if F'is a PM function of height less or equal
to one, then Definition and Definition [2.3.1| are equivalent.

Example 2.3.2. Let f : [—m, 7] — [—7,n] be defined as f(x) = sinx. Then
Chp = [F, 5] (See Figure 2.2.1).

N
1 1L gsin(@)
—7 _g 0 g a
—1F----== : =g A B \,,,: ,,,,,,,
Figure 2.2.1

Example 2.3.3. The characteristic interval of the tent map T : [0,1] — [0, 1]
defined by

2z, if xe€l0,s5),

2—2z, if xzeli 1],

N =

T(z) =
is the interval [0, 1].

21



2.4 Existence of Iterative Roots

Our aim is to establish the existence of n'* iterative root of F' € PM(I) with

H(F) > 2 and n < N(F). The following results describes the behavior of such

iterative roots.

Proposition 2.4.1. Let F' € PM(I) with H(F) > 2. Suppose there ezists a
function f € PM(I) that satisfies the functional equation f* = F on I. Then
N(f) < N(F) = (n—1).

Proof. Since H(F') > 2, we have
N(f) < N(f) <...<N(f" 1 < N(f")= N(F) < N(F?). (2.4.6)
This implies N(F') — N(f) > n — 1 so that N(f) < N(F) — (n—1). O

Lemma 2.4.2. Let FF € PM(I) with H(F) > 2. Suppose that a function f €
PM(I) satisfies the functional equation f* = F on I with N(f) = N(F)—(n—1).
Then there ezists a fort ¢ € S(F) such that S(F) = S(f) U S*(f). Moreover
ST NS = n— 1.

Proof. Equation (2.4.6)) forces that on each iteration of f only one new fort has
to be generated, hence S(f™)\S(f") (1 < i < n —1) is a singleton set. Let
{z;} = S(fH\S(f") (1 <i < n—1). Further, in view of Proposition we
have

S(fY = S(f)u{w,ze,..., 21} for 2<1<m,

and

filw) € S(f) for 1 <i<l—1.

To prove this lemma, it is enough to prove f'(z;) = ¢, for 2 <1 <n —1 and
for some ¢ € S(f). We prove this result using induction on I. As H(f) > 2, for
each z € S(f), f~(z) C S(f) is true except at one fort, call it c. Hence

S(f*) = S(f)u{z,} where z; € f(c).
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Suppose S(f3) = S(f) U {x1, 22} for some x5 € f~2(c') where ¢ € S(f). Put
f(xg) =t. If ¢ # ¢, then t € S(f). Therefore x5 € f~1(t) C S(f?), a contradic-

tion. This concludes that ¢ = ¢ and S(f?) becomes
S(f?) = S(f) U {z1, 22} where f(z1) = f*(22) = c.
Assume,
S(fH =S(HHu{zYl and fi(z;) =cfor 1 <i<l<n. (2.4.7)

Note that S(f'*1) = S(f) U {1, 79,..., 211,21}, where f!(z;) = ¢ for some

d € S(f). Put t = fi"l(zy). If ¢ # ¢, then t € S(f). Therefore by (2.4.7),
r € f7HYt) C S(fY), a contradiction as z; ¢ S(f'). Hence ¢ = ¢ and by

induction hypothesis,

S(F)=S(f")=95(f) U{z1, 29, ..., 2n_1},

where fY(z;) = ¢, c € S(f) for 1 <1 < n— 1. Since {x1,29,..., 7,1} C S*(f)
and, by Proposition [2.2.1]

S(F) = Uses(pSy (f) = S(F) USE(S).
Also SH(ONS(f) = {x1, 22, ..., xp_1} implies |SP(F\S(f)] =n— 1. O

Proposition asserts that any n'" iterative root of F, H(F) > 2 and
n < N(F), possesses at least N(F') — (n— 1) number of forts. We now concentrate
on constructing the n'* (n < N(F)) iterative root f of a PM function F with
H(F) > 2 such that N(f) = N(F) — (n — 1). The following theorem gives a

necessary condition for the existence of iterative roots of F.

Theorem 2.4.3. Let F € PM(I) with H(F) > 2. Suppose F has an n'" iterative
root f € PM(I) such that N(f) = N(F)— (n—1). Then N(Flcx,) = n and
N(flChf) =1
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Proof. Let S(f) = {c1,¢2,...,eNp)-(n-1)} With ¢1 < ¢2 < ... < eN(F)—(n-1)- By

Lemma, [2.4.2| we have,
S(F) = S(f)U{x,m9,...,7, 1}, where f/(z;) =c; (1<j<n—1) (2.4.8)

for some i. Clearly, f is strictly monotone at all these z;, in particular at ;. We
prove the result by assuming f is increasing at x, the case at which f is strictly
decreasing at x; can be proved similarly. Note that ¢; # x;.

Case 1: ¢; < 1

In this case we prove z; € (¢;,¢i41) for 1 < j < n—1. If ¢;41 < zy, then

fla,z1] C [ci—1, ¢;] and flz1,b] C [¢;, ¢iq1] so that
f2 [CL, b] g [Ci—la Ci]-

This leads a contradiction to H(F') > 2 and hence x1 < ¢;11. Since f(x3) = z1, and
fla,z1] C [¢i-1, ¢, we have 21 < x9. Suppose that ¢;11 < z3. Then f(c;11) < .
If not, there exists an y € (x1, ¢;11) such that f(y) = x;. Therefore, by Proposition

2.21, y € S(f*) = S(f) U{zy, 22}, a contradiction. As f(c;y1) < x1, we have
f[CL,(L’Q] Q [Ci—hxl] and f[l’g,b] g [ZEl,CH_l] so that

f3 [CL, b] - [Ci*b Ci]?

again a contradiction to H(F') > 2. Thus ¢; < 1 < 22 < ¢;41 and [ is increasing
on [¢;, x5 (see Figure. 2.2.2).

Assume that ¢; < 1 < 29 < ... < 2, < ¢4q for m < n — 1. Note that
f is increasing on [¢;, xp,]. Since f(zmi1) = T and fla, 2] C [ci1, Tm_1] We
have =, < Tpy1. If ¢iy1 < Ty, then f(ci) <z, and fla, xp11] C [cim1, Tm),

flzma1,b] C [T, civ1] which implies that
fm+2 [CL, b] g [Ciflu Ci]7
a contradiction to H(F') > 2. Hence, by induction hypothesis, we have

CG<IT <Ty<...<ZTp-1<Cy1 (249)
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and f is increasing on [c;, ¢;1] (see Figure. 2.2.2). In this case, if f(¢1) <
Zp—1 then f"[a,b] = Fla,b] C [¢;_1,¢], a contradiction to H(F) > 2. Therefore
f(ciy1) > x,—1 and hence the characteristic interval of f is Chy = [c;_1, ¢iy1],

N<F|Chf) =n and N(flChf) =1.

b
Ci+1
A\ i
Lp—2
---- Tp—1
Ci—1
a C16CX1 Tp-1Gi+1 } a C1Tpn-1T1 CiCit1 |
Figure. 2.2.2 Figure. 2.2.3

Case 2: ¢; > 13
In this case we prove z; € (¢i_1,¢) for 1 < j < n—1. If ; < ¢, then

fla,z1] C [ci—1, ¢;] and flz1,b] C [c;, ¢i41] so that
f?la,b] C [ci; ciga]

which leads a contradiction to the fact that H(F') > 2. Hence ¢;_; < ;.
Since f(xs) = x1, and flx1,b] C [e;, ¢ii1], we have o5 < x1. Suppose that
o < ¢i—1. Then f(c¢;1) > x;. If not, there exists an y € (¢;—1, 1) such that

f(y) = 1. Therefore, by Proposition R.2.1 y € S(f3) = S(f) U {z1,22}, a

contradiction. Hence we have fla, x3] C [¢;_1, z1] and f[zo,b] C |21, ¢iy1] so that

FPla,b] C lei, el

again a contradiction to H(F') > 2. Therefore ¢;_1 < 29 < 21 < ¢; and f is
increasing on [z, ¢;] (See Figure. 2.2.3).
Assume that ¢;_1 < ), < X1 < ... < T9 < 171 < ¢, for m <n—1. As above,

we have f is increasing on [z,,, ¢;]. Since f(Zy41) = T and f[z,, ] C [Tp_1, Ci1]
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we have Z,,41 < . f 201 < ¢;_1, then f(¢;_1) >z, and fla, Ti1] C [cii1, Tm),

flzm+1,b] C [Tm, ¢iv1] which implies that
f72a, 0] C e, cigal,
a contradiction to H(F') > 2. Hence by the induction hypothesis we have
Ci1 < Tp1 < ...<To<x1 < (2.4.10)

and f is increasing on [¢;_1,¢] (See Figure. 2.2.3). In this case, if f(¢_1) >
Tp_1, then f"[a,b] = Fla,b] C [¢,ciq1], a contradiction to H(F) > 2. Hence
f(ci1) < x,—1 and it is clear that the characteristic interval of f is [¢;_1, ¢;41] and

N(FlChf) =n and N(flChf) =1.

We present the following remark as in (Liu et al. 2012).

Remark 2.4.4. Suppose f be the function described as in case 1 of Theorem[2.4.3.
Let h : I = [a,b] — I be the homeomorphism defined by h(x) = a + b — x for all
x €l andlet g : I — I be the function g(x) = h™' o foh(x) for allz € I. If
S(f) =A{c,ca, - enp)—m—1)}, then from equations (2.4.8) and (2.4.9), we have,

f(@1) = ¢, f(w2) = 1, ..., [(@p-1) = Tpoa,

(2.4.11)
Ci <1 <y <+ < Tp-1 <Cy1,
and
f(a,z1]) € e,
f(z1,cia]) C e, fleina)] (2.4.12)

f(leis1, b)) C (T2, cita]-
Moreover, f is strictly increasing on [c;, ¢;y1].
Put
di=a+b—c¢, for1 <i< N(F)—(n—-1)
and

yi=a+b—ux; for1 <i1<n-—1.
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Then S(g) ={d; | 1 <i < N(F)—(n—1)} and

g() =di, 9(¥2) = Y1, - - 9(Yn-1) = Yn—2,

(2.4.13)
dic1 < Yn1 < Yno < -+ <y < y1 < d,.
and g is strictly increasing on |d;_1,d;|. Moreover,
g([CL, yn—1]> - [di—lu yn—2]
9([Yn-1,di]) S [di1,9(di)] (2.4.14)

g(ldi,b]) € [di, dia].

Also, it is easy to observe that g" = G, where, G : [ — I the function defined by
G(x)=h"to Foh(x) for allx € I with H(G) > 2 and N(g) = N(G) — (n — 1).

Hence, if f is the function described in case 1 of Theorem then the
function g acts like the function described in case 2 of Theorem|2.4.5. Therefore, in
order to study the iterative roots of functions satisfying the hypothesis of Theorem
it is enough to discuss the iterative roots described either in case 1 or case
2.

Remark 2.4.5. Suppose, for F € PM(I) with H(F) > 2, there exists f €
PM(I) such that f* = F and N(f) = N(F)— (n—1), n < N(F). Then by
Theorem [2.4.3, there exist x1, s, ..., 21 € S(F) such that f(x1) = ¢;, f(x2) =
1,y f(Xpo1) = xp_o for some ¢; € S(F). Using this behavior of the function
f, we can predict the iteration of the function f. In fact, fori € {1,2,...,n—1},

fila,zi]) € e, el
fi[wiscin]) € e filcin))] (2.4.15)
filleisn, b)) C [@n—irn), [ (cig)]
and
fla,zn]) € [eim1,c
F"([Tn-1,cit1]) € e, fM(ciy)] (2.4.16)

e, 0]) Sl [ (Gs))-
In particular, F([a,b]) = f"([a,b]) C [ci_1, f* ' (ciy1)]. Therefore, the charac-

teristic interval of F is depending on the value of f" '(ciy1). Also, it is an
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easy observation that Chp = Chy = [¢i—1,¢ip1] when z,—1 < " (cip1) and
Chr = [ci_1,x1) when " ci11) < 1, where k is the least positive integer such

that f*~'(ciy1) < .

The existence of iterative roots on the characteristic interval becomes necessary
for the existence of iterative roots of PM functions, it is necessary to study the
existence of iterative roots of PM functions on the characteristic interval.

In the rest of this chapter, we use the following notation: For F' € PM(I)
with H(F) > 2, n < N(F) and Chp = [¢’,V/], denote Fy = F|cp,.. As H(F) > 2,
Chp contains at least one fort of F' so that H(F,) # 0. Also, by Remark [2.4.5]
N(Fy) < n when H(Fy) = 1 and N(Fy) = n when H(Fy) > 2. We prove the
existence of iterative root of F', by assuming H(Fp) > 2.

Suppose H(Fy) > 2 with N(Fy) = n. Let S(Fo) = {aq,a9,...,a,} with
ad=ayp<a;<ay<..<a,<a, =>b. Therefore, Theorem guarantees
the the existence of type 7y iterative root of Fy. Also, the following lemma will be

useful in the extension of iterative roots.

Lemma 2.4.6. (Liwu et al|, 2012) If fo € PM(I) is an type 1 iterative root of
order n = N(Fy) of F, then N(fo) =1 and S(fo) is either {a1} or {a,}.

2.5 Extension of Iterative Roots

In this section, by assuming the existence of n'® iterative of F' on the characteristic

interval, we extend that iterative root on I.

Theorem 2.5.1. Let F' € PM(I) with H(F) > 2. Let Fy := F|cn,. be such that
H(Fy) > 2, N(Fy) =n and n < N(F). Suppose

(a) Fy has n' iterative root fy of type T1.
(b) F(la,a']) € F([d'; en]), F([V',0]) € Flow, ],
Then F has an n' iterative root f € PM(I) such that N(f) = N(F) — (n — 1).
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Proof. Since f§ = Fy, by Lemma [2.4.6] either S(fy) = {a1} or S(fy) = {an}. The

function fy is of type 71, we see that, fy is strictly increasing on [aq,b] and f

assumes minimum at «;; when S(fo) = {a1} and fj is strictly increasing on [a’, o]

and fjy assumes maximum at «,, when S(fy) = {a1}. Therefore, by Remark [2.4.5]

it is enough to prove this result by assuming S(fy) = {a1}.
Suppose S(fo) = {a1}, we see that from Theorem that,

fola;) = oy for 2 < i < .

(2.5.17)

Note that the function fy is injective on [@’, @1] and fy maps [d/, a4] into [d/, aq].

ie., fo(ld',an]) C [a, au].

Also, fy is injective on [ay, b]. Now, for i € {1,2,...,n — 1}, let

¢i : fé([a’/>a1]) — fé“([a’,aﬂ)

and
Uit followm, U]) = f5 ([an, U)

be the homeomorphisms defined by

¢i(x) = fo(x) for all z € fi([a’, 1))
and

bil@) = fole) for all 2 € fifan, b))
Now, define the function f : I = [a,b] — I by

ptogyto...opt 0o F(x), if x€la,d)
f(x) = fo(x), if xeld,b]

pyltopy oot o F(x), if xe (VD).

By hypothesis (b),

F([a7 al]) C F([alwal]) = f(?([a/’alb
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and

F([V',8]) € F(lam, b)) = f'([om, b)),

the function f is well-defined and f"(x) = F(z) for all = € [d/,V'].

Also, for x € [a,d’),

fiz)=fitogtogsto...opt o F(x)
= fo! of(;l ofyto...ofyloF(x)

-~

(n-1) times

= F(x).
Similarly, for x € (¥, ],

fi(z) = fotog ogto. . .oyt o F(x)
= fo! ofo_l ofyto...ofyloF(x)

-~

(n-1) times
= F(x).
Now, to prove f is continuous on [a, b], it is enough to prove f is continuous at
a’ and b'. If a = d’ then the continuity follows immediately from the definition
of f. Suppose ¢’ € (a,b). Let (x,) € [a,a’) be a sequence such that x, — a’ as

n — 00. Since F' is continuous at a’ we have
F(x,) = F(d') = Fy(a') as n — oo.

By hypothesis (b), F(z,) € f2([a’,ai]) for all n and ¢, o ¢3 0 ...0 ¢ ", is

continuous at Fy(a') = f§(a’), we have

progyto. ot o F(m,) = ¢t oy o ogt (Fy(d)) = fola) as n — oo.

Thus f is continuous at a’. Similarly we can prove f is continuous at b and hence
f is continuous on [a,b]. As F, fy are PM functions, we have f € PM(I).

To prove N(f) = N(F) — (n — 1), it is enough if we prove S(f) = S(F)
\{ag,a3...a,}. Since S(f) = S(F) on I\Chp and a4 is a fort of fy, it is enough
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to prove a’,b" € S(f) whenever o',/ € S(F). Since d is a fort for F' we have for
every € > 0, there exist x; € (' —¢€,d’) and x5 € (d¢’,d’ + €) such that

= F(x)

= dr oy 000, 0 F(xs),

= 61 oy 0. 00, 0 Fy(x),

(1)
(1)
(1)
= ¢l ogy 0. og i oF(x1) = ¢rlogyl ooyl o fii(w),
(1)
(1)

= ¢l og,lo...0op o F(r

= ¢ logy,lo.. ot o F(r

= ¢ ogylo...op o F(x1) = folxa),

= [(x2).

i.e., for every € > 0, there exist x; € (a' —¢,d’) and zo € (d/,d’ + €) such that
f(z1) = f(x2). Hence d’ is a fort for f. Similarly we can show that b’ is a fort for

f.
u

Corollary 2.5.2. Let F' € PM(I) with H(F') > 2. Let Fy := F|cp, with S(Fy) =
{a1,a2} and H(Fy) > 2. Suppose F([a,d']) C F([a,a1]), F([V/,b]) C F([ag,b])

and F satisfies any one of the following condition:
(a) Fyliw.ay) @5 a reversing correspondence and

Fo([d', an]) € Fo([ew, a2]) € [d, au].

(b) Foliasp) 5 a reversing correspondence and

Fo([az, b]) € Fo([an, ag]) C [az, V.

Then F' has square iterative root f such that N(f) = N(F)—1 and has no iterative

roots of order n > 3.

Proof. Suppose that there exists f € PM([) such that f* = F. As H(F) > 2 we
have H(f) > 2 and therefore

N(f) < N(f?) < ... < N(f") = N(F),
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which is a contradiction to N(f) = N(F) — 1 when n > 3.

If F' satisfies either (a) or (b), by Theorem [2.1.2] there exists an type 7 iterative
root fo on Chg,. By Theorem 2.5.1] fy can be extended to a PM function f on I
such that f2= F and N(f) = N(F) — 1. O

2.6 Illustrative Examples

Example 2.6.1. Consider the function F :[0,1] — [0, 1] defined as follows

x, if xe[(),%)

2_a, if zels?)

c—2, if zel?d)

F(z) = %x — %, if x € [%, 1—8)
=g i velRm)

B3z, if zel3d)
\%x—2—74, if xe(2,1].

Here S(F) ={%,2,4,5} and H(F) = 2, Chy = [0, 1] (See graph of the function

6767676

F given in Figure. 2.4.1). Clearly Fy : Chp — Chp is a PM function such that
H(Fy) > 2, S(Fy) = 1 2} and fo : Chp — Chr is defined by

%—:c, if CCE[O,%)
folw)=q z—3%, if zelg.d)
%m—%, if xe[% %]

1s a square iterative root of Fy. Now, by Theorem|2.5.1), define the homeomorphism

3 = (3. 5] by o(x) = folx) and it is easy to calculate ™' o F = 55 — % on

and ¢~ o F =%+ & on [2,1] so that

flay=9 B-=% if z€(%,2)
1 5
6

is a square iterative root of F with S(f) ={§,5. 3}
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Example 2.6.2. Consider the function F :[0,1] — [0, 1] defined by

( 2z, if zel0,})
x, if xeli2)
Fla) = + % x, if xe[%,%)
20 -1, if wel} &)
4z — 2 if zell?)
| ¥ -2z, if z € (3,1]

Here H(F) = 0o, S(F) ={%.2,2,2} and Chp = [}, 3](See graph of the function
F given in Figure. 2.4.2). Therefore Fy = F|cn, : Chp — Chy is a self map such
that S(Fy) = {%, g}, H(Fy) > 2. It is clear that, Fy is reversing correspondence
on [1,2] and Fy([3,2]) = Fo([3,2]) = [£,2]. Therefore, by Comllary Fy
has square iterative root on [%, %] Indeed, it can be shown that the function fy :

[5:3] = [5. 3] defined by

S, if zeli?)

fole)=q z—1 if z€[2?2)

20— 3, if zeli 2]
is a square iterative root of Fy. Also, F([0, 5] C F([%, %]) and F([%, 1] C F([%, %]),
again by using Corollary define ¢ : [%,%] — [%, %] by ¢1(z) = = + % and

$2: 13,51 =[5 3 by

- T — %7 Zf VS [%7 %)
¢2(x) N 4 3 4
21‘—5, Zf T e [5,5]



Now it is easy to calculate ¢7' o F =z + 1 on [0,1] and ¢; o F = & —z on [2,1]

so that f :[0,1] — [0,1] defined by

fl@) =9 folx), if zels,

is a square iterative root of F with S(F) = {3, 2,2}

Example 2.6.3. Let F : [0,1] — [0, 1] be defined by

%—x, if xE[O,%)
T — %7 Zf S [%7 %)
Sz, if welfd
20 -1, if z€(} )
Fla) = dx — 1763, if ©e€ [1—72, %)
) jp B 15 4
v— %, if v€[35)
%—4@ if xe[%,l%)
%—23:, if xe[%,%)
2:1;—%, if xe[%,%)
| dr =%, if we (1)
Here S(F) = {12,345}, H(F) = oo and F(0,1]) = F((0,2]) = [0,2] (See

graph of the function F given in Figure. 2.4.5).
Now Fy := F|[07%] :[0,3] = [0, 3] such that S(Fy) = {3, 2,2} and fo: [0,5] —
0, %] defined by

% —z, if xe€l0, é)
folw) = z—§ o ze[g3)
2.%-%, Zf S [%a%]a



is a cubic iterative root of F with S(f) = {%, %, %}

Summary of the Chapter

In this chapter, we introduced the concept of characteristic interval of any PM

functions. Using the method of characteristic interval, we proved the following:

e The existence of iterative roots of PM functions of height greater than one

on its characteristic interval.

e Extension of iterative roots from the characteristic interval to the whole

interval.
We end this chapter with the following questions:

1. Does there exist 7, iterative roots of order n of PM functions F' with H(F') >
2 and n = N(F)?

2. Does there exist iterative roots f of order n of PM functions F' with H(F') >
2and N(f) < N(F)—(n—1)7
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Chapter 3

Iterative Roots of Non-PM Func-

tions

3.1 Introduction

Lin et al., (Lin, 2014 Lin et al., 2017)) discussed the iterative root problem for
a particular class of non-PM continuous functions which are constant on some
subinterval and piecewise monotone elsewhere.

Let o, 8 € (0,1) such that o < 5. We say a continuous function F : [0,1] —
[0,1] is in the class ©([o, 5]), if F satisfies the condition (C1). Similarly, we say
F' is in the class Qs ([a, 5]), if F satisfies the condition (C2), where,

(C1) F' is constant on [0,«], and F is strictly decreasing on [a, §] but strictly

increasing on [f3, 1].

(C2) F is constant on [0,a], and F' is strictly increasing on [«, 5] but strictly

decreasing on [, 1].

Theorem 3.1.1. (Lin, 2014) Suppose that F' € Q4 ([a, f]) with F(a) < a. Then

F' has infinitely many iterative roots of order n > 2.

Theorem 3.1.2. (Lin, 2014) Suppose that F € Qq([cv, B]) with F([0,1]) C [a, 5]
and either F(a) = a or F(1) > a. Then F' has infinitely many iterative roots of

order n > 2.

For a detailed study on further results on the existence and nonexistence of

iterative roots of the class of continuous functions Q4 ([a, 8]) and Qs ([ev, 8]), one can
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refer (Lin, [2014]). Similar results on the existence of iterative roots of continuous
functions F' : [0,1] — [0, 1] which is constant on the interval |o, ] and strictly

monotone on [0, 1]\[«, 5] can be found in (Lin et al., 2017).

3.2 Generalization of Forts and Characteristic

Interval

Let f : I — I be any continuous function, recall from Definition that,
a point a € int I is called a fort of f, if f is not strictly monotone in any
neighborhood of a.

For continuous functions, the end points of the interval I may exhibit the same
non-monotonic behavior like a fort which is an interior point of I. For example

consider the functions

ﬁ(m):{ zsinl if xe[-1,1\{0}

0 if z = 0.

and
, if v =0,
fz(ﬂﬁ):{ L o m :
5 +a?sin(T), if z € (0,1].

N[ —=

Note that, for each € > 0, both the functions f; and f5 are not strictly monotone
on the neighborhood N.(0) = {z € I | |z — 0] < €}. In other words, the point 0
exhibits the same non-monotonic behavior, for the functions f; and f,, regardless
of the interior point or end point of the interval.

By generalizing naturally, we define fort of a continuous functions as follows:

Definition 3.2.1. Let f : I — I be any continuous function. A point o € I is

called a fort of f, if f is not strictly monotone in any neighborhood of o in I.

This natural generalization of fort allows us to to define the characteristic

interval for any continuous functions as follows:
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Definition 3.2.2. Let f : I — I be any continuous function. Then the smallest
closed interval containing the range of f whose end points are either forts of f or

the end points of |a,b] is called the characteristic interval of f.

Note that the Deﬁnitionis a generalization of Definition (cf. (Zhang,
1997)) for the class of PM functions of height less than two and Definition [2.3.1f(cf.
Chapter 2) for the class of all PM functions. We denote the characteristic inter-
val of f by Chy. The existence and uniqueness of the characteristic interval of

continuous functions is similar to the discussion in Chapter 2.

Example 3.2.3. Let f : [a,b] — [a, b] be the constant function defined by f(x) = «
forallx € [a,b] and « € [a,b]. Then the characteristic interval of f is the singleton

set {a}.

Example 3.2.4. Consider the function f :[0,1] — [0, 1] defined as follows:

—

29 fo = 07
floy=¢2 |
5+ 2?sin(T), if v € (0,1].
Clearly, f is a continuous self-mapping on [0,1]. The graph of the function f is

given below.

0.8

kl &

)

0.6

+ 22 sin(

0.4 -

1
2

0.2

02 04 06 08 1
Figure. 3.2.1

Since the function f is not strictly monotone at 0, we see that 0 is a fort
of f. The other forts of f are given by {x € [0,1] | ¥ = Fcot(Z)}. Let m =
inf{f(x) | € [0,1]} and M = sup{f(z) | = € [0,1]}. Put a = sup{z €
[0,m] | © = Fcot(L)} and B = inf{z € [M,1] | » = Fcot(Z)}. Then, it is

easy to see that the characteristic interval of f is [, ().
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Proposition 3.2.5. Let F': I — I be a continuous function. Then
(i) Chp 2 Chp2 2 --- 2 Chpn 2 -+ -;
(i1) If F is constant on Chg, then F™ is constant for all n > 2;
(iii) Chr = I if and only if S(F) C R(F)°, where R(F) is the range of F';

Proof. (i) Let I,, = |an, b, be the characteristic interval of F. Then I, O R(F"),
the range of F™, and a,,b, € S(F") U {a,b}. Since R(F™) 2> R(F"™') and
S(F™1) D S(F™) we have I,, O R(F™*1) and a,,, b, € S(F"™)U{a, b}. Therefore
the interval I,, contains the range of F*! and the end points of I,, are either forts
of F™*! or the end points of I. But I,,;; is the smallest interval having the above
property, I, 2 I,11.

(ii) If F' is constant on Chp, then F' is constant on R(F'). Now it is immediate
that F" is constant for all n € N.

(iii) Let R(F) = [m,M]. If Chp = I, then F has no forts on (a,m] and
[M,b). Suppose there is a t € S(F) but t ¢ (m,M). If t € [a,m], then t = a
as Chyp = I. Since a is a fort of F', F'is not strictly monotone at a. Therefore
every neighborhood of a has a fort of F' other than a, which lead a contradiction
as Chrp = I. On the other hand if ¢ € [M,b], then t = b. Again, as b is a
fort of F', F' is not strictly monotone at b. Therefore every neighborhood of b
has a fort of F' other than b, which leads to a contradiction as Chr = I. Hence
S(F) C R(F)°U{a,b}.

Conversely, assume S(F') C R(F)°U{a,b}. Note that F has no forts on (a, m]
and [M,b). Therefore, by definition of characteristic interval, Chr = I. O

3.3 Non-isolated Forts

In order to study the iterative root problem for the class of continuous functions
having infinitely many forts (i.e., non-PM functions), we further classify the forts

of continuous functions into two category as follows:

40



Definition 3.3.1. Let f : I — I be a continuous function. We say a fort x*
of f is a non-isolated fort, if for each € > 0, the neighborhood N.(x*) = {x €
I | |x —x*| < €} contains a fort of f other than x*. Otherwise, x* is called an

1solated fort of f.

For any continuous function f : I — I, we denote the set of all forts of f by
S(f) and the set of all non-isolated forts of f by S*(f). Let N(F) and N*(f)

denotes the number of forts and the number of non-isolated forts of f respectively.

Example 3.3.2. Consider the function defined in Fxample 3.2.4), we see that,
S(f)={z€0,1] | z = Zcot(Z)} U{0} and S*(f) = {0}.

For any continuous function f : I — I, every non-isolated fort of f is a limit point
of forts of f, moreover, if f is a PM function then every fort of f is an isolated

fort.

Proposition 3.3.3. The fort x* is a non-isolated fort of f if and only if for each
e > 0, there are distinct points oy, as, a3 € Ne(z*) such that f(ay) = flag) =

flaz).

Proof. Suppose that z* is a non-isolated fort for f. If f is constant on a neigh-
borhood of z*, then the results is trivial. If not, then there is a sequence {x,,} of
distinct forts of f such that mh_rgo x, — x*. For sufficiently large m;, choose four
consecutive forts, say x,,,, so that either x,, € (z* —€,2*) or z,,, € (z*, 2" + €)
for 1 = 0,1,2,3 with x,,,, < @, < Tppy, < Timy. Since f is monotone on each
of the subintervals [p,,, ¥m,,,], either f is increasing on @y, Tm,| and [Tm,, Tm,]
and decreasing on [x,,,, Tm,] and [T, Tm,] or f is decreasing on [z, T,] and
[Ty, Tms] and increasing on [Ty, , Tm,| and [Ty, Tm,]. Thus in either case, there
exists
t € f([mo xmn]) OV F (s o)) O ([my Tns])

or

t € f[Tmy> Tma)) O F([Tmy Trmg]) O f([Tmgs Tiny))-
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Therefore, there are points ay, s, a3 € (T, %) or oy, a9, a3 € (%, 2,,,) such

that
flan) = flaz) = flaz) =t

depending on z,,, € (z* — €,2*) or x,, € (x*,2* +¢€) for i =0, 1,2, 3.

Conversely, suppose for each positive integer m > 1, there exist
Qg s Qg y Oy € N%(a:*)

such that f(am,) = f(m,) = f(am,). Note that at least two of the a,,, lies in

either (z* — L %) or (z*,2* +

m’

%) Without loss of generality, assume a;,,, Qup, €
(z*,2* + L) such that f(am,) = f(un,). Therefore, there exists 2, € (Qm,, Wn,)
such that f assumes either local maximum or local minimum at z,,. Hence z,, €
S(f) and |z, — x*| < = for all m, so that lim x, — z*. Therefore, z* is an
m—o0
non-isolated fort of f. O]
Remark 3.3.4. If x* is a non-isolated fort of f, then for each € > 0 there are
distinct points oy, as € N (x*) such that f(ay) = f(ag). But the converse is not

necessarily true. For example, consider the tent map T : [0,1] — [0, 1] defined by

21 if z€0,3],
21 —2) if ze(35,1].

T(x) =

N |—

Clearly % is a fort of T. In fact, for each € > 0 the points 5%, 1< € N.(3) such

that T(5¢) = T(1<). But 3 is not a non-isolated fort of T.

Remark 3.3.5. Suppose for each € > 0 there exist distinct oy, g, as, ay € N (x*)
such that f(ay) = flaw) = f(ag) = f(ayg). Then z* is a non-isolated fort of
f. But the converse is not necessarily true. For example, consider the function

f:[0,1] — [0,1] defined by
0 if x =0,

3 )
f(z) = 2x—2n+2 if € (3m 502,n=012.,

—z if ze(3=5,n=012....

2n+1
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Then S(f) = {smm. 322 | n = 0,1,2,...} U{0}. Since, for each ¢ > 0, the
neighborhood N.(0) contains all but finitely many 2%, the point 0 1s a non-isolated

fort of f. See the graph of the function f given in Figure 3.3.1.

1 T T T T T
| | | | |
| | | | |
| | | | |
| | | | |
I I N S o
4 Lo | |
| | | | |
| | | | |
| | | | |
Ly A N
2 | | | | |
N R s —
2 | | | |
8 o | I I
I I P SN A .
F 1 YA - A
16 Y | |
| | | | |
| | | | |
0 31 3 1 3 1
164 8 2 1
Figure. 3.3.1

Put[n:(%%,%n], Jn:(#,%%] and A, = 1, U J, for alln=20,1,2,....

Let m and n are any non-negative integers such that m —n > 2. Then

ninsins = 1((g 2] or(she k)

(13 13
- on+27 9n+2 N om+27 om—+2 |

Since m > n + 2, we have,

3 31 1 3
om+2 < om+2 4 om < on-+2 < on-+2
Therefore
fA) N f(AL) =0 form >n+2. (3.3.1)

Now, suppose for each € > 0 there exist distinct points oy, g, ag, g € N(0) such

that
flan) = flaz) = faz) = flaa). (3.3.2)

Since the collection of sets {A, | n=0,1,2,...} U{0} forms a partition of [0, 1],

the points ay, g, ag, ay € U (A, U{0}. Since the function f is strictly monotone
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on each I, and J,, the interval A, can contain at most two «;’s. Without loss of
generality, assume aq,an € A, and as,ay € A, for some n,m with m > n + 1.
If m > n+1, then equation leads a contradiction to (3.3.9). Therefore,

we must have m =n + 1. But, in this case,

f(An-H) N f(An)

= {f(Jn+1 Uf( L)} NS () U (1)}

1 3 1 3 1 3
2n+3’ 2n+3 2n+2’ on+3 A 2n+2’ on+2 U 2n+1’ on+2
- 13
- 2n+3’ 2n+3 2n+2’ on+2
0 fo

rn=0,1,2,.

This leads a contradiction to equation . Therefore, if x* 1s a non-isolated

fort of f, then for each e > 0, it is not necessary that there exist distinct oy, o, oz, g €

Ne(z*) such that f(a1) = f(az) = f(as) = f(aa).

For any continuous function f, we define

Si(f) ={a" € S*(f) : 2" = lim z,,,, where z,,, € S(f) N (a,z")} (3.3.3)

m—r0o0

and

Sp(f) ={z" € S*(f) 2" = wgr(l)oxm, where z,,, € S(f) N (z*,b)}. (3.3.4)
Proposition 3.3.6. If x* € S*(f), then the following statements are true:
(i) x* € S*(f") for alln € N;
(i) Ift € f~= V()N S(fHen IO thent € S*(f*) for alln € N;

(iii) If v* € Si(f) and t € f~=V(2*) such that f*~ attains local mazimum at
t, then t € S*(f™);

(i) If v* € S}(f) and t € f~"=V(2*) such that "' attains local minimum at
t, thent € S*(f™).
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Proof. (i) is straight forward from Proposition |3.3.3]
To prove (ii), let € > 0 be given. Consider the neighborhood Njs(f"~!(t)), by the
continuity of f"~! at ¢, we can find a neighborhood N (t) such that

frH N (t) € Ns(f7(1))

and hence
STHNL(E) € Ns(f*H (1),

where r = min{e, €¢'}. Since f""!(¢) is an non-isolated fort of f, by Proposition

3.3.3, there are distinct points y1, s, 93 € f*HN,.(t)) N Ns(f"~1(¢)) such that

f(?/l) = f(yz) = f(y3)-

Now, by the intermediate value theorem, choose three distinct points in N,.(¢) such
that f"~!(z;) = y; for i = 1,2, 3. Therefore, for any € > 0, there are three distinct

points x1, za, x5 € Nc(t) such that

(1) = f"(x2) = " (w3)

and hence t is an non-isolated fort of f".

For (iii), choose Ns(f™"1(¢)) = (f"~(t) — 6, f*~1(¢)) in the proof of (ii).
Similarly, for (iv), choose Ns(f"71(t)) = (f**(¢), f*~'(t) + §) in the proof of (ii).
This completes the proof. O

Lemma 3.3.7. If f : I — I is a continuous function, then S*(f™) C S*(f™+1)

for all m € N.

Proof. Let x* be a non-isolated fort of f™. Therefore there exist a sequence of
forts {x,} of f™ such that x,, — * as n — oo. It is clear from the definition that
S(f™) € S(fm™*1) for all m € N. Therefore {z,} is a sequence of forts of fm™+!

such that x, — 2* as n — oo. Hence z* is a non-isolated fort of ™+, O

Proposition 3.3.8. Let f: [ — I is a continuous function. Then
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(i) if N*(f) =0, then N*(f™) =0 for all m € N.
(ii) if N*(f™) = N*(f™*1), for some m € N then N*(f™) = N*(f™*%) for all
1€ N.
Proof. (i) We prove the result using induction on m. If N*(f) = 0 then S*(f) = ¢.
Since S*(f?) = S*(f) U {z € [a,b] | f(z) € S*(f)}, whence S*(f?) = ¢ and
N*(f?) = 0. Assume N*(f™ 1) =0, then S*(f™') = ¢. Since
S (M) =8 (fm Ul e la,b] | f(z) € S (")},
we have S*(f) = ¢ and N*(f™) = 0.
(ii) In view of Lemma [3.3.7 we have the following inequality.

N (f) SNY(f) SN'(fF) < S N7(f") <

If N*(f™) = oo, then the result is trivial. Assume N*(f™) < oo and N*(f™) =
N*(f™*1). Since

S*(fm) =8 (f" Uiz € [a,b] | fz) € S*(f™)},
we have {z € [a,0] | f(z) € S*(f™)} = 6. Now,
S*(fm) = S*(fmHu{z € a,b]| flz) € S*(fm)}
= S(fmHuizelab] | flz) € S (f™)}
= SU(f").

Proceed similarly to prove N*(f™) = N*(f™*) for all i € N. O

3.4 Extension of Iterative Roots from the Char-
acteristic Interval

Suppose that the given function behaves nicely in the sense that the function is
piecewise monotone in the characteristic interval, then a series of results are avail-
able on the existence of iterative roots in the characteristic interval (see (Zhang;

1997 |Liu et al.l 2012; |Li and Chenl 2014)).
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The following theorem gives an extension of iterative roots of any continuous

function F': I = [a,b] — I, provided F'|cp,. has iterative root on Chp.

Theorem 3.4.1. Let F' : I — I be a continuous function and let Fy = Flcp,.
Suppose there is a continuous function fo : Chp = [a/,b'] — Chyp such that f} = Fy

on Chp with the following properties:

(1) there exist o, B € S(fo) such that fo has no forts in the intervals (a’, ) and

(B,0) witha <d <a< <l <b,

(i) F(la,d]) € Fo(la', o) € fo(la', o) € [d';a] and F([V',b]) © Fo([8,V]) C
fo[B,0]) < [B,].

Then there ezists a continuous function f on I such that flcn, = fo and f" = F

on 1.

Proof. For i € {1,2,...,n — 1}, let ¢; : fi-'([d',a]) — fi([d',a]) and ; :
B, Y]) — fi(IB,V]) be the homeomorphisms defined respectively by

¢i(x) = fo(x) for all @ € fi~'([d, a])
and

vi(z) = fo(x) for all z € fo~"([B,]).
Now, define f : I — I as follows:

poF(x), if z€la,d),
f(z) = fo(z), if z€ld, V],
Yo F(x), if xe (V0]

where ¢ = ¢; og,to---0¢. 1 and ¥ = ¥ oyt o--- 09t By hypothesis
(ii), the above definition is well-defined. Also, it is clear that, if x € [/, V], then
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f"= fo" = F. For any x € [C% a’],

fi(x) = fitogoF(x)
= fologr ogyl o0l 0 Fx)
= filtofitofito-iofito F(x)

= F(x)

fMx) = f3 oo F(x)
= fitoygrtoy ooyt 0 Fla)
= Sb_lofo_lofo_lo---ofo_loF(x)

= F(x).

Therefore, f satisfies the functional equation f* = F on I. It remains to prove
that f is continuous on I. To prove f is continuous, it is enough to prove that f
is continuous at o’ and ¥'.

Let (z,) € [a,d’) be a sequence such that z, — & as n — oo. Since F is
continuous at ', it follows that F(z,) — F(a’) as n — oo. By hypothesis (ii)
F(z,) € Fy([d',a]) for all n. Since the function ¢ is continuous at F'(a) = Fy(d'),
we have

O(F (z,)) = ¢(Fo(a')) = fold') as n — oo.

ie., f(x,) — f(a) as n — 0.

Thus f is continuous at a’. Similarly, we can prove that f is continuous at b’ and

hence f is continuous on [a, b]. This completes the proof. O

In the view of Theorem in order to study the iterative roots of continuous
non-PM functions, it is sufficient to study the iterative roots on its characteristic
interval. The problem of finding iterative roots becomes difficult only when F is
not a PM function on its characteristic interval, i.e., if I’ has infinitely many forts

in its characteristic interval. We address this problem partially in the next section.
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Now, we present an example to illustrate Theorem [3.4.1]

Example 3.4.2. Consider the continuous function F :[0,1] — [0,1] defined by

i, if x =0,
S —nx, if € (g9 (R>2),
nr—1, if € (5,57 (n>3),
T, if S (i,%],
Flx)=q $-2z, if 7 € (3 16)
e — 32, if z € (&, 2],
By re(hdl
x, if x € (g,%],
| 5§35 i z e (3,1].

1 1

3 3

81 o IN/I T 8

8 - 8

AU Ry

3 I Y A L 3

§ ‘ L § l

4 R 4 l !

0 1 é — é 3 1 0 1 é é 3 1
4 8 8 4 4 8 8 4
Figure. 3.4.1 Figure. 3.4.2

Note that F is continuous on [0,1] and Chp = [3,3]. Clearly, the function fq :
(3,3 = 4, 3] defined by

g-l‘, Zf VS (%7%]7
h@)={ 2-1 if ved3,
%—l‘, Zf VIS (%7%]

is a iterative root of order 2 of F' on [i, %], i.e., f@=Fy. Here a = g, B = g and

foll3 3D = 3.8, K3 5D =132
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Further,

F([0,4]) € Fo(l3:8D) = [3. 8] and F([3.1]) € Fo([, ) = [§,

’ 4 49

= Qo

]
(see Figure. 3.4.1 and Figure. 3.4.2). Therefore, the function f : [0,1] — [0,1]
computed by using Theorem as

B r=0
nr =g, if € (505, (n>2)
f(z) = %—nx, if x¢€ (%,%1_1] (n>3)
folz), if z € (7,9]
| 1+5 x € (3,1,

is actually continuous and satisfies f?(x) = F(z) for all x € [0,1].

3.5 Nonexistence of Iterative Roots

The following theorem gives the nonexistence of iterative roots of continuous func-

tions having infinitely many forts:

Theorem 3.5.1. If ' € C(I) has only one non isolated fort, say x*, on its range
such that F(x*) # z* and o* € S} (F) N SK(F), then F has no iterative root of

any order n > 2.

Proof. Suppose that there exists f € C([) such that f* = F on I. If f has no
non-isolated forts in its range, then the function /' = f™ also have no non-isolated
forts in its range, which is not possible. Therefore, f must have at least one non-
isolated fort on its range. Further, this non-isolated fort cannot be a fixed point of
f as F has no non-isolated fort which is also a fixed point. Hence, by Proposition
3.3.6| (ii), f™ have at least two non-isolated forts, which is a contradiction to our

assumption. This completes the proof. O
Example 3.5.2. Let F': [—1,1] — [—1, 1] be the function defined by
) Zf x = 07

Fz) = | |
+2?sin(Z), if x e [-1,1]\{0}.

L
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Clearly 0 is the only non-isolated fort which is not a fized point of F'. Therefore
by Theorem F has no iterative roots of order n > 2. The graph the function

F is given below.

3

0.5

+ z2 sin(

L
1

—0.5

Figure. 3.5.1

Theorem 3.5.3. Let Q) be the set of all F' € C(I) which has only one non-isolated
fort, say x*, on its range such that F(x*) # x* and x* € S}(F)NSK(F). Then Q
is dense in C(I).

Proof. Let € > 0 be given. Since, any f € C(I) is uniformly continuous, we can

find § > 0 such that |f(z) — f(y)| < { whenever |z —y| < 0. Choose a positive
integer M such that ﬁ < 0. Let xy € R(f) be any arbitrary point. Define

k
T =To = 37 for 1 <k <my, (3.5.5)
where m; is the least positive integer satisfies the inequality (zo — 5F) —a < ﬁ
Define

k
Tp = To + i for 1 < k < mo, (3.5.6)
where m; is the least positive integer satisfies the inequality b — (v + §2) < %
Therefore, equations (3.5.5)) and (3.5.6)), we have

=T (1) < Ty < <21 <Tg <1 <+ < Ty < Tppyg1 = b.

Define the function g : I — I as follows:

f(l’k) + é, if k= 0,

g(zr) =
flzy), if k#0and —(mi+1) <k<ms+1,
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and ¢ is linear on each of the subintervals [x_(k+1), z_g] for 1 < k < my and linear

on each of the subintervals [xy, zj41] for 1 < k < ms.

Now, consider the interval [z_1,21]. Let m be the least positive integer such
that xo + 2%,1 <z and z_1 < xg — 2%” First, we define g on the points zy + 2,,1%

and xo — ﬁ for k =0,1,2,.... Then extend this ¢ linearly as before. Define

o gta) - (1= 21-£) (- (1= 20~ 2)) ()

when k € {0,2,4,...} and

g(l‘o ! ) = flz_q1) + (F(zo) + é) — flz-) ((xo — L) — x,l)

o 2m+k

when k € {0,2,4,---} and

1 flxg) +5)— flz 1

9<$0+W> :f(xl)—i—( (w0) +§) = flz) ((:c0+— —a:1>

when k € {1,3,5,---}. Now, define g is linear on each of the subintervals [z¢ +
Z,H—lkﬂ, 2o + 5| and [z — Qm%, 2o — zeerr) for all k = 0,1,2, .., also linear on

[2_1,20 — 55 and [zg + 55, 21].

Note that ¢ is continuous on I and having only one non-isolated fort on the
range of g, namely, x (see Figure. 3.4.2). By choice, zy € S} (g) N Sg(g) and, if
g(wo) = f(wo) + § = w0, then we replace g by ;5 in the definition of g(w) so that

we may assume ¢(xg) # xg. Therefore g € Q.
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Figure.3.4.2

Also, whenever x € [z, xg11] for some —(my + 1) < k < mg, then g(x) lies

between f(x;) £ { and f(zy41) £ 5. Moreover, as |z, — 2| < % < §, we have

€ 3¢

‘g(x) - f(xk)‘ < ‘f($k+1> — f(.fk)’ + =< —.

) = (@) < £ <2

Z?

Therefore |f(xz) — g(x)| < € and hence ||f — g||c = sup|f(z) — g(x)| < e. This
zel

completes the proof. O

We now prove an another theorem on nonexistence of iterative roots of contin-
uous functions having finitely many non-isolated forts by generalizing the concepts
of height given in (Zhang, [1997).

From Proposition , we see that {N*(f¥)}22, is a non-decreasing sequence
of non-negative integers. Let H*(f) denotes the least positive integer m such that
N*(f™) = N*(f™1), if it exists, otherwise H*(f) = oo.

Note that, H*(F') < 1 if and only if F' has no non-isolated forts in its charac-
teristic interval. Therefore, if H*(F) < 1, then the existence of iterative roots of
F' can be given based on the assumptions of Theorem On the other hand, if

H*(F) > 1 the following theorem establishes the nonexistence of iterative roots.
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Theorem 3.5.4. Let F': [ — I be a continuous function such that H*(F) > 1

then F' has no iterative roots of order n > N*(F').

Proof. Suppose f be an iterative root of order n > N*(F') of F'. Since H*(F) > 1,
we have
N*(f") = N*(F) < N*(F?) = N*(f*")
and hence H*(f) > n. Therefore
N*(f) < N*(f*) < N*(f) < - < N'(f").
This implies that N*(f") = N*(F') > n, a contradiction. O

Theorem 3.5.5. Let G : I — I be a continuous function. Then for any e > 0

and any n € N, there exists a continuous function F : I — I with N*(F) =n and

H*(F) > 1 such that ||F — G||s < €.

Proof. Let aq,as,...,a, be any points in [a, b] such that at least one of the «;
is a fixed point of G and oy < ay < ... < a,. For 1 < i < n, let [a;,b;] be a
closed neighborhood of «; such that [a;, b;] N [a;,b;] = ¢ for all i # j. Define the
functions G; : [a;, b;] — R by,

(x —ai)sinﬁ, if = #aq

0, if r=aq,
where 1 < i < n. Choose a positive real number (; such that

€ €

Let Ay = [a,a1] and A; = [bj,a;41] for 1 < i < n —1and A,, = [b,,b]. Choose

BiGi : |ai, bi] — [G(ay) —

continuous functions H; : A; — G(A;) such that

Hi(z) € (G(x) — g G(x) + §> for all = € A;,
in particular Hy(a) = G(a), and H;(ai+1) = Gi(aiv1), Hi(b;) = Gi(b;) for 1 < i <
n— 1 and H,(b,) = Gy(b,), H,(b) = G(b). Now, define G : I — I by

5ZGZ(I), if ze [CL“bI]

F(z) =
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By construction, F' is continuous on I, S*(F) = {a1,ag,...,an}, H*(F) > 1 and
|G — Fllo < €. O

From Theorem we can conclude that, for each positive integer n if C), =
{FeC(I)| H(F) > 1 and N*(F) = n} then C, is dense in C(I) where each

member in C,, does not possess iterative root of order k > n.

Summary of the Chapter

In this chapter we studied the iterative root problem for the class of non-PM

functions using characteristic interval. We proved the following:
e An extension theorem of iterative roots from characteristic interval.

e Asan application of nonexistence theorem we constructed a class of functions

which are dense in C'(I).
We also observe the following problems for future work.

1. Let I : I — I be any continuous function with finitely many non-isolated

forts and H*(F) > 1. Does there exist iterative roots of order n < N*(F')?
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Chapter 4

Series-Like Iterative Functional Equa-

tion for PM Functions

In this chapter, we study the existence of solutions of the series-like iterative

functional equation

> Af'(x) = F(z) for allz €1, (4.0.1)
n=1
where {\,} is a sequence of non-negative real numbers such that Z Ap, =1 and
n=1

F € C(I). The equation (4.0.1)) is obviously a generalization of the functional
equation

f"(x) = F(x) for all z €1, (4.0.2)

discussed in Chapter 2. It has been proved that the iterative functional equation
(4.0.1) has solution provided F' is strictly increasing. We extend this problem for

the class of piecewise monotone functions.

4.1 Preliminaries

The existence of continuous and differentiable solutions of the polynomial-like

iterative functional equation
> Xifi(x) = F(x) for allz eI (4.1.3)
i=1

has been studied by W. Zhang (Zhang, [1988|,1990)). For given real numbers M > 0

and m > 0, we define
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R(I)={feC 1) : f(a) =a, f(b) =0},

R(IM)={feRU) : 0 f(z)— fly) < M(z—y)Va,yelwithz>y}
and

R(I,m, M) ={f € R(I,M) : m(x—y) < f(x)— fly) V 2,y € [ with x > y}.

Theorem 4.1.1. (Zhang, |1988) Let m, M and )\ be positive real numbers and
Ai >0 for2 <4 < n with Z)\i = 1. Then for each F' € R(I,\{M) there

i=1
is a function f € R(I,m, M) such that f satisfies the polynomial-like iterative

functional equation (4.1.5). Moreover, if Ay > 1 — - then the solution is

m
S M

unique and stable.

Further, Zhang (Zhang, 1990) proved the existence of differentiable solutions of
the polynomial-like functional equation (4.1.3)).
For given constants M > 0, M* > 0, and m > 0, we define the families of
functions
RUI,M) = {f € CW(I,1) : f(a)=a, f(B) =b, 0< f'(a) < MV € I},
RYIL,M, M*) ={f € RUI,M) : |f'(z) = f(y)l < M|z —y|Vayel}
and

RYI,m,M,M*)={f e R'(I,M,M*) : m< f'(zx)Vzel}

Theorem 4.1.2. (Zhang, 1990) Let m, M and M* be positive real numbers. Sup-

n—1

pose that M > 1 and \; > KoM? where Ky = ﬁ Z)\i+1Mi_1(Mi—1) and \; >

i=1
n—1

0, \; >0, i=2,3,...,n with Z)‘izl' Then for each F € RY(I,m, \y M, M*)

i=1
there is a function f € RYI,M,M') such that f satisfies the polynomial-like

functional equation (4.1.5), where M’ = W

The existence of solutions of the equation (4.1.3|) with variable coefficients can
be found in (Zhang and Baker 2000; Li and Deng}, |2005). Moreover, the existence

of continuous and differentiable solutions and stability of the solution of a more
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general equation of the form has been studied in (Jarczyk, [1997; Murugan
and Subrahmanyam), 2005, 2009).

For any sequence of real numbers {a;}, define the support of the sequence {a;}
by Supp {a;} ={i € N : a; # 0}. Further, for any non-empty, non-zero subset of
integers I, the greatest common divisor of I is defined to be the maximal number

p € N such that I C pZ.

Theorem 4.1.3. (Jarczyk, |1997) Let {a;} be a non-zero sequence of non-negative
real numbers such that the greatest common divisor of Supp{a;} equals 1. If either
D C (—00,0) or D C (0,00) and f : D — D satisfies the equation

o0

> aifi(x) =z, (4.1.4)

i=1

e}
then there is exactly one positive real root of the equation Z a\' =1 and f(z) =

i=1

cx for all x € D.

Theorem 4.1.4. (Murugan and Subrahmanyam, 2005) Let {\,}, {a,} and {B,}

are sequence of non-negative numbers and o, < \, < B, such that Z)\n = 1.

n=1

Suppose 0 <m <1, M > 1 and
(1) > BuM" < o0 (i1) Ko =Y _apm"™' > 0.

n=1

n=1
Then for any F' € R(I, Kym, KoM) the series-like functional equation has
a solution f € R(I,m, M), where K| = ZﬁnM"_l.
n=1

We remark here that the solutions of all the above functional equations has
studied exclusively for the class of continuous strictly increasing functions. Re-
cently Liu et al., (Liu and Gong, 2017)), proved the existence of solutions of
polynomial-like functional equations for PM functions of height less than two.
In the rest of this chapter we study the continuous solutions of the series-like
functional equation for the class of PM functions of height less than or

equal to one using characteristic interval.
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4.2 A Topological Result

In order to study the existence of solutions of series-like iterative functional equa-
tion for the class of PM functions, at first we study the existence of solutions
in the characteristic interval and then we extend that iterative root to the whole
interval.

Let I = [a,b] be any closed and bounded interval in the real line and o', 0’ € T

such that @’ < b/ and m, M be positive real numbers. Define,
S([a, 0], m, M) ={f € PM(I) : Chy=[d",V], flon, € R([d,V],m, M)}

Since any f € S([d’, V'], m, M) is strictly increasing in Chy, the set S([a’, b'], m, M)
consists only a collection of PM functions of height less than or equal to one whose

characteristic interval is [a, V/].

Proposition 4.2.1. The set S([a’,V],m, M) is a compact, conver subset of

C(I,R).

Proof. First we prove S is a convex set. Let f,g € S. For each t € (0,1), put
he =tf+(1—t)g. Clearly hi(a') = o’ and hy(b') = b'. Now we prove Chy,, = [d,V'].
For any x € I, since f(z),g(x) € [d,b] and every interval is convex we have,
hi(z) € [@/,b]. Consequently the range of h; is contained in [a/,0]. As h; is a
order preserving homeomorphism on [a’,¥], to prove Chy, = [/, V], it is enough if

we prove a’ and b’ are forts of h;. For each ¢ > 0, if a € (' — ¢,a’) we have,

hi(a) = tf(a) + (1 —t)g(a) > tf(d) + (1 —t)g(a') = h(a')

as f(a) > f(d') and g(a) > g(a’). Therefore for every € > 0, h; is monotonically
decreasing on (a’ —€,a’). Since h; is monotonically increasing on [d, V'], it follows
that a’ is a fort of h;. Similarly we can prove ¥ is a fort of h;.

Also, for any x,y € [d/,0] with > y, an easy calculation shows that
m(x —y) < hu(z) = h(y) < M(z —y)
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as m(x —y) < f(x) = fly) < M(z —y) and m(z —y) < g(x) —g(y) < M(z —y).
This proves that S is convex.

To prove S is compact, first we prove S is closed. Let {f,} be a sequence
in S such that f,, converges to f uniformly. Then f(a’) = nh_}rgo fn(d) = d and

f(V') = lim f,(b') =¥". Also, it is easy to verify that
n—o0
m(x —y) < f(z) — fly) < M(x —y) V x,y € [d,V] with z > y.

Note that range of f is contained in [d¢/, '] and f is monotone on [d’, b']. Therefore
to prove Chy = [d/, V'], it is enough to prove for each € > 0, the function f is
monotonically decreasing on (@’ — €,ad’) and (0, +€). Let a € (¢’ — €,d’) and

pe (Vb +e). Since fp(a) > fu(a') and f, (V') < fu(5) we have,
f(@) = f(d') and f(V') < f(B).

This shows that f € S. i.e., Sis closed. Also, for any f € S, |f(z)| < max{|al, |b|}
and hence S is uniformly bounded. Now it follows from Arzela-Ascoli’s theorem

that S is compact. O

4.3 Existence of Solutions on the Characteristic

Interval

Let F € PM(I) with H(F) < 1 and Chy = [d@/,b]. Let Fy = F|@y). Then
Fy is strictly monotone on [a/,0']. Therefore, by applying Theorem the
functional equation has a solution for Fy on [d’,V]. The following Lemma
establishes a solution to the functional equation for the class of functions

in R([a',0'],m, M). The proof of the lemma given below follows from Theorem

414

Lemma 4.3.1. Let F' € PM(I) with H(F) < 1, Chp = [d',V] and Fy = F|jy .

Let {\.}, {an} and {B,} are sequence of non-negative numbers and o, < A, < 3,
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such that Z/\" = 1. Suppose 0 <m <1, M > 1 and

n=1

ZﬁnM"<oo (17) Ko = Zan
If Fo E R([a’, V'], Kym, KoM), then there exists a function fy € R([a', V], m, M)
such that

Z A fi(x) = Fo(z) for all x € [, V],
n=1
where K, = ZBTLM"_I.

For each F € S([a’,V'],m, M), Lemma [1.3.1] guarantees the solution of the
series-like iterative functional equation (4.0.1)) on the characteristic interval of F.
The following lemma will be useful in extending the above solution to the whole

interval I.

Lemma 4.3.2. Let {\,}, {a,} and {5,} are sequence of non-negative numbers

and o, < X\, < [, such that Z)\n = 1. Suppose 0 <m <1, M > 1 and

n=1

ZﬁnMn<OO (17) Ko = Zan

For each feR(d, V], Ko, Ky), let Lf a6 — [, V] be a function defined by

Z/\ " x) forall x€ld,b]. (4.3.5)

Then Ly € R([a',V], Ko, K1) and the function Ly is invertible, in particular L;l €
Rle' V], 750 77)-

Proof. The proof follows from Lemma 3.2 of (Murugan and Subrahmanyam) 2009).
O
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4.4 Extension of Solutions from the Character-

istic Interval

Suppose that F' € PM(I) with H(F) < 1. Then F|y ) is strictly monotone,
where Chp = [d/,V/]. Therefore, by using the hypothesis of Lemma any
Flen, € R(ld, V], Kym, KoM) the series-like functional equation has a so-
lution in R([a, V'], m, M). By extending this solution, we prove that, any function
F € S([d/,b'],m, M) and for any non-negative sequence {\, } such that i An =1,

n=1

the functional equation (4.0.1) has a solution.

Theorem 4.4.1. Let {\,}, {a,} and {B,} are sequence of non-negative numbers

and o, < X\, < B, such that Z)\n = 1. Suppose 0 <m <1, M > 1 and

n=1

iﬁnM" < 00, (i1) Ko = Zanm 1>, (i13) F(I) C F([d,b']).

Then for any F € S([d', V], Kym, KOM) the semes like functional equation
has a solution f € S([a’,b'],m, M), where K, = ZﬁnM" !

Proof. Put Fy = F|@y). Then Fly € R([a', V], Kym, KoM). Therefore, by
Lemma [4.3.1] there exists fo € R([d/, V'], m, M) such that

Z/\nfo Fo(z) for all = € [d, b).

We now extend this fp to the whole interval I. For this, we define the function

Ly, [, 0] = [a’, V] by
Ly, (z Z Ao f ) for all z € [, V].

Then, by Lemma [£.3.2] Ly, € R([d/,V], Ko, K1) and Ly, is invertible. Moreover
Lt e R([d V], %, #)-
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Now we define f : I — I as follows:
LiyloF(z) if a<z<d
flx) = folz) if o/ <z <V
L_loF(x) if ¥ <ax<b.
The funct1on fis well deﬁned by condition (iii). Consequently, for each = € [da’, V]
we have Z Anf™( Z A S0 (2 (z) = F(x).
On other hand ifrxel \[a b] then

Z Mf @) = Af(@) + Ao f? (@) + -+ M f"(2) +
= MLy (F(2)) + A fo(Ly (F(2)) + - + Xafg T (Ly, (F(@)) + -+

= ZAn 0 (Ly, (F(x)))
= LfO(LfO (F'(2)))
= F(z).

Hence f satisfies the functional equation (4.0.1)) for all x € I. To prove f is
continuous on [ it is enough if we prove f is continuous at o’ and ¥'. Let {z,} be

a sequence in [a,a’) such that x,, — a’ as n — co. Now,

lim f(x,) = lim L' (F(z,)) = L}, (F(a) = Ly, (d') = f(d).

n—oo n—oo
Therefore f is continuous at a’. Similarly, we can prove that f is continuous at b'.

Since Chy = [a’,V] and fy € R([d', V'], m, M), we have f € S([a’, '], m, M). O
Example 4.4.2. Let F : [0,1] — [0, 1] be a function defined by
T if zelo,i
o feey
l—z if ze(3,1]

Clearly F € PM([0,1]) with H(F) =1 and N(F) = 1. Now, consider the series-
like iterative functional equation with \y = % and X\, = 7= for alln > 2.

Choose o, = B, = A\, for alln € N and m = iv M = 2. Note that

- 4 =1
;gnM :§+2;2n_1<oo,
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and

it 2 &1 11
KO:;anmn1:§+Z42n2:ﬁ’

n=2

also
o0

o0 . 9 1 g
Klzz_;ﬁnM 1:§+Z;2n— :g

Clearly F € S([0, 3], 2,22). Therefore, by Theoremm the functional equation

» 2103715

has a solution f € S([0, 3], }1, 2).

[\

Summary of the Chapter

In this chapter, we discussed the solutions of series-like iterative functional equa-

tion for a class of PM functions. More specifically we proved the following.

e For every F' € S([d/, V'], Kym, KoM), the series-like iterative functional equa-

tion (4.0.1)) has a solution.

Observations and future work:

1. Under what condition the series-like iterative functional equation (4.0.1)) has

a solution for a PM function having height greater than one?

65



66



Chapter 5

Uniqueness of Iterative Roots

It is known that the iterative roots of continuous functions are not necessarily
unique, if exists. In this chapter, we discuss the uniqueness of iterative roots
of order preserving homeomorphisms. We prove an order preserving homeomor-
phism from an interval onto itself do not possess different iterative roots which

are subcommuting or comparable using the points of coincidence of functions.

5.1 Introduction

Let us recall Theorem for the case of an order preserving homeomorphism.

Theorem 5.1.1. (Kuczma et all, |1990) Let I C R be any interval. Then ev-
ery strictly increasing continuous function F from I into itself possesses strictly

increasing continuous iterative roots of order n € N.

Theorem guarantees the existence of strictly increasing continuous iter-
ative roots of a strictly increasing continuous functions. Moreover, this strictly
increasing continuous n'* order iterative root depends on arbitrary strictly increas-
ing homeomorphisms (see Theorem , and hence its iterative roots are not
unique. In fact, every strictly increasing continuous function, other than identity,
possesses infinitely many strictly increasing continuous n** order iterative roots.

The uniqueness of iterative roots of a special class of monotonic functions was
conjectured by Bodewadt (Bodewadt, [1944)) and answered in negative by Smajdor
(Smajdor, 1973)). Motivated by Bdodewadt, suppose f and g are two iterative
roots of order n of a strictly increasing homeomorphism F' (i.e. f* = g¢" = F), it

is reasonable to ask under what condition f and ¢ are identically equal?
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Zdun (Zdun, [1988) gave an affirmative answer to the above question.

Theorem 5.1.2. (Zdun|, |1988) If f and g are strictly order preserving homeo-
morphisms from I onto itself such that fog=go f and f™* = g" for somen € N,
then f =g.

In this chapter, our aim is to provide weaker condition than commutativity to
get the uniqueness of iterative roots of order preserving homeomorphisms. One of
the weaker condition of commutativity given by Sessa (Sessa, (1982)) is as follows:
The functions f,g : X — X are called weakly commuting, if d(fg(x),gf(x)) <
d(f(x),g(x)) for all z € X. It is clear from definition that every pair of commuting

functions are weakly commuting, but not conversely.

Remark 5.1.3. If f, g are order preserving homeomorphisms such that f,g are
weakly commuting but not commuting, then there is at least one x € I such that
A(fg(2), 9 (@) > 0. Therefore, d(f(x), g(x)) = d(fg(x),gf () > 0. This im-
mediately implies that f # g on I. Thus, the condition of weakly commuting is
helpless in the study of uniqueness of iterative roots of order preserving homeo-

morphisms.

We further investigate this uniqueness problem. Indeed, we prove Theorem
5.1.2| with a weaker condition. In due course, we also provide some sufficient
conditions on the uniqueness of iterative roots order preserving homeomorphisms,

using the points of coincidence of functions.

Throughout this chapter we fix I = (a,b), where —oo < a < b < oo, and
let S#(I) denote the set of all order preserving homeomorphisms from I onto
itself. Here after we always assume all the functions are in the class (1) unless

otherwise stated.
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5.2 Set of Points of Coincidence

Let f and g be two order preserving homeomorphisms from the interval I onto
J C 1. Wesay f and g are comparable, if either f(z) < g(z) or g(z) < f(z) for all

x € I, and if the inequalities are strict then we say f and g are strictly comparable.

Proposition 5.2.1. If f and g are two strictly comparable order preserving home-
omorphisms from I onto J C I then f™ and g™ are strictly comparable order pre-
serving homeomorphisms, for alln € N. In addition to that, if J = I then f~™ and

g~ " are also strictly comparable order preserving homeomorphisms, for all n € N.

Proof. First we prove the result for positive integers. Assume f(z) < g(x) for all
x € I. Since f is strictly increasing, by applying f on the above inequality, we
have

A(x) < f(g(z)) < g*(x) for all w € I. (5.2.1)
Now, by applying f on the inequality (5.2.1]) repeatedly we get,
fM(x) < ¢g"(x) for all z € I (n € N). (5.2.2)

Now, we prove the result for negative integers by assuming J = I. First we prove
if f(x) < g(z), then g~ *(z) < f~'(x) for all z € I. Suppose there is a t € I such
that g=*(t) > f~1(t). Then

t=g(g~' () 2 g(f7' () > f(f (1) =t.

This is a contradiction. Hence ¢7'(z) < f~'(x) for all x € I. Therefore, by

proceeding similar to (5.2.1) and (5.2.2)), we get
g "(z) < f7(z) for all x € I (n € N). (5.2.3)

This completes the proof.
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For any two functions f and g, we denote the set of points of coincidence of f

and g by Z(f,g) and is defined by Z(f,g9) ={x € I | f(x) = g(z)}.
Theorem 5.2.2. If Z(f,g) is a finite set, then ™ # g™ for all n € Z\{0}.

Proof. 1t Z(f,g) is empty, then either f(z) < g(x) or g(z) < f(x) for all z € I.
Therefore, by Proposition [5.2.1], ¢™(x) # f"(z) for all x € I and for all n € Z\{0}.
On the other hand, if Z(f, g) is non empty, we proceed as follows:

If f and g does not have a common fixed point, then the set {z € I | f(x) =
g(x) = x} must be empty. On the one hand, if at least one of them have a fixed
point say f(t) =t for some t € I, then g(t) # t. Without loss of generality, let
g(t) < t. Hence ¢"(t) < t but f™(t) = t, which in turn implies ™ # ¢" for all
n € Z.

On the other hand, if none of them have a fixed point, then either f(z) < z
and g(x) <z forallz € I or z < f(x) and = < g(x) for all x € I.

In the first case, choose a € Z(f,g) such that ¢t ¢ Z(f,g) for all t € (a, ).
Then the functions f and g are order preserving homeomorphisms from (a, o) onto
(f(a), f(a)) C (a,«), moreover, f and g are comparable on (a,«). Therefore, by
Proposition [5.2.1] f™ # ¢" for all n € Z.

In the later case, choose a € Z(f,g) such that t ¢ Z(f,g) for all t € (a,b).
Then the functions f and g are order preserving homeomorphisms from (o, b)
onto (f(«a), f(b)) C (a,b), moreover, f and g are comparable on («,b), again by
Proposition [5.2.1] f™ # ¢" for all n € Z.

If f and g have common fixed points, then choose o € {x € I | f(x) = g(x) =
x} such that t ¢ {z € I | f(x) = g(x) = x} for all t € (a,a). Hence f and g are
self maps on (a, @) and none of the function f and g have a common fixed point

on (a, ). Therefore, by above argument f™ # ¢" on (a,«) C [ foralln € Z. O
Lemma 5.2.3. If fg = gf, then g™ = g™ f" for alln,m € Z.

Proof. First we prove f"g = gf™ for all n € N using induction on n. Clearly
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9= f(fg9) = f(gf) = (9/)f = g/ Assume
frg=gffforalll1 <k <n-1. (5.2.4)
Hence, f"g = f(f""'g) = f(g/""") = gf". Therefore
frg=gf" forall n € N. (5.2.5)

Pre and post multiplying by f~! on fg = gf, we get f~'g = gf~'. Hence

by repeating process as in (5.2.4) and ((5.2.5)), we get f~"g = gf " for all n € N.

Therefore,

ffg=gf" for all n € Z. (5.2.6)

Since f"g = gf" for each n € Z, again by above argument, we have f"¢g™ =

g f" for all m € Z. O

Proposition 5.2.4. If x € Z(f,g) and fg = gf, then f"(x),q"(x) € Z(f,g) for

alln € 7.

Proof. For x € Z(f,9), [(f(x)) = fg(x)) = g(f(x)), therefore f(x) € Z(f,g).
Hence f"(z) € Z(f,g) for all n € N. Since

FUT @) = (f@) = fHg(x) = g(f ' (2), (5.2.7)

we must have, f~!(z) € Z(f, g), here the last equality in (5.2.7) holds by Lemma
5.2.3] Therefore, by above argument, f~"(z) € Z(f,g) for all n € N. Similarly
g"(x) € Z(f,qg) for all n € Z. O

Theorem 5.2.5. If fg = gf, then Z(f,g) = Z(f™, g") for all n € Z\{0}

Proof. Step: 1 We prove Z(f,qg) = Z(f™,¢") for all n € N using induction on n.

First we prove Z(f,g9) = Z(f% ¢?). By Proposition [5.2.4, we have Z(f,g) C
Z(f% g%). Let x € Z(f? ¢%). If f(x) # g(x), without loss of generality, say

f(z) < g(x) then
f2(x) < flg(x)) = 9(f(2)) < ¢*(2),
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which is not possible. Therefore Z(f, g) = Z(f2, ¢°).
Assume Z(f, g) = Z(f*, g*) for 2 <k <n — 1. For z € Z(f, g), we have
(@) = 7 (f(2)
= " Hg(x))
= fl¢g"M(x)) (since f*(zx) = f*"H(g(2)) = f(¢" ' (z)) = f(z))
(x))
)

= " (f(x (by Lemma
= " (9(@))
= g"(2).

Therefore Z(f,g) C Z(f™, g"). lf x € Z(f", ¢g") with f(z) < g(z), then

Fia) < flgl@) = g(f(2)) < g*(x)
= fi(2) < f9(2)) = g(f*(z)) <g’(x)

= ["(z) < [ Hg(x)) = g(f"(2) < g"(x)
which is not possible. Therefore, Z(f,g) = Z(f", g") for all n € N.
Step: 2 We prove Z(f,g) = Z(f™,g7") for all n € N.
It is clear from Step: 1 that, Z(f~t,¢7') = Z(f™™,¢g™") for all n € N. Therefore
to prove Step: 2, it is enough to prove Z(f,g) = Z(f~%,g7').
For x € Z(f,q), if f~'(z) < g7'(x) then = < f(g~'(x)). But,
flog @) = g7 (f(=)) (by Lemma[p.2.3)
= g7 (9(x)) (as f(x)=g(2))
= ,
which is a contradiction to the fact that x < f(g~'(z)). On the other hand, if
g ' (z) < f~1(x) then x < g(f~'(x)). But,
g(f (=) = f'(g(z)) (by Lemmal5.2.3)
= [H(f(@) (as f(z)=g(x))

= [L’7
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again a contradiction to x < g(f~'(z)). Therefore f~'(z) = g~'(x) whenever
f(x) = g(z), ie. Z(f,9) € Z(f7',¢g7"). Now by replacing f and g by f~! and
g1 respectively, we get Z(f,9) = Z(f~%,g7"). O

Now, it is easy to observe that the Theorem is a straight forward appli-

cation of the above theorem.

Theorem 5.2.6. Let f,g € F(I) with out fized points such that fg = gf. Sup-

pose Z(f", g") is an interval for somen € Z. Then f =g on I.

Proof. Since fg = gf, by Theorem [5.2.5, Z(f,g) = Z(f™,¢"). Without loss
of generality, let o € Z(f,g) such that a < f(«). Also by Proposition [5.2.4]
fla) € Z(f,g). Since f"(a) = b and f~"(a) = a as m — oo. Therefore,

I'=(a,b) = Upnez[f"(a), " (@)].

Let y € [f™(a), f™"(a)] be arbitrary. Then there is an element = € [«, f(a)] such
that y = f™(z). Since f = g on [«, f(«)], we have y = f™(x) = ¢"(x). Therefore,
by Lemma [5.2.3

This completes the proof. O

5.3 Subcommuting and Comparable Iterative Roots

Definition 5.3.1. (Glazowska and Matkowski, |2016) Let f and g be order pre-
serving homeomorphisms on I. We say f subcommutes with g, if fg(z) < gf(x)
for all x € I and g subcommutes with f, if gf(xz) < fg(x) for all x € I.

Note that every commuting functions are subcommuting, but the converse is

not necessarily true.
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Example 5.3.2. Let f,g: (0,00) — (0,00) be two functions defined by f(zx) = 2x
and g(x) = x* for all x € (0,00). Clearly, f subcommutes with g as f(g(z)) =
222 < g(f(x)) = 422 for all x € (0,00). But f and g do not commute with each
other, as f(g(z)) = 222 # g(f(z)) = 422 for all x € (0, 00).

Let F': I — I be an order preserving homeomorphism. We prove that it is
not possible to have different iterative roots of F' which are either comparable or

subcommuting.

Theorem 5.3.3. Let F € (). Suppose f,g € H (1) satisfies f* = g" = F for

some n € 7, then the following are equivalent.
(i) f subcommutes with g.
(ii) f and g are comparable.

(iii) f=g.

Proof. (iii) implies (i) and (ii) are trivial.

(() = (iii)) In view of Theorem [5.2.5] it is enough if we prove fg = gf on I.

Suppose fg(z) < gf(z) for some z. Then

g (z) = g"(g(x))

i.e, g"t(x) < ¢g""'(x), a contradiction. Hence fg = gf. Therefore, by Theorem
0.2.5, f=gonl.
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((i7) = (i7i)) Assume
f<g. (5.3.8)
If possible, let f(t) # g(t) for some t € I. Therefore f(t) < g(t). Since f* = g",

we have
g"(t) = () < 7 He() < (" (e(1)), (5.3.9)
where the last inequality in holds by (5.3.8). But then ¢"~1(t) < f"2(g(t))

as g~ ! is an order-preserving homeomorphisms. Therefore,
g ) < 2 e(t) < g(f(g(1)), (5.3.10)

here the last inequality in (5.3.10)) holds by (5.3.8)). Since g~! is an order-preserving
homeomorphisms, the inequality ((5.3.10) becomes, g"2(t) < f"3(g(t)). Contin-

uing this process up to (n — 2) times we get

9(g(t)) < f(g(t)),

a contradiction to our assumption. Therefore f = g on I. O]
Part of a theorem due to McShane (McShane, 1961) is observed below.

Corollary 5.3.4. (McShane, |1961) The only order preserving iterative root of

any order of the identity function on R s the identity function.

Proof. Clearly, identity function is an iterative root of any order of the identity
function, it follows from Theorem [5.3.3 that any order preserving homeomorphism
whose iteration is identity becomes identity, as the identity function subcommutes

(also commutes, so Theorem also applicable) with any function. O

Further, if f € (1) such that f*(x) = x for all € I but f not identity,
then there exists an interval (o, 8) such that either f(z) < x or f(z) > « for all
z € (a,p) and f((o,5)) = («, ). Since f*(z) = x for all z € (o, ) and f is
comparable with identity, by Theorem [5.3.3, f(z) = = on («, ), which is a con-
tradiction. This forces that identity is the only order preserving homeomorphism

of the identity function.
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From Theorem 5.3.3] we can conclude that the non-commuting, non-comparable
iterative roots of an order preserving homeomorphism are all different. We pro-

vide an illustrative example. The construction given in this example is based on

Theorem [L.3.6

Example 5.3.5. Consider the order preserving homeomorphism F : [0,1] — [0, 1]
defined by

4z, if 1:6[0,%)
Fle)=q 3z+3, if z€lg})
se+35, if veli 1]

In order to construct iterative roots of this function, first we define a sequence of
disjoint intervals whose union is [0, 1] and on each interval we define homeomor-

phism which serves as a iterative root of order 2 of F.

To start with, let xq = % and T = %. Define

Lok = F(.Q?Qk,Q), Toky1 = F(.’IZ’Qk,l) fO?“ all k e N
and
T_(2ht1) = F_l(x_(%_l)), T_op = F_l(x_(gk_g)) for all k € NU{0}.

Note that xy = F(xg) = 3; 3 = F(1) = 3; 24 = F(x2) = 3(5) + 2; a5 =

F(xs) = 2(3) + 2. In general,

Also, oy = FY@1) = 1(1); 25 = F(mo) = 1(1): 25 = FL(z_y) = H(1)%

z_g = F 1z ) = §(3)% In general,

1 1 k+1 1/1 k
x_(2k+1) = Z (Z_l) , T_9k = g (Z_l) VkeNU {O}

Define I}, = [xy, Tpy1] for k € Z. Since xop — 1, Topn — 1, 2_gp — 0, T_(2641) —

0 as k — oo we have Ugez Iy = [0,1]. Let ¢o : Iy — I be the homeomorphism
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defined by ¢o(x) = 2x for all x € Iy. Now, define ¢y, : Iy — Iriq by
or(r) = Fo¢, ' (z) for all x € Iy and k € N.
Also define ¢_y, : Iy, — I_—1) by
O_i(x) = gb:%k_l) o F(z) for all x € I} and k € N.

Consider the homeomorphism f : [0,1] — [0, 1] defined by f(z) = ¢x(z) if x € I}

for all k € Z. By calculation we can show that

2, if x€l0,

)

%x—i—%, if xe[i,l]

=

fx) =

and f?(x) = F(x) for all x € [0, 1].
Now we construct another order preserving homeomorphism g which does not sub-
commute and not comparable with f but g*> = F.

For this, let 1y : Iy — I, be the homeomorphism defined by

6)
J

t+5, if wels,

1
8
3v—1, if veld,

Yo(z) =

»MH cr:|°*J

Now, define . : Iy — Ip11 by
Ur(r) = Fo, ! (x) for all x € I}, and k € N.
Also, define ¥_y, : I_y — I_—1) by
Yop(z) = ¢:(1k71) o F(x) for all z € I}, and k € N.
Then the homeomorphism g : [0,1] — [0, 1] defined by
g(x) = Yp(x) if v € Iy, forallk € Z
satisfies g*(x) = F(x) for all x € [0,1]. Since,

e+ i, if zelq,

Yi(z) = Foyy'(z) =

o= @lCﬂ
~—

Ol
c:lc” ol

r+3, if zeld,
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and

we observe that

(o)) =0 (o () =7 () =2 <o 0 () - () - &

and

(1)) - (8) 1= (o)~ (2 ()~ (%) -5

Moreover, g(&) = & < f(3) = 2 and f(3) = 3 < g(55) = 13- Thus we
have two order preserving homeomorphisms f and g such that they are neither

comparable nor subcommuting but f> = ¢> = F and f # g.

Summary of the chapter

In this chapter we discussed the conditions for which the iterative roots of an order
preserving roots are equal using the set of points of coincidence. We proved the

following results:

e Suppose that the n" iterate of two commuting order preserving homeomor-
phisms are equal in a subinterval. Then the functions are equal on the whole

interval.

e The set of points of coincidence of two commuting order preserving homeo-

morphisms are preserved under iteration.
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