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ABSTRACT

The viscous Burgers equation u; + uu, = vug,, is a nonlinear partial dif-
ferential equation, named after the great physicist Johannes Martinus Burgers
(1895-1981). This equation can be linearized to the heat equation through Cole-
Hopf transformation. First, we study asymptotic behavior of solutions to an initial
value problem posed for heat equation. For which, we construct an approximate
solution to the initial value problem in terms of derivatives of Gaussian by incor-
porating the moments of initial function. Spatial shifts are introduced into the
leading order term as well as penultimate term of the approximation. We extend
these results to observe asymptotic behavior of solutions to the viscous Burgers
equation.

Secondly, we deal with a forced Burgers equation (FBE) subject to the initial
function, which is continuous and summable on R. Large time asymptotic behav-
ior of solutions to the FBE is determined with precise error estimates. To achieve
this, we construct solutions for the FBE with a different initial class of functions
using the method of separation of variables and Cole-Hopf like transformation.
These solutions are constructed in terms of Hermite polynomials with the help of
similarity variables. The constructed solutions would help us to pick up an asymp-
totic approximation and to show that the magnitude of the difference function of

the true and approximate solutions decays algebraically to zero for large time.

Keywords : Diffusion equation; Burgers equation ; Forced Burgers equation ;

Cole-Hopf transformation ; Large time asymptotics.
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Chapter 1

General Introduction

The viscous Burgers equation is a second order, non-linear and parabolic partial

differential equation of the form
Uy + Uy = VUgy, x E€R, >0, (1.0.1)

where v > 0 is the coefficient of viscosity and u := u(x,t) is the velocity of fluid.
This equation was named after the great physicist Johannes Martinus Burgers
(1895-1981). Bateman (1915) first introduced the equation (1.0.1) in a physical
context. Subsequently, Burgers (1948) studied this equation primarily to shed light
on the study of turbulence described by the interaction of two opposite effects of
nonlinear convection and linear diffusion. Equation (1.0.1) received considerable
study because it is one of the simplest examples of nonlinear partial differential
equations having diffusion and nonlinear convection terms. If the coefficient of

viscosity v = 0, then (1.0.1) becomes
u +uu, =0, xR, t>0, (1.0.2)

which is a first order hyperbolic partial differential equation and is known as the
inviscid Burgers equation.

Burgers equation arises in many physical applications such as modeling traffic
flow, fluid flow in certain conditions, magneto-hydrodynamics, sound waves in a
viscous medium, shock waves in a viscous medium and waves in fluid-filled viscous

elastic tubes (cf.(Whitham, 1974)). Due to huge applications in various fields, this

1



equation has attracted several researchers, both mathematicians and engineers to
study its properties by using various analytical as well as numerical techniques.
This equation is also used for testing and comparing the accuracy of numerical
techniques as it has solutions for a huge class of initial data (see (Fletcher, 1982)).
Benton and Platzman (1972) listed out 35 distinct solutions to the initial value
problem for Burgers equation in the infinite domain as well as two other solutions

for the initial and boundary value problem in the finite domain.

1.1 Two simple applications of Burgers equation

Burgers equation often appears as a simplification of more complex and sophis-
ticated model. Hence it is thought as a tool to understand some of the inside
behavior of the general problem. Here we will present two cases, where Burgers

equation appears as a model equation.

1.1.1 Simplification of Navier-Stokes equations

Consider the Navier-Stokes equations

'{V.v =0,

{ (1.1.3)
PV + pv - (Vo) + Vp — vV20 = 0.
It is well known that, if p is considered to be the density, p the pressure, v the
velocity and v the viscosity of a fluid, then (1.1.3) describe the dynamics of a
divergence free, incompressible (p, = 0) flow where gravitational effects are negli-
gible.

Rewriting the second equation in (1.1.3) for the x-component of velocity vector,

which we call v*, we get

o L Ov” o® ov”  Op vt Ot P
_y<ax2 + Oy + 5.2 > =0. (1.1.4)

Yy z =
Pot TPV o TP TP L Tar
If we consider a one-dimensional problem with no pressure gradient, then the

above equation reduces to

%jL x@v”‘_y(@%”‘*’)_o
P o TP o o2 )
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v
If we use u in place of v* and take € to be kinematic viscosity, i.e € = —, then the
P
last equation becomes the viscous Burgers equation as it has been presented in

(1.0.1), ie.,

Up + Uy = €Uy, x €R, > 0.

For further details one can see (Ames, 1965).

1.1.2 Traffic flow problem

Consider a street starting at a point z; and ending at a point xo . Let u(z,t) be
the density of cars at a point « € [z1,x3] and at time ¢ > 0. Therefore, the total
number of cars between points xy and x5 at time ¢ can be represented by

/gc2 u(z, t)d. (1.1.5)

1

Now the rate of change in the number of cars between points z; and x5 at time ¢

is given by

T2

dt Ju u(z,t)dr = f(u(z1,1)) — fu(xs,t)), (1.1.6)

where f represents the flow rate onto and off the street. Assuming u and f to be

continuously differentiable functions, we see that

[ e de == [ (fw).dr. (1.1.7)

1 1

Therefore, we can say that the density of cars at point x and at time ¢ satisfies

the partial differential equation

u + (f(w))e =0. (1.1.8)

2
If the flow rate is defined by the function f(u) = %, then we get

w, + uuy =0, (1.1.9)

which is the inviscid Burgers equation. For further details one can see (Knobel,

2000).



1.2 Cauchy problem for the viscous Burgers equa-
tion
The Cauchy problem or the initial value problem for the viscous Burgers equation
is given by
Up + Uy, = Vg, T E€R, t>0, (1.2.10)
u(z,0) = wy(z), zeR, (1.2.11)

where ug is a given function. It is known that the Cauchy problem (1.2.10)-(1.2.11)

is reduced to the Cauchy problem for the heat equation

¢r = Vop, TER, >0, (1.2.12)
o(x,0) = ex {—1/wu()d}—'¢() eR (1.2.13)
) - p 2 Jo ol\y)ay o =: @o(x), X ) oL

by using Cole-Hopf transformation discovered independently by Hopf (1950) and
Cole (1951), which is

o(x,t) = exp {—;V [)xu(y,t)dy} . (1.2.14)

It is to be noted that one may even take the lower limit of the integral in right
hand side of (1.2.14) to be any real number or —oco. It is well known that the
solution for the Cauchy problem (1.2.12)-(1.2.13) is given by (see Theorem 1.3.1)

I

Wi o) dy, (1.2.15)

x,t) /
g \/ Ayt J—oo
for the initial data satisfying either ¢g € C(R) N L>®(R) or ¢y € L' (R). Assuming

that the initial data wuo(x) is integrable in every finite a-interval and

[) “uo(y)dy = o(z?), for large |z,

Hopf (1950) derived explicit solution u(z,t) as follows:

(2, 1)
¢(,1)

> r — _ (z—y)* )2
y - go(y)dy
_ . (1.2.16)

/ (Z4Vyt) )dy

4

u(z,t) = —2w




Further, Hopf studied the behavior of the solution wu(z,t) of (1.2.10)-(1.2.11) in

two ways:
1. The behavior of the solution as ¢ — oo while the viscosity v stays constant.
2. The behavior of the solution as ¥ — 0 while keeping = and t are fixed.

After the discovery of Cole-Hopf transformation and this remarkable work by
Hopf, many researchers started studying the higher order asymptotics for solutions
of Burgers equation and its generalization. The motivation to study the large time
asymptotic behavior of solutions to Burgers equation (1.2.10) is as follows:
Though the exact solution (1.2.15) of (1.2.12)-(1.2.13) is explicitly available, but
for most of the initial data (1.2.13), the evaluation of the integral involved in
(1.2.15) is tedious. Hence one has to look for either numerics or asymptotic anal-
ysis. Further, to obtain the solution of the Cauchy problem for Burgers equation
(1.2.10)-(1.2.11), one can imagine the difficulty in evaluating the integrals involved
in numerator and denominator of (1.2.16).

Zingano (2005) computed the limit

lim 12075 (-, 0)]],, 1< p

t—00 p’

N\

m’
for solution wu(-,t) of the generalized Burgers equation
U + Aty + butl, = Cly,

where a, b, ¢ > 0 are real constants, subject to the initial data uy € L'(R).
Kloosterziel (1990) studied the large time asymptotic behavior of a Cauchy prob-
lem for the heat equation (1.2.12) by expanding its solution in terms of self-similar
solutions for heat equation that form a basis for L2(R,e2*"). He assumed the ini-
tial data to be a square integrable function with respect to the exponentially
growing weight functions e%“’2, which allowed to represent the initial data as the
linear combination of these similarity solutions. This approach revealed the large
time behavior very quickly. In the large time asymptotic study for heat equation
(1.2.12) done by Duoandikoetxea and Zuazua (1992), they considered an approx-
imation to the solution ¢ of the Cauchy problem (1.2.12)-(1.2.13) which is of the

>



form (the original multi-dimensional form is written in one-dimensional form)

2k—1 (_1)j ‘
¢2k($,t> = Z ,]' MJaiGt(x%

=0

where Gy(z) =

te_gfj is the heat kernel, M, is the j-th moment of initial data
¢ and &7 is the j-th partial derivative with respect to . They showed that gy
converges to the solution ¢ with a convergence order O(tflp_%%) as t — oo with
respect to LP-norm for 1 < p < oo. Witelski and Bernoff (1998) investigated the
self-similar asymptotics for linear heat equation and its nonlinear generalization,
the porous medium equation. By assuming the initial data to be non-negative,
integrable, compactly supported, they introduced total mass, center of mass (space
shift) and variance (time shift) in the self similar solutions to obtain large time
asymptotics. Kim and Ni (2009) used the theory of truncated moment problem

to prove the existence and the uniqueness of p;’s and ¢;’s that solve

lim | 2/¢,(x,t)de =~;, j=0,1,---,2n—1,
R

t—0
where v; = [R 2/ ¢o(z)dx and

n _(x—ci)2

Pi (@=cy)”
n(2, 1) = e 4
$n(,1) ; o

is the approximation for the solution ¢(x,t) of (1.2.12)-(1.2.13) with ¢q satisfying
2?¢o(x) € L'(R) and ¢y > 0. In this way, they made the first 2n initial moments
of ¢, to agree with those of ¢. This agreement of the moments led them to obtain
the same convergence order as obtained by Duoandikoetxea and Zuazua (1992).
Kim (2011) developed a theory to generalize the truncated moment problem dis-
cussed in (Kim and Ni, 2009) to a complex measure space, which allowed to drop

the positivity restriction of the initial data that was assumed in (Kim and Ni,

2009). He took

_(m—cy)?
e 4<f+t0>> , t>0, x eR,

Pl ) = Re <§ VAT (t + to)

to approximate the solution ¢(z,t) of (1.2.12)-(1.2.13). As an application of gen-
eralized truncated moment problem he showed that ¢(z,t) and ¢™(z,t) share the
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same moments upto order 2n — 1 all the time by assuming z?"¢q(x) € L'(R) and
¢o is bounded on R.
Grundy (1983) studied the large time asymptotic behavior of solutions to a

non-linear convective diffusion equation
up— (") = (U™)ze, T E€R, >0, (1.2.17)

subject to the initial data with compact support. It is to be noted that equation
(1.2.17) is a generalization of the Burgers equation to non-linear diffusion. Kim
and Tzavaras (2001) studied the effect of viscosity on the large time behavior of
viscous Burgers equation. They derived the solution explicitly in terms of Hermite
polynomials by using Cole-Hopf like transformation, which works for both zero
mass as well as non zero mass initial profiles. Kim and Ni (2002) studied the
large time asymptotic behavior of solution to (1.2.10)-(1.2.11) by assuming the
initial data uy to be continuous with a compact support and sign changing. They
used the Cole-Hopf transformation to reduce the viscous Burgers equation (1.2.10)
to linear heat equation (1.2.12) and first they studied the asymptotics for heat
equation by taking an approximation which is a heat kernel having a space shift
and the strength given by total mass of the initial data. They proved that this
approximation converges to the true solution with an order O(tﬁ_%) as t — 0o
in IP-norm, for 1 < p < oco. These results obtained for heat equation are then
converted to observe the asymptotics for Burgers equation. Miller and Bernoff
(2003) constructed asymptotic approximate solution for the Cauchy problem for

Burgers equation (1.2.10)-(1.2.11), with non-negative initial data u, which satisfies
A[mSUO(x)\dx < oo, and 0< Auo(x)dx < 00.

The construction mainly depended on the agreement of first three initial mo-
ments of approximate solution to those of true solution of relevant heat equation
(1.2.12). Further, they estimated that their approximate solution differs from the
true solution by an error whose LP-norm is of order O(t%_2) as t — 0o, where
1 < p < oo. This work was an improvement over the work of Chern and Liu

(1987) by a factor of 1. Rao and Satyanarayana (2010) considered the viscous
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Burgers equation (1.2.10) subject to the initial data, which is continuous, non-
negative and square integrable function with respect to the exponentially growing
weight functions ez’ on R. By following the approach of Kloosterziel (1990) they
constructed single hump solutions in terms of the self similar solutions of heat
equation. Later they compared their constructed solutions with the asymptotic
solution of Miller and Bernoff (2003). Chung et al. (2010) introduced an asymp-
totic approximate solution for Burgers equation with a bounded initial value wuyg
such that z?"uy(z) € L'(R), by taking the inverse of Cole-Hopf transformation of
a summation of n heat kernels. And they showed that k-th order moments of the
exact and the approximate solution are contracting with an order O((\/Z)k_Q"_H%)
as t — oo in LP-norm, for 1 < p < oco. To obtain higher order asymptotic behav-
ior for Burgers equation, Yanagisawa (2007) proposed an asymptotic approximate
solution to the relevant heat equation which is a combination of k + 1 terms, each
having derivative of heat kernel multiplied by the moment of the initial data. They
introduced space shift and time shift in the leading order term of the approximate
solution to precisely capture the effect of initial data on the long time behavior of
the true solution. They proved that, as ¢ — oo, the proposed asymptotic approxi-
mate solution converges to the true solution with an order O(t%_%%) when time
shift is positive and with order O(tﬁfgfg) when time shift is zero in LP-norm,
1 <p<oo.

The general forced Burgers equation is given by
Up + Uy = Vg, + f(x,t), z€R, t>0, (1.2.18)

where the function f(z,t) is known as the forcing term. In recent decades, equation
(1.2.18) has attracted much interest due to the work of Polyakov (1995). We refer
to ((Xu et al., 2007) and the references there in) for various applications of (1.2.18).
Ding et al. (2001) considered a forced Burgers equation, where the forcing term is

only a function of z, given by
Up + Uy = VUgy + ko, T €R,t>0, (1.2.19)
with the initial data

u(z,0) = up(x), z € R, (1.2.20)

8



where v and k are positive constants. When k = 0, (1.2.19) is the well known
Burgers equation (1.2.10). By assuming that ug € L},.(R) and [* ug(r)dr = o(x?)

as |z| — oo, they used Cole-Hopf transformation to reduce (1.2.19) to a linear

partial differential equation

2

b = Vb— —0, TER, t>0. (1.2.21)
1%

By obtaining the solution of (1.2.21) in terms of Hermite polynomials, they studied
the large time asymptotic behavior for (1.2.19) under the Cole-Hopf transforma-
tion. Bec and Khanin (2003) studied a forced Burgers equation in an unbounded

domain. Eule and Friedrich (2006) solved a Cauchy problem for
U + Uty = vug, + G(t)r, reR, t>0, (1.2.22)

by assuming G(t) to be a white noise force. Here, it is to be observed that
the forcing term is linear in spatial coordinates. Xu et al. (2007) considered a

generalization of (1.2.18), namely,
w4 a(x, t)yuu, + b(x, t)ug, = f(x,t), (1.2.23)

where a(z,t),b(z,t) and f(x,t) are all real functions of x and t. To linearize
(1.2.23) to the heat equation, they proposed a generalized Cole-Hopf transforma-

tion of the form

de(€,7)
o€, 7)

where a(x,t) # 0,& # 0, and the determination of a(x, t), B(x,t),&(z, t) and 7(t) is

u(z,t) = alz,t)

+ Bz, t), &=<E&(x,t), T=r1(1), (1.2.24)

based on certain constraints on a(z,t), b(x,t) and f(x,t). Salas (2010) transformed

a generalized Burgers equation of the form
up + quuy + Pug, = G(t)x, (1.2.25)

to the standard heat equation by constructing a generalized Cole-Hopf transfor-
mation. They gave the exact solutions for (1.2.25) by travelling wave method.
Rao and Yadav (2010a) studied the large time behavior for the forced Burgers

equation (1.2.19) subject to the initial data uy that is bounded and compactly

9



supported. For which, they used Cole-Hopf transformation to linearize (1.2.19),
and then a transformation to reduce that linearized equation to heat equation.
Following the approach of Kloosterziel (1990), they constructed self similar so-
lution to (1.2.19) which revealed the large time behavior very quickly. Rao and
Yadav (2010c) studied the forced Burgers equation which is a generalization of
(1.2.19), given by

kx

Ut + UUy = Ugpy +

subject to the initial data ug satisfying
1 e o a2
exp (—2/ uo(y)dy> € L*(R,e2).
By making use of Cole-Hopf transformation, they reduced (1.2.26) to a linear
partial differential equation

ka2

¢t:¢m—m-

(1.2.27)

They constructed a family of self-similar solutions to (1.2.27) which forms an or-
thonormal basis for LZ(R,e#) at t = 0. They represented solution ¢ in terms
of family of self-similar solutions. Under the Cole-Hopf transformation they ob-
tained solution u from ¢ and investigated the large time behavior. Since the work
of Rao and Yadav (2010c) supports only unbounded initial profiles, Rao and Ya-
dav (2010b) considered the same equation (1.2.26) with bounded and compactly
supported initial profiles. Yadav (2013) obtained explicit solutions of a system
of forced Burgers equations subject to some classes of bounded and compactly

supported initial data and also subject to certain unbounded initial data.

1.3 Preliminaries

We use the following notations for spaces in the thesis.
1. C(R) denotes the space of all continuous functions f : R — R.

2. C*(R) denotes the space of infinitely differentiable functions f : R — R.

10



3. LP(R) for 1 < p < oo, denotes the space of all functions f : R — R that

satisfy

”fHLp(R) = <A \f(:c)\pd:c>; < 0Q.

4. L*>®(R) denotes the space of all functions f : R — R that satisfy
1f 1| oo gy == esssup [ f(2)]| < o0
Tz€R
5. L*(R, e%IQ) denotes the space of all functions f : R — R that satisfy
(/ o8 (f(x))%dx) " < oo
R

6. Let Q C R is open, L},.(Q) denotes the space of all functions f : Q@ — R
that satisfy

/ f(z)dx < oo for every compact set K C €.
K

The following definitions, lemma and theorem can be found in (Titchmarsh,

1986), (Kesavan, 1989), (Evans, 1998) and (Stavroulakis and Tersian, 2004).

Theorem 1.3.1. Assume ¢y € C(R) N L¥(R) and ¢(x,t) is defined by

1 0 (z—y)?
r,t) = / e vt dy.
¢( ) \/m - ¢0(y> Y
Then

1. ¢ € C*(R x (0,00)),

2. Or = Vs, x€R, t>0, and

3. lim  ¢(x,t) = ¢po(xo) for each zy € R.

(z,t)—(20,0)

Definition 1.3.2. Big-oh notation: We write f = O(g) as = — x, provided

that there exists a constant C such that

f(z)] < Clg(z)],

for all x sufficiently close to xg.

11



Definition 1.3.3. Little-oh notation: We write f = o(g) as x — xq, provided

|/ ()|

= 0.
e Jg(a)|

Definition 1.3.4. The j3-th moment of any function f, where 7 = 0 is an

ijf(x)dx

Lemma 1.3.5. Suppose that (1 + |z|)¥f € L*(R). Then the equality

/ / / / xk+1)dxk+1) dxy, - - ) dy

k!

S LTy =

integer, is defined as

holds with M;(z) = [* v’ f(y)dy. Here j and k are non negative integers.

Definition 1.3.6. Rodrigues formula for n'*-degree Hermite polynomial is

defined as

d” 2
H,(z) = (=1)"” —e ™",
() = (-1 e
Definition 1.3.7. Holder’s inequality: Assume 1 < p ,q < oo, %—I—% = 1.

Then if u € LP(Q2), v € L4(Q2), we have

| Tuvlde < Jlull oy 1ol ugey-

Definition 1.3.8. Young’s inequality: Let 1 < p, ¢, r < oo such that * —1— =
L+1. If fe LP(R), g € LY(R) then f*g € L"(R) and

||f*9||Lr(R) < ||f||LP(]R) ||gHLq(]R)

Here x represents the convolution.

1.4 Organization of the thesis

This thesis is organized as follows:
In Chapter 2, we study the large time asymptotics of solutions to the heat

equation subject to the initial data ¢ that is assumed to satisfy (1+|z|)*™3+¢p, €

12



L'(R), for any positive integer k& and a small real number ¢ > 0. An approximate
solution for the Cauchy problem is proposed as the combination of derivatives of
heat kernel. In this approximation, we incorporate the moments of initial data and
introduce spatial shifts into the leading order term as well as penultimate term.
The construction of the approximate solution mainly depends on the agreement
of the moments of it with those of the true solution as ¢ — 0. As an outcome of
this, we show that the constructed approximation has higher order of convergence.
We extend these results to observe asymptotic behavior of solutions to the viscous
Burgers equation. Finally, we compare the constructed approximation to the
earlier proposed approximation by Yanagisawa (2007).

In Chapter 3, we deal with the Cauchy problem for a forced Burgers equa-
tion (FBE) with an assumption that, the initial data wug is continuous on R and
ug € LY(R). We study the large time asymptotic behavior of solutions to the con-
sidered Cauchy problem. For which, we introduce a Cole-Hopf like transformation
to linearize the FBE and use the method of separation of variables to construct
solutions of FBE with a different class of initial data. Later, we prove the existence
of solution to the considered Cauchy problem. We also give an asymptotic approx-
imation to Cauchy problem for FBE and show that, as t — oo, the magnitude of
the difference function of the true and approximate solutions decays algebraically.

Chapter 4 sets forth the conclusion of thesis.

13
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Chapter 2

Asymptotic Behavior of Solutions

to the Diffusion Equation

2.1 Introduction

In this chapter, we study the large time asymptotics to the solutions of the Cauchy

problem

or = Guy TER, >0, (2.1.1)

¢(2,0) = ¢o(x), z€eR, (2.1.2)
with the assumption that the initial data ¢, satisfies
(1+ [2])****<p € L'(R), (2.1.3)

for any positive integer k and a small real number € > 0. This work is continuation
to the work done by Yanagisawa (2007).
We denote the j-th order moment of function ¢y, where j is a non negative
integer, by
M; = A%xj%(:c)d:c.

From (2.1.3), it is clear that M, < oo for 0 < j < k + 2.
It is well known (Hopf, 1950) that Cole-Hopf transformation reduces the viscous

Burgers equation to heat equation. Hence, for studying the asymptotic behavior

15



of solutions to the Burgers equation, one may first investigate the asymptotic
behavior of solutions to the heat equation. Chern and Liu (1987) studied large time

asymptotics of solutions to heat equation by constructing a self similar solution,

which converges to the true solution with order O(t_H%) in L” norm when ¢t — o00.

If ¢o(x)el?! is bounded on R, the decay rate of the solution u(z,t) of (2.1.1)-(2.1.2)

is given in (Rubinstein and Rubinstein, 1998) by
1 x M, M2>
T, t) < _ 7=
¢(z,t) W

2 4
1
+§t_2 (43:2M2 —dx M5 + M4) + O(t_3)] , as t — 00,

when z is bounded on R. Witelski and Bernoff (1998) considered the heat equa-

22
% [t

tion with nonnegative compactly supported integrable initial functions. They
introduced three parameters into the approximate solution, these correspond to
the mass, center of mass and variance of the given initial data. Miller and Bernoff
(2003) studied the heat equation with nonnegative piecewise initial data assuming
that third order moment of initial data exists. Using the approximation obtained
in (Witelski and Bernoft, 1998), Miller and Bernoff (2003) derived the rate of con-
vergence to be of order O(t_2+ﬁ) in L norm when ¢t — oo. Kloosterziel (1990)
considered the initial data, which is nonnegative and square integrable with re-
spect to weight function eg on R. They then expanded the solution of the heat
equation in terms of its self-similar solutions. This expansion reveals the large
time asymptotics quickly. Rao and Satyanarayana (2010) studied the relations
between the approximations given by Kloosterziel (1990) and Miller and Bernoff
(2003). Assuming z?"¢y € L'(R), ¢ is bounded and not changing its sign on R,

Kim and Ni (2009) constructed an asymptotic solution

_ 7(acfci)2
4t

NP
qﬁn(x,t)—;\/me ,

to (2.1.1)-(2.1.2), where p; and ¢; are constants to be determined based on the

moments of ¢g, showing that
_2ntl 1
16(8) = dul )]l = O™ 2 "2), t = oo

Kim (2011) generalized the theory of the truncated moment problem to include

complex measures and then obtained the large time behavior of solutions to heat

16



equation by constructing the approximations as linear combination of heat kernels.
Using the generalization of truncated moment problem (Kim, 2011), Satynarayana
et al. (2017) studied the N-wave solutions for heat equation. Duoandikoetxea
and Zuazua (1992) constructed an approximate solution for heat equation in the
following form,;

2n—1

N (L1 g (o5
Vop(z,1) = JZ:%( 1) \/m(?x (e ) for t >0, z €R, (2.1.4)

They showed that the approximate solution v, converges to the solution ¢ with

2n+1

an order O(t™ 2

1.
+2p) in LP-norm when t — oo.

Generalizing the works of Duoandikoetxea and Zuazua (1992) and Miller and

Bernoff (2003), Yanagisawa (2007) introduced an asymptotic approximate solution

k kol M] : k)Mk k
¢ (z,t) = Z(—l)]TaiGt(l") + (=1 ?@Gw(tkn(ﬂf — %), for t>0, x €R,
=0 : :

(2.1.5)

to the Cauchy problem (2.1.1)-(2.1.2), where G; is the heat kernel given by

Gi(z) = \/i%exp <—Zi> :

They chose space shift 4, and time shift (¢;), = max(ty,0) by making (k + 1)
and (k+2)" moments of ¢(x,t) —¢*(z,t) to vanish when t — 0*. Ast — oo, they
1

derived the convergence order to be O(t(flv_z_g)) when (t)+ > 0 and O(t(Zp_%_g))

when (¢). = 0 with respect to LP-norm, 1 < p < oo.

Our main results are stated herewith:

Theorem 2.1.1. Let ¢(z,t) be a solution to heat equation (2.1.1) subject to (2.1.2)
satisfying (1 + |x|)*3T¢py € LY(R), where k is any positive integer and € is any

small positive real number. Then, for 1 < p < oo , we have

44k

6( 1) — ¢ (., 1)||oey = Ot % T35), ¢ — oo, (2.1.6)
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where ¢F is given by

(k=2 M M- M
EREAVEAAVE:Y _1)(k=1) k=1 gk—1 _ k
:jzo( 1) i G(z) + (—1) = 1)!@ Gy <m k/\/lk1>
, if Myt # 0, M a My = BREMR, s MR Mo = M,
k—2 M. M
| 2 (ST OGa) + () o Gla—b)
"”:c,t:J _1)k 2M 1 —k(k+1) My 162
) . My — kMk_lbO]afGt (J} N Q(k‘k;i)(M(kjk}\/lkflbO))
| if Mioy #0,
P A2 M M, M
~1) e FEokG ( - )
S (Paa) + (1G (-
:( if M1 = 0, My, # 0, Mo My = 5008255 (M,
(2.1.7)
where by( k/\/:l/l:_l) is any solution of the equation
K2 (k + 1)(k + 2)M;_ )by — [4k(k + 1) (k + 2) M1 M, ]b)
[12/<:(/<:+2)Mk 1Mk+1] [24]6Mk 1Mk+2]
k+2
+122M Mo — Ek—l— 1;Mk+1] = (2.1.8)

The existence of real valued solution of the quartic equation (2.1.8) is discussed
in Remark 2.2.7.

This chapter is organized as follows. In section 2.2, we construct an approxi-
mate solution to the Cauchy problem (2.1.1)-(2.1.2) and then extend these results
to viscous Burgers equation. Section 2.3 presents the advantages and disadvan-
tages of the proposed asymptotic approximate solution by comparing with Yanag-

isawa (2007)’s asymptotic approximate solution (2.1.5).

2.2 An asymptotic approximation

In this section, we propose an asymptotic approximate solution ¢*(z,t) to the

solution of the initial value problem (2.1.1)-(2.1.2) by

k—2 o
oF(x,t) = Z(—l)j/\j/:j(?;Gt(x) + ag0f T Gy(x — o) + a10FGy(x — by), (2.2.9)
j=0 '
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where the arbitrary constants ag, a1, by and by are to be chosen appropriately. Here

G1(z) represents one-dimensional heat kernel

Gi(2) = \/i?exp <_Z> |

As an outcome of this, we will obtain higher order convergence of ¢* as mentioned

in the Theorem 2.1.1.

We now prove few Lemmas which are needed to prove Theorem 2.1.1.

Lemma 2.2.1. Let ¢ be the solution to the problem (2.1.1)-(2.1.2) and ¢* be an
asymptotic approzimation given in (2.2.9), where k is any positive integer. Then

we have the following:

lim | 2" Yp(x,t) — ¢"(z,t)|de = My — (1) (k — 1)lay, (2.2.10)
t—0t JR
Jlim Ra:k[d)(x,t) — ¢F(z,)]dr = My — (=1 Klaghy — (—1)*klay, (2.2.11)
_>
: k41 k e (DI k
lim [ 2" p(x,t) — ¢"(x,t)]|de = Mgy — (1) ————aoby — (—1)"(k + 1)!ay by,
t—0+ JR 2
(2.2.12)
: _1(k+2)! (k+2)!
t1_1>%1+ ka+2[¢(x,t) — ¢F(x,t)]dr = My — (=1)F1 i aghp — (—1)F 5 a b?.
(2.2.13)
Proof. Using integration by parts, we have
tlir{g ijaiGt(a:)d:E = (=1)"j!8;;, for any non-negative integers [ and j,
ﬁ.
(2.2.14)

where §;; represents Kronecker’s delta and Gi(s) = ﬁexp (—%) . We first prove
(2.2.10). Making use of (2.2.14), it is easy to see that

. k—1ak—1 _ . k—19k—1
tl_l)%1+ e 0y "Gy —bo)dr = tl_l)r(% R(y+bo) 9, Gi(y)dy
= (=) k=1, (2.2.15)
and
. k—1 0k - . k—1Aqk
tl_lgl+ & 7Gx —by)dx = tl—1>%1+ R(y+b1) 9,G(y)dy
= 0. (2.2.16)



It then follows from (2.2.14)-(2.2.16) that

lim [ 2" Ye(x,t) — ¢*(z,t)]dx

t—0t+ JR

= Mj_1 — ap lim / 21O (1 — b)dx — ay lim | 2 LORG(x — by)da
t—0t+ JR

t—0t JR
= Mp_1 — (=D 1k — 1),
which proves (2.2.10).
We now proceed to prove (2.2.11). In view of (2.2.14), we have

lim [ 2*0"'Gy(x — by)dr = lim R(y + bg)kaj_th(y)dy

t—0t JR t—0+
k
- (—1)k1(k—1)!<1>b0
= (—=1)""klb,, (2.2.17)

and

lim [ 2*0"Gy(x —b))dz = lim R(y+bl)’f8§Gt(y>dy

t—0t JR t—0+
= (—1)*k. (2.2.18)
Now (2.2.11) can be derived from (2.2.14),(2.2.17) and (2.2.18) as follows:

tg%i ka[¢(l’,t) - ¢k(x7 t)]dl‘

= My, — ap lim / 2"OF Gy (x — bo)dr — ay lim [ 2*0FGy(x — by)dx
t—0t JR t—0t JR
= My, — (=) klaghy — (—1)*k!la;.

Next, using (2.2.14), we see that

tlil(% kaﬂaf_th(x—bo)dac = tliI(% R(y+b0)k+135_th(y)dy
_ (—1)’“1(k—1)!<k;1>b§
kE+ 1)!
— (_1)’f—1( J; )bg, (2.2.19)
and
tl_i}r(% R:leOﬁGt(x—bl)dx = tl—i}(% R(y+b1)k+18§Gt(y)dy
1
= (=1)F(k+ 1)l (2.2.20)



Therefore, from (2.2.14), (2.2.19)-(2.2.20), we get

lim [ 2" e(x,t) — ¢F(z,t)]dx

t—0t JR

L o . k41 ak—1 B _ : k+1 ok _

= M aOtE{%A@x 05 G(x — by)dx altliréi L E 07G(x — by)dx
k+ 1)

- Mk+1 - (—].)k_l( ; ) aobg — (—1)k(k5 + 1)!@161,

which verifies the equality (2.2.12).
Finally to prove (2.2.13), we use (2.2.14) to find that

tli%}r ka”&f’th(x—bo)dx = tli%1+ R(y+b0)k+28?’j’1Gt(y)dy
k+2

— (—1)k1(k—1)!< ;F )bg

L (k+2)!
= (R, (2.2.21)

and
tl_i)r(g ka”@:’j(}t(w—bl)d:ﬂ = tl_i)r(g R(y+b1)k+28§Gt(y)dy
k+2

_ (-1)’%!( S )bf

k+2)!
— (_1)k( +2 )bf. (2.2.22)

Using (2.2.14), (2.2.21)-(2.2.22), it can be seen that

lim | 2"2[¢(x,t) — ¢"(x,t)]dx

t—0+ JR
o . . k42 qk—1 . _ : k+2 gk _
= Mo aotl_lgié$ 07 Gy(x — bo)dx — ay tl—lfoqr/gx 0;Gi(x — by)dx
k+ 2)! k+2)!
= Mk+2 - (—1)]6_17( —Z; ) aobg - (—1)k7( —; ) alb%.
This completes the proof. O

Remark 2.2.2. [t is easy to see that the moments of initial function, upto the
order k — 2, were incorporated in the asymptotic approximate solution (2.2.9) as
of

tlirgi ij[qﬁ(x,t) — ¢*(z,t)]der =0, j=0,1,2... k-2,

provided k > 2.
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By virtue of above Lemma 2.2.1, we list out some key observations:

1. The choice of

ag == (1) (2.2.23)

coefficient in penultimate term of the asymptotic approximate solution (2.2.9),

makes the (k — 1) order moment of ¢ to agree with that of ¢* as ¢ — 0%,

2. If we choose

—~

(M, — EM_1bo], (2.2.24)

—1)*
ay = ‘>

k

in (2.2.9) and ag as in (2.2.23), then k™ order initial moment of ¢ agrees

with that of ¢* for any arbitrary constant by.

3. Choosing

IMpp1 — k(k 4 1) My_, B2
by = 2.2.25
20k 4+ 1) (Mg — kM _1bg) ( )

in (2.2.9) and ag, a; as in (2.2.23)-(2.2.24), we notice that (k + 1) order

initial moment of ¢ agrees with that of ¢* for any arbitrary value of by.

4. Finally, if we assume that (k+2)™ order initial moment of ¢ agree with that
of ¢¥, then from (2.2.13) we have

(E+2)!

(k +2)!
QAo 0
3!

— (—1)’“Ta1b§ = 0. (2.2.26)

Miyo — (—1)F!

Substituting the expressions (2.2.23)-(2.2.25) of ag, a; and by in the equation
(2.2.26), we get an equation in by;

(k2(k 4 1) (k + 2)M3;_)bg — [4k(k + 1) (k + 2) My_  M]b3
+[12K(k + 2) M1 M1 0% — [24k M1 My i2]bo
(k+2)

+12[2Mk./\/lk+2 - mMiJrl] - 0

Hence, by assigning any solution of the above equation to by, we notice that
(k + 2)"" order initial moment of ¢ also agrees with that of ¢*.
5. The conditions Mj,_; = 0 and
lim [ 2/[¢(x,t) — ¢*(z,t)]dr =0, 0<j<k+2,
t—0+ JR

reduce the proposed approximation (2.2.9) to (2.2.53).
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Motivated by the work of Yanagisawa (2007), we now introduce a function

F(%) by

F(¢o)(z) =

/Oo </ ! /(Ek+1 ( Thio %o (xk+3)dxk+3> dTpsg - ) dx,
I;gj / / / /mk+1 ] Ho(zy2-)dTpsa- ]) ATpqp1—j - )dml

—ay /;0 </bo /;OO Hbo(.l’g)dwg) d.’L’Q) dl’l — Al </;Oo Hb1 (.TQ)dQ?Q) d.f(]l,

where H,(z) is the Heaviside’s unit step function

'{O if x<a,

Ha(x) =
{Ll if z>a.

The following lemma talks about the integrability of the function F'(¢) on R.

Lemma 2.2.3. Assume that ¢(z,t) is a solution to heat equation (2.1.1) subject
to (2.1.2) satisfying (1 + |z|)**3t<¢y € L1(R). Further, let

lim [ 27/[¢(x,t) — ¢"(x,t)]de =0, 0<j<k+2, (2.2.27)

t—0t JR
where ¢*(z,t) is given in (2.2.9). Then F(¢y) € L'(R).

Proof. As (1 + |z|)k*t3t<¢y € LY(R), it is obvious that (1 + |z|)ft?*<¢, € L1(R).

Hence, using Lemma 1.3.5, we have

T+1 T+42
Bi(z) = / / / ! ! xk+3)dxk+3> dXpio - - )dxl

k+2 k:+2 7

(2.2.28)

D )
where M;(z) = [* v/ do(y)dy

k—2 ,
By(z) = —Z(—w‘&

Th+41—j
/ / / / " O(Ik+2—j)dmk+2—j> drpp1_j- > dxy

Lht2=i
_ Ty
- ]2% j! M et (2.2.29)
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where 2, = max{x,0}. Consider

Bs(z) = —aq A: (A:l (/f; Hy, (x;;)dm;;) dz:2> dxq

(
B i—ao[agj—boﬁ—i— O:E—l;—g,}, if x> b
I\O’ if z < by.

By(z) = —ay Af (/_x; Hy, (xg)d:r;2> dx,

B {:{al[:"“;blx—i—bj], if z>b
IKO’ if = <b.

(2.2.30)

(2.2.31)

We first consider the case © — oo for F/(¢p)(z). Summing up the equations

(2.2.28)-(2.2.31), we get

F(¢o)(z) = Bi(z)+ Ba(x) + Bs(x) + Ba(z)

k42 (_1)3' (_1)1#1

_ KA () — A L k+2—)
jz:%(mz—j)!j!{M”(x) Mipem = + <(k—1)'3'
(—1)k ai (Z()bo 2 (—1)k+1
+< 1 Mk_§+7 r° + (k+1)Mk+1+a1b1
( 1)k+2 (lobg alb%
+((k+2) Miva b7 =757 )
In view of the hypothesis (2.2.27), equations (2.2.10)-(2.2.13) can be written as
(_1)k—1 ao B
mm st
( 1) aobo .
k12! M 2 -+ 2 0
k+1 b2
Ek D 0 Mk—i—l"’albl_OT =0,
( 1)k+2 aobg alb% -
Ger Mt g =5 =0
Thus, we are left with
Flon(@) =3 oGP (V) — Mg
)= ————AM;(x) - M}z .
0 = (k+2—7)l! / /

For 0 < x < s < 00, we have
P < k0 < < k4 2.
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This leads to
22T o (s)| < 572 go(s)] i 0 < j < k4 2.

Integrating the above inequality with respect to s from z to co and then dividing
by (k+ 2 — j)lj!, we arrive at

xk+2_j oo, 1 00

%%%ﬁwéym@mg%%%ﬂwéﬁﬂmww (2.2.34)

Thus,

k+2 1Nj o |

VAN
=
+
[\]
|
S
—
n
E
+
_w
-
5
=
)

in view of (1 + |z|)*3 ¢y € L*(R). Hence,
F(¢o)(x) =o(lz|7¢) as z — oo. (2.2.35)
Therefore, there exists a sufficiently large real number L(> 0) such that
|z' T F(¢o)(z)| <1, Vo > L.
In othe words, |F(¢o)(z)| < 7' V x > L. Thus, we get
[T 1F@ @l < [~ = < oo (2.2.36)

ele

We now consider the case v — —oo for F(¢y)(x). If x < 0, we have

k+2 k+2 k+2
(-1 k+2 e
JZOUHQ_J ([ 5/ 0nids) a"427| < EM/ P Igo(o)lds
k+2 x
<X Gz L e lds

s k+2 J)g!
= o(jz|7"7%) as x— —oo0. (2.2.37)

On the other hand, when z is smaller than minimum of by, b; and 0, it is to be

noted from (2.2.29)-(2.2.31) that
BQ(I) = Bg(l’) = B4(l’) = O,
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and thus from (2.2.32), we get
T M j(z)ah 2, (2.2.38)
Hence, in view of (2.2.37), we get
F(¢o)(x) =o(Jx|77¢) as z — —oo. (2.2.39)
Repeating as in the x — oo case, one obtains that
M
/ |F(0)(z)|da < oo (2.2.40)

for some large number |M| with M < 0.
Eventually, (2.2.35) and (2.2.39) will conclude that F(¢g) € L'(R). O

Having F(¢y) as L'-function under the hypothesis of Lemma 2.2.3, we indicate

its convolution with heat kernel Gy(x) by

Gy F(0)(x / Gz — ) F(¢0)(y)dy. (2.2.41)

The following lemma tells that the difference term ¢ — ¢* can be represented as

the (k + 3)™ order spatial derivative of the convolution G * F(¢y).

Lemma 2.2.4. Assume that ¢(x,t) is a solution to heat equation (2.1.1) subject
to (2.1.2) with (1 + |z])k*3 ¢y € LY(R), where k is any positive integer and € is

a small positive real number. Further, let

lim | 27[¢p(x,t) — ¢"(x,t)]de =0, 0<j<k+2, (2.2.42)

t—0t+ JR
where ¢* is an asymptotic approxvimation given in (2.2.9). Then,
OFT3(Gy* Fpo)(z)) = d(x,t) — ¢ (x,t) for t>0, z €R. (2.2.43)

Proof. Consider

OFT3(Gy x By(x))
= Gt (x — 3k+3 / / /MJrl o (37k+3)d3?k+3) dxpy - > diﬂl} dy
_ gb(:zc, . (2.2.44)
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Similarly, we have

OFT3(Gy x By(x)) = TGy % OF271 By(x))

k—2 M. 00
= (-1 jﬂa;“ | Gile =y
=0
k—2
- Z Jaﬂat() (2.2.45)

For Bs(x), we compute that

95 [ Gile = y)Baly)dy
= —qodF A@ Gy(x — y)@‘; {A: (A:l (/_x; Hy, (azg)d:cg) dx2> dxl} dy
= —ao@} [ Gl —y)Hiy(v)dy

= —ao(?];/_ Gi(y — bo)dy
= —agd" ' Gy(z — by). (2.2.46)

Similarly for By(z), we obtain
orts A{ Gi(x — y)By(y)dy = —a,0°Gy(x — by). (2.2.47)

Therefore, summing up the equations (2.2.44)-(2.2.47) lead to equation (2.2.43)

F(¢o)(x) = By(x) + Ba(x) + Bs(x) + By(z).

]

Proof of Theorem 2.1.1. Using the Rodrigues formula for Hermite polynomi-

als, it is seen that

P3Gy (x) = ﬂﬂk+3(g)e—f2 (2.2.48)
‘ N (O ’
where ¢ = z/+/4t and Hy. 5 is a Hermite polynomial of degree k 4 3. Consider, for
I<p< oo
k+3 _ —52 P
0, G R \/—(4t)k+4 \/_/ |Hiy3(8)e | df)
= O(t¥ F)  as t— oo (2.2.49)
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Using Young’s inequality, we find that

OFT3(Gy % F(¢o)) oF3a, (2.2.50)

Therefore, in view of Lemma 2.2.3, Lemma 2.2.4 and the decay rate (2.2.49), the

order of convergence in (2.1.6) follows from the Young’s inequality (2.2.50). [

Repeating the proof of Theorem 2.1.1 with (k + 2)* partial derivative of G in

place of (k + 3)™ partial derivative, we obtain the following:

Remark 2.2.5. Let ¢(x,t) be a solution to heat equation (2.1.1) subject to (2.1.2)
satisfying (1 + |x|)*+3+<py € LY(R). Then, for 1 < p < oo , we have

3+k 1

H/_oo[qb(y, t) — ¢k(y7t)]dyHLp(R) =0t 2 "), t— o0, (2.2.51)
where ¢ is given in (2.1.7).

Remark 2.2.6. [t is important to notice that assuming the hypothesis (2.2.27),
we seek for expressions of ag,a1,by and by in equations (2.2.10)-(2.2.13). This,
in turn, produces the conditional statement (2.1.7) from the proposed approrimate
solution (2.2.9). In other words, the moments, upto the order (k + 2), of ¢(z,t)
agree with those of ¢*(x,t) given in (2.1.7) as t — 0F.

Remark 2.2.7. It is known that (Rees, 1922; Irving, 2004) there exist at least two
real solutions to the quartic equation (2.1.8) in all the cases except the following

three cases:
1. a <0, c>%, A >0,
2.a>0, A>0

3. A=0, c=2 b=0,

)

3 2 3 3 4 2
wherea:q—i,b:r_kpf_zﬂaczs_i pa_ P
8 g8 2 256 16 4
A = 144ab’c — 128a°c* — 4a°b* + 16a‘c — 27b* + 256¢°
with

Ak(k + 1)(k +2) My M,
k2(k+1)(k+2)MZ_,
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12k(k 4 2) My 1 My 14
CR2(k+1)(k+2)ME
24k My My 4o
CRE+D(k+2)ME
122Mp Mo (k + 1) — (k+ 2)ME ]
B k2(k + 1)2(k +2)M}_, '
In case the coefficients of equation (2.1.8) satisfy one of those three cases,

we donot have higher order approximate solutions in the proposed form (2.2.9)
and the work is left for future research. However, if My 1My, = %M,? and
#%M’?_IMICJ’_Q = M} in those three cases, we have higher order approzimate
solution given in the first statement of (2.1.7).

Remark 2.2.8. Let M1 =0, My, # 0 and ¢(x,t) be a solution to heat equation
(2.1.1) subject to (2.1.2) satisfying (1+|z|)* 2 <py € L*(R), where k is any positive
integer and € is any small positive real number. Then, for 1 < p < oo , we have

3+k

N6(ot) — 6" (. )|[omy) = O™ 2 T%), ¢ — oo, (2.2.52)

where ¢F is given by

k—2
)= (- >Af,faﬂat<> (- >’“M‘“akat( (TDM) (2.2.53)

2.2.1 On viscous Burgers Equation

We now extend these results to investigate the large time asymptotics for solutions

of the viscous Burgers equation;

Uy + Uy = Uy, X E€R, >0, (2.2.54)
u(z,0) = wy(z), zeR, (2.2.55)

with the initial data ug satisfying
(1 + |z 3wy € L(R), (2.2.56)
for any positive integer k and a small real number € > 0.

Theorem 2.2.9. Let u(x,t) be a solution to the Burgers equation (2.2.54) subject
to (2.2.55) with vy satisfying (1 + |z|)* 3 euy € LY(R). Let

M, / {—uo exp(—/ooug dy)]d r=0,1,2,.... (2.2.57)
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then there exists Ty, > 0 such that

44k

(., t) = (0| p@) = O™ 2 %), ¢ — o0, (2.2.58)

where 1 < p < 00 and

¢*(z, 1)
L4 [0 ¢ (y, t)dy’

is well defined for x € R, t > Ty. Here ¢y is given by (2.1.7).

uF(z,t) = =2 rER, t>0, (2.2.59)

The proof of the theorem 2.2.9 is omitted as it is easily proved using the
Theorem 2.1.1, Remark 2.2.5 and the standard arguments (Yanagisawa, 2007).

Remark 2.2.10. Let My_; = 0 and My, # 0 and u(x,t) be a solution to the
Burgers equation (2.2.54) subject to (2.2.55) with ug satisfying (1 + |z|)k+2 ey €
LY(R). Then there exists Tj, > 0 such that

34k, 1

(s £) = U (. 8) oy = O FF5), 1 - o0, (2.2.60)

where 1 < p < 0o and

¢*(x, 1)
L4 [ ¢ (y, t)dy’

is well defined for v € R, t > Ty. Here ¢y, is given by (2.2.53).

uF(z,t) = —2 zeR, t>0, (2.2.61)

2.3 Comparison with Yanagisawa (2007)’s asymp-
totic approximate solution

We list out the advantages and disadvantages of the proposed asymptotic ap-
proximate solution (2.2.9) by comparing with Yanagisawa (2007)’s asymptotic

approximate solution (2.1.5).

1. In the work of Yanagisawa (2007), if My # 0 and M2 M} < %[Mk+1]2,
then time shift (fx); = 0 and hence Yanagisawa’s approximation (2.1.5)
converges to the true solution ¢ of the problem (2.1.1)-(2.1.2) with an order

3+k 1

T+%)

of convergence O(t~ as t — 0o. Whereas the asymptotic approximate
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solution (2.1.7) converges to the true solution ¢ of the problem (2.1.1)-(2.1.2)

: _agk 1
with an order of convergence O(t~ 2 ") as t — oo,

Following example explains the same for k£ = 3.

Example 2.3.1. Consider a discontinuous initial data

(
i(—x) T, —co<z< -1,

olx) = {0, l<agl, (2.3.62)
ikx_7, 1<z < o0,

for the problem (2.1.1)-(2.1.2).

Firstly, it is to be observed that ¢, has moments up to 5 order only. They
are

65 —31 17 -7 5
MU 6 R Ml 5 s ./\/lg 4 s ./\/lg 3 s ./\/l4 B aln M5

It is easy to see that Mz Mz < SM3.

Hence, we obtain
6,1
(o) — 6*(, )| o) = O(t272), t — o0,

where ¢*(x,t) is an asymptotic approximation of Yanagisawa (2007). On
the other hand, choosing

17

“w oy

(
1 5
by = —— 140+ \/—37775 + 905 + /10 | ~7555 — 95 + 161509,/ — >
° < 765 i +V 905+ \/ [ b+ 7555 + 186]

with 3 = 175 x 3332355 and

7+17b

aq = —+—

1 18 ] 05
3{51173—5}

R e
2 [ 153bg + 28

in asymptotic approximate solution (2.2.9), one gets
T4
||¢(’t) - ¢3('7t)||L”(R) = O(t 2+2p>7 1 — oo.
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2. Suppose that M = 0. We then have to look for the largest integer s(< k)
so that M, # 0 and so Yanagisawa (2007)’s approximation (2.1.5) converges
to the true solution ¢ either with an order of convergence O(t_%J“%) when
(tx)+ > 0or O(t_%Jrﬁ) when (tx);+ = 0. However, it is possible to construct
an approximation (2.2.9) which converges to true solution ¢ with an order

EPET IS
of convergence O(t” 2 ") as t — o0.

Following example illustrates it with & = 3.

Example 2.3.2. Consider a discontinuous initial data defined by

(
H(—2)", —oco< < —1,

¢ww:{a 1<r<l, (2.3.63)
ixq, 1 <2< oo,

for the problem (2.1.1)-(2.1.2).

It can be easily seen that —oo < M, < oo for 0 < j < 5 and M, is not

defined for 7 > 6. In particular, we find that
1 1
MO = g, Ml = O, M2 = 5, Mg = 0, M4 =1 and ./\/l5 = 0. (2364)

Further, notice that Mz M3 < %MZ. Therefore, we get

5 1

16(1) = 6*( t)lloowy = O(t ™27 %), t — oo,

where ¢*(z,t) is an asymptotic approximation (2.1.5) of Yanagisawa (2007).
On the other hand, choosing

1 b 2 30 —1
a =, ay=—, by = _1+ﬁ>blnga
0

4’ 4
in the asymptotic approximate solution (2.2.9), one gets

N~

+ﬁ), t — o0.

16(1) = 6" t)lloy = O™

3. If My_y = 0, My # 0 and My oM, > %[Mkﬂ]?, then higher rate
of convergence of the approximation to the true solution ¢ is obtained by
considering the asymptotic approximate solution of Yanagisawa (2007) only,

not the one in the form (2.2.9).
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4. If My_y = 0, My # 0 and M oM, < 52 [ M4 1]%, then Yanagisawa’s

2(k+1)

approximate solution (2.1.5) as well as the proposed approximate solution

(2.2.53) would give the same rate of convergence [i.e., O <t_¥+ﬁ) ast — oo} .
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Chapter 3

Large Time Asymptotics with
Error Estimates to Solutions of a

Forced Burgers Equation

3.1 Introduction

Over the past decades, the study of the forced Burgers model
Up + Uty = vug, + f(z,t), xR, t>0, (3.1.1)

received much attention due to its promising applications in various fields of Sci-
ence, Engineering and Biology (see, for example, (Xu et al., 2007) and the refer-
ences therein). In this chapter, we are concerned with a forced Burgers equation,

namely,

v

5 R, t>0 3.1.2

U + UUy = VUgy +

where 8 > 0 and v # 0 and v is the viscosity coefficient, subject to
u(z,0) = ug(x), = €R, (3.1.3)

where g is continuous on R and ug € L'(R).

The motivation to study the initial value problem (3.1.2)-(3.1.3) is as follows:
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Consider the Cauchy problem for heat equation

Pt = Gu, xER, >0, (3.1.4)

o(z,0) = ¢o(x), z €R, (3.1.5)

where ¢y is either bounded almost everywhere and continuous on R or ¢ € L*(R).

Then, the solution of the Cauchy problem (3.1.4)-(3.1.5) is given by

_(z—y)° y)

o(x,t) \/ﬂ oo(y)dy, t>0, xeR. (3.1.6)

Though the exact solution (3.1.6) of (3.1.4)-(3.1.5) is available, for most of the
initial data (3.1.5), the evaluation of the integral involved in (3.1.6) is tedious.
Hence one has to look for either numerics or asymptotic analysis. Further, the
solution of the Burgers equation ((3.1.2) with v = 0) subject to (3.1.3) is given by

Gz (2,t)
¢(z,t)’

u(x,t) = —2v reR, t>0, (3.1.7)

where ¢(x,t) is as in (3.1.6). In consideration of (3.1.6), one can imagine the
difficulty in evaluating the integrals involved in numerator and denominator of
(3.1.7). Two well known properties of the solution to the Burgers equation ((3.1.2)
with v = 0) subject to (3.1.3) are that the total mass is conserved and the solution
decays uniformly to 0 as t — oo. In contrast to these two properties, the total
mass of the solution of (3.1.2) subject to (3.1.3) is not conservative. In view of
these facts, we expect that the asymptotic analysis is the better option to study
(3.1.2)-(3.1.3).

Kloosterziel (1990) studied the large time asymptotic behavior of the diffusion
equation (3.1.4) on infinite and semi-infinite domains, subject to the initial data
¢o that is square summable with respect to the exponentially-growing weight func-
tion e2*”. Witelski and Bernoff (1998) constructed self-similar solutions to (3.1.4)
with a stronger initial data than (3.1.5) by incorporating mass, center of mass, and
variance of the initial data into self-similar solutions. Miller and Bernoff (2003)
estimated the rates of convergence to the self similar asymptotic approximation

of the solution of Burgers equation ((3.1.2) with v = 0). Hopf (1950) analyzed
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rigorously various properties of solutions including large time behavior and van-
ishing viscosity limit. For the study of asymptotics via separable solutions to a
generalization of the Burgers equation, we refer to (Rao and Nath, 2015). Eule
and Friedrich (2006) derived solution for an initial value problem of a special case

of (3.1.1), namely,
Uy + Uty = Vg, + G(t)z, ©z€R, t>0, (3.1.8)

by considering G(t) as white noise force. Salas (2010) investigated (3.1.8) and con-
structed solutions via generalized Cole-Hopf transformation and travelling wave
method. Ding et al. (2001) studied the asymptotic behavior of solutions to a

forced Burgers equation, which is a special case of (3.1.8),

U + Uty = pug, +kr, xz€R, t>0, (3.1.9)
u(z,0) = wup(z), =R, (3.1.10)
where k > 0 and the initial data ug(x) satisfies the conditions that ug(x) € L}, .(R)

and [*uo(r)dr = o(2?) as |x| — oo. With the help of Cole-Hopf transformation

(3.1.7), they reduced (3.1.9) to

2
i

They expressed the solution of (3.1.11) as Fourier-Hermite series and eventually
showed that the solution of the Cauchy problem (3.1.9)-(3.1.10) converges to ax
as t — oo, where the constant a depends on k£ and the viscosity coefficient pu.

Further, assuming the initial data
uo(z) = o(x), |z| = oo,

Ding and Ding (2003) showed that, for fixed (x,t), the solution of (3.1.9) converges
to the weak solution of relevant inviscid forced Burgers equation as u — 0. Rao
and Yadav (2010a) constructed solutions to the forced Burgers equation (3.1.9)
subject to the initial data containing bounded and compactly supported initial
profiles. Rao and Yadav (2010c) obtained the solutions to a generalization of

(3.1.9), namely,
kx

G € R, > 0. (3.1.12)

U + Uy = Ugpy +
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They reduced (3.1.12) to the linear equation

kax?
Gt = Pax — 56, TER, t>0, (3.1.13)

426t + 1)
via Cole-Hopf transformation (3.1.7) and then expressed the solution of (3.1.13)
in terms of self-similar solutions of concerned heat equation. This representation
of solution for (3.1.13) revealed the large time behavior of the solution quickly.
We refer to (Rao and Yadav, 2010b) for obtaining the large time asymptotics
for solutions to (3.1.12) subject to a more general initial data. Recently, Yadav
(2013) considered a system of forced Burgers equations and derived the large time
behavior of the solutions.

In order to simplify our analysis, without loss of generality, we can scale space

and time in (3.1.2) to obtain the forced Burgers equation

g

s eR, t>0 3.1.14
(2/8t+1)3/27 X 9 J ( )

U + Uy = Ugy +

where § > 0 and + is a non-zero constant. We study (3.1.14) supplemented with
an initial function

u(z,0) = ug(x), x€R, (3.1.15)

where ug(z) is continuous on R and ug € L'(R). Firstly, we construct solutions to

the forced Burgers equation (3.1.14) subject to the initial data
u(z,0) = ug(x), x €R, (3.1.16)

with the condition

/ 37" = Jo wdr gy < o, (3.1.17)

For which, we seek similarity solutions for (3.1.14) and then employ Cole-Hopf
like transformation to the resulting nonlinear partial differential equation. We
then make use of the method of separation of variables to obtain solutions of the
concerned partial differential equation. This process yields solutions explicitly in
terms of Hermite polynomials. We then prove the existence of solution to the
forced Burgers equation (3.1.14) subject to the initial condition (3.1.15). More-
over, we will give an asymptotic approximate solution to the Cauchy problem

(3.1.14)-(3.1.15) with a uniform error of order O(t~2) for large time.
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This chapter is organized as follows. Section 3.2 deals with the construction
of solutions to the forced Burgers equation (3.1.14) subject to the initial data
(3.1.16)-(3.1.17). In section 3.3, we prove the existence of solution to the Cauchy
problem (3.1.14)-(3.1.15) and then give an approximate solution for it with an

error estimation.

3.2 Solutions in terms of Hermite polynomials

In this section, we construct explicit solutions to the initial value problem (3.1.14),

(3.1.16)-(3.1.17). We introduce similarity variables

t, n= b u(z,t) = C(lt)(b(n,t), (3.2.18)

where b(t) and c(t) are to be chosen in such a way that the forced Burgers equa-
tion (3.1.14) is transformed to a partial differential equation which is suitable for
applying the method of separation of variables. Making use of these variables
(3.2.18) in (3.1.14), it can be seen that ¢(n,t) solves
c(t

( )b(t)¢ T 0Py =

c(t) c(t)

P+ bz(t)C(t)w. (3.2.19)

b(?)

b (t)de — b() |V ()b +

Assumption of
b(t) = aic(t), ay is any nonzero real number,

simplifies (3.2.19) to

B(£)60 — bV (1) 6y + 6] + ar6y = dmy+ LD (32.90)
t U 1%%n ", (2525_'_1)3/2' e

Let

so that

o(n,t) = @y(n, 7). (3.2.21)



When (3.2.21) is substituted into (3.2.20), we obtain that

0 ay v ()
— |B?(t)D, — b(t)b (t)nD —P2 -, — ——L__| =0.
a1 (t)®; )b (t)n®, + 5 1l " (28t + 1)3/2 0

Therefore, it is enough to look for a smooth function ®(n,t) such that

b*(t)n
2(H)\d, — (b, + Doz LW g 2.22
b <t> t b(t)b (t)?] n + 9 °n nm a, (2/8t + 1)3/2 0 (3 )

Set

(n,t) = azlog(n, 1),

where as is any non-zero arbitrary constant. Then, one can see that ¢ satisfies

the partial differential equation

: v b(t)n _
o [0 = by =y~ O]

— (B2 1)l

2
Choosing as = —2/ay, the above partial differential equation is reduced to
b3 (t
() — BV Oy — o+ 2 oy, (3.2.29)

2 (28t + 1)3/2

It is seen that the assumption of b(¢)b'(t) = f; i.e.,

b(t) = /28t + 1, (3.2.24)

makes equation (3.2.23) amenable for the method of separation of variables. Mak-

ing use of (3.2.24) into (3.2.23), we are left with

(26t + 1) = By + oy — S0 (3.2.25)

Summing up the transformations used to reduce the forced Burgers equation

(3.1.14) to the linear partial differential equation (3.2.25), we arrive at

u(ac t) _ -2 ¢77(777t)
’ V2Bt +1 ¢(n,t)’

where n = Jasiet and call it as Cole-Hopf like transformation.

(3.2.26)

One may suspect here whether the solution v of (3.2.25) would imply the solu-
tion of (3.1.14) via Cole-Hopf like transformation (3.2.26) as we took specifically
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zero in right hand side of (3.2.22) rather than an arbitrary function of single vari-
able t. In Appendix of this chapter, it will be shown that this reverse process also
holds.

The equation (3.2.25) amounts to looking for solutions of the form

b(n,t) = Gn)T(t). (3.2.27)

When this expression is substituted in (3.2.25), the result can be written as

G"() + BG'(n) — InG(n) _ (2Bt + VT'(1) (32.28)

G(n) T(t)

Assuming g is any separation constant, equation (3.2.28) splits into two ordinary

differential equations for G(n) and T'(¢):

G (n) + B0 (n) = |+ S| Glm) =0, (3.2.29)
/() - Btu+ -T(t) = 0. (3.2.30)

We now reduce the differential equation (3.2.29) into normal form. For which, we
introduce G() as follows:

G(n) = "G (n). (3.2.31)
Substituting (3.2.31) into (3.2.29), one has

~ 2 ~
G"(n) — inZ + %7) + g +u| G(n) =0. (3.2.32)

We introduce new variables (Polyanin and Zaitsev, 2003)

N

E=n+ g G(&) = Gn).

It then follows that the equation (3.2.32) is transformed to

A 2 2 A
(&) - | &+ (u + g - ZBQH G(&) = 0. (3.2.33)
For the eigen values
2
,unzry—(nJrl)ﬁ, n=01,..., (3.2.34)
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the eigen functions G, () of (3.2.33) are given by

C%A€)==;Lfﬂz<vﬂgi>e‘fg, (3.2.35)

where a,, = 2"71!,/%”. Here H,’s are nth degree Hermite polynomials given by

> d” 2

H,(xz) = (=1)"e" %(e’x ).

It can be seen that the sequence {G, (&)} satisfies the orthonormal property

| ¢ )dE = G,

where ,,,, is the Kronecker’s delta. Further it is known that {G,(§)} is complete
in L?(R) (see (Higgins, 1977)). Solving (3.2.30) for T'(¢) with (3.2.34), one has

n+1

,\/2
T,(t) = (28t +1)% 2, n=0,1,2,.... (3.2.36)
Thus, the resulting products of the form (3.2.27) lead to

t) = i T (6) G < ﬁ2> exp(—pn*/4), (3.2.37)

where T,,(t) and G, (§) are given by (3.2.36) and (3.2.35) respectively. We now
temporarily assume that the sum of the above series in the case t = 0 is (7, 0).

That is, the equation (3.2.37) reduces to
8,2
w 4 Z CTL n < /82> Y

Ble_ 2
for t = 0. This makes sense if ¥({ — 2 )e4(€ ) i square summable over R

62 Y
with respect to the variable ¢ as the sequence {G,(£)} is complete in L*(R). Our
assumption on ug in (3.1.17) ensures that (7, 0)6%72 € L*(R). Tt follows that the
numbers ¢,,’s are computed by

B(E—~/B%)2

n = /_O:o Y(E—v/B%0) e T Gu(&)df,  n=012,...

o g L2 (3.2.38)
- W/_me‘d wo()dr—ggn—s r <\/§ <77+ g2>> i 3.2.38
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For future reference, we study the large time asymptotics to the solutions of
the linear partial differential equation (3.2.25). For n = 0, a simplification in

(3.2.38) gives that

1
4 o] 1 rn 2
<2€r> [ ey

£ 0.

Hence, (3.2.37) would imply that

P(n,t) ~ coTo(t) exp(—pFn*/4)Gy <77 + g2> , m=0(1) ast — oo
8 2

21 (B2, 4. 4%
= <26 > (28t + 1) e (] 0(1) ast - .
(s

1

4

From this asymptotic behavior, one may conclude the following when 7 is bounded:
e 1)(n,t) diverges to oo as t — oo when 433 < 2,

e t)(n,t) decays to 0 as t — oo when 4% > ~?%, (3.2.39)

e 1)(n,t) converges to a non zero constant for the rest case.

Eventually, the solution of (3.1.14), for all ¢ > 0 and = € R, is derived as
follows:

U(ZE t) _ -2 %(Uﬂf)
’ \/2/3t+ wm,)

Z (26t + 1);,%—"7“@7 (Ho(n))
- V”' —— : (3.2.40)
Z\/n'— 20t +1)86° §Hn<77)

— x I — 8 2 37+t -
where 1 = oo H,(n) = H, <\/; (n+ ﬂ2)> ~[$+ 35 453} and the coeffi
cients ¢, are given by (3.2.38).

3.3 Large time asymptotics with error estimates

In this section, we prove the existence of a solution for the forced Burgers equation

(3.1.14) subject to the initial data (3.1.15). Then we give an approximate solution
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for the initial value problem (3.1.14)-(3.1.15) with an error of order O(t~2) in LP-
norm, where 1 < p < o0, for large time. For which, we first prove the existence of
a solution to the linear partial differential equation (3.2.25) subject to the initial

condition

(17,0 = exp {—; X uo(r)dr} (), (3.3.41)

where ug € L'(R) and is continuous on R. Substituting (3.2.36), (3.2.38) and
(3.3.41) in (3.2.37), we get

(2Bt +1 )%
V2BEHT

E

W(n,t) = Z G, y, )TV )y (y)dy, (3.3.42)

where

G0 = gy (1 3) O (v 52).
It is to be noted that the above expression for ¢(n,t) was derived by considering
the initial data (3.1.16)-(3.1.17) of (3.1.14), but not (3.1.15) of (3.1.14).

We now replace the series in (3.3.42) by its sum and hence represent (7, t)
only in the integral form. Then we show that it is a classical solution of the linear
partial differential equation (3.2.25) for ¢ > 0 and satisfies the initial condition
(3.3.41) in the limit sense ¢t — 0. For which let us recall the following result from
(Titchmarsh, 1986):

00 o d(a2ty?) 2 _ 2 —yt)?
e 2 1 *—y*  (x—yt) }
S H, () H(y) = . ,
=0 2nn| (.Z') (y) /—1 — t2 exp { 2 1 _ t2

< 1 when t > 0, it is deduced that

if | ¢ |[< 1. Thus, since

s 0 7Y\ 20t + 1
Z 25t+1)% <n+62> G <y+62> V4t

X eXp {ﬁ l(n + ;)2 - <y + 51)2] 41t [P(n, y, )]Q} . (3.3.43)

P(n,y,t) = /2Bt +1 (n + ;) - <y + ;) . (3.3.44)

where

Using (3.3.43) in (3.3.42), we get
v(n.) = 8t + ) [ K.y, a(y)dy. (3:3.45)
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where

K(n,y,t) = N—exp{ (n—y) — i[P(n,y,t)]2}7 (3.3.46)

t
and P is given in (3.3.44).

The following lemma says that the kernel K(n,y,t) in (3.3.46) behaves like
that of heat kernel as t — 0.

Lemma 3.3.1. Suppose that/ lup(x)|dz < 0o and ug is continuous on R. Then

lim [~ K (.. )0(y)dy = o),

t—0 J—

where Yy(n) and K(n,y,t) are given in (3.3.41) and (3.3.46) respectively.

Proof. Set
t
5= gZ V2Bt + 1 <n+ ;) + 75 (3.3.47)
In view of (3.3.46) and (3.3.47), we have
/OO (n,y,t)dy = 2\/_ o755 351] /OO 10+ gy (3.3.48)

If we substitute y = v — s in equation (3.3.48), we find that
o0 1 o]
/ Ky tidy = 5= 7"’”5 / e # dv
- elﬂ["“_*t] —1, as t—0.

Hence,

t—0

lim [ K{(n,y,t)¢o(y)dy — o(n —hm/ (1,9, )[Yo(y) — Yo(n)]dy

Once again changing the variable y as above, we get

1=[ °; (0,9, )[boly) — vo(n)]dy

_ 2 L s[5t /OO 2w — ) — o (n)]dv

_ % s — /oo “o(2VEz — 5) — ho(n)]dz

Let € > 0 be given and n € R be fixed. Take any (small) real number §; > 0

and then define ¢ as follows:

1 =
c= sup { o33 1o~ 35! ]} : (3.3.49)
{t:|t|<b1}

45



As /Oo lug(2)|dz < oo, we have

WO(Q\/%Z —s)| =

1 2/tz—s
exp{—QA uo(r)dr}

lluglly

S ez

Hence,

H“O”l

/A e o(2VEz — 8)|dz < e 3t [4 e dz, (3.3.50)

for any subset A of R. We now choose sufficiently large numbers L; > 0 and

Lo > 0 such that

/ eFdr < — (3.3.51)
21> L1 dee 2+
/ R — (3.3.52)
|2[> Lo dee o+

Assume L to be the maximum of the numbers L; and L,. Then, in veiw of

(3.3.49)-(3.3.52), one gets

Tt

#1351 /M e [Uy(2v/Ez — 8) — ()] d=

1
—=C
N

<c / e~ (22 — s)dz| + c|vo(n)] ‘/ e dz
|z|>L |z|>L
€ € ¢
< 1 + 1= % whenever [t| < d;. (3.3.53)

As wug is continuous in R, 1)y is uniformly continuous on any closed interval con-

taining the set

{Qﬂz+\/25t+1<n+g2> —;2—?2|2| <L and [t <51}.

This assures that there exists a small number d5 > 0 such that

lo(2vtz — 5) — o(n)| < whenever [2v/tz — s — 1| < 0y,

€
2\/mc
where c is given in (3.3.49). Let g,(2) := 2tz —s —mn, V z € [-L, L], where s is
given in (3.3.47). It is seen that g,(z) converges uniformly to 0 as ¢t — 0. Hence

there exists a small number §(< d;) > 0 such that |g:(2)| < J2 whenever |t| < 0.

Thus, we obtain

‘ 1

ﬁezﬁ[””wt] /_ ) e [iho(2v/12 — 5) — vo(n)]dz| < =, (3.3.54)

2
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whenever [t| < 0.
Finally, in view of (3.3.53) and (3.3.54), the modulus of I is smaller than e
when || < 6. This completes the proof. O

Theorem 3.3.2. Suppose that / |up(x)|dz < 0o and g is continuous on R.

Then the integral representation

280+ 0% [~ Ky, Do)y = vln.1), (3:3.59

becomes a classical solution of the partial differential equation (3.2.25) satisfying

the initial data in the limit sense as follows:

lim < (1,) = o (1), (33.56)

where Yo(n) and K(n,y,t) are as in (3.3.41) and (3.3.46) respectively.

H“OHl

Proof. The assumption vy € L'(R) implies that 1y(n) < e 2 , which in turn

implies that the integral

o0

(280 + )% [~ K.y, (),

converges for all n € R and ¢ > 0.

Let )
W(n,y,t) = (26t + 1) K(n,y,t)
(261 + 1)7723 (3.3.57)
8
= —J 9 7t )
N (n,y,1)
where

J(n,y,t)zexp{gﬁ (n—y)— 411& [P(n,y,t)] }

and P(n,y,t) is given in (3.3.44). To show that v (n,t) satisfies equation (3.2.25),
it suffices to verify that

(2Bt + D)W, = W, + W, — %nw.
Computing partial derivatives for W, we obtain

72
(28t +1)57

Wt = Qm '](777 yvt)
o8 1 B Y I,
% {452(2& +1) 2t 2/2Bt+1 <77 * ) Pt } (3:3.58)
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W, = (28t + 1)@%%%0 {27& V2gtt+1p}7 (3.3.59)

o/t 283

and

_(25t+1)8% (ry VBT T. 1 28t+1)
Wm]—Q—\/EJ( ,y,t)i [%—%P] - } (3.3.60)

From (3.3.57) — (3.3.60), one can see that

(26t + 1)
2—\/HJ(7I7?J,75)
v2Bt+1 BV2Bt+1 v 20t +1
X{w?_ 2t 2 <n+52>P+ At PQ}
= (26t + 1H)W,.

BoWy, + Wy — %nW =

Hence v (n, t) satisfies the partial differential equation (3.2.25) and proof of (3.3.56)
follows from the Lemma 3.3.1. [

Proposition 3.3.3. Suppose that the initial data uo(zx) satisfies either the condi-
tion exp{ —3 [§ uo(r)dr} € L*(R, 12y or ug(z) = o(z) for large |x| and uq is
continuous on R. Then also the integral representation (3.3.55) converges for all

n € R, t > 0 and satisfies the linear partial differential equation (3.2.25).

Proof. Suppose that ug(z) satisfies the condition

1 = 2
expq —5[) uo(r)dr} € L*(R, e /?),

Then

e_%foz uo(r)dr—i-# c L2(R)

z2
and we know that e~ 1 € L*(R) as 8 > 0. Hence, using the Holder’s inequality,

we have

1 rx 1 1z B:cz Ba;Q
/ e~z fo uo(r)drdl, _ / e~ 2 fO uo(r)d’/‘—l-T—de
R R

2 2
ot Jyworar+22 | || -2

e 4

2 2
< . (3.3.61)
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From this, it is clear that uy(x) satisfies

exp {— Az uo(r)dr} € L'(R). (3.3.62)

Now using the inequality of arithmetic and geometric means, we can find that

(K (n,y.t) + 45 (y)] -

DN | —

K (1, y,t)o(y)| <

Integrating the above inequality over (—oo, 00) with respect to y, we get

myY, o\Y Yy x 3 mY, Y Y o\y)ay
Ky wldy < 5 [T K2y [T i
< et Hl [~ o dty
87Tt —00

1 o
+ 3 / o Jo wodr gy, (3.3.63)

where v =y + s and s = 27 — V20t +1 (77 + %) + %t In view of (3.3.62) and

(3.3.63), we can conclude that 1 (n,t) converges for all n € R and ¢ > 0.
The assumptions ug(z) = o(x) for large |x| and wg is continuous on R imply that
Yo(n) = ) for large |n| and 1 is continuous on R, these two facts assure that

integral representation of ¢(n,t) in (3.3.55) converges for allp € R and ¢t > 0. [
Remark 3.3.4. The function classes

{f(z): f(z) = o(x) for large |x| and f is continuous on R}
and

{ (@) : expf —; [ syary € LQ(R,eﬁxm)}

are disjoint.

Theorem 3.3.5. Suppose that / lup(x)|de < 0o and ug is continuous in R.
Then

=2 [R5 KMy, )d(y)dy
V2BE+T 25 K(n,y, t)vo(y)dy

defines a solution of (3.1.14) satisfying the initial data in the following sense:

u(z,t) VzeR, t>0, (3.3.64)

/w u(r, t)dr — /m up(r)dr as t— 0, (3.3.65)
0 0
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T

where n = ot And there exists a positive real number C' such that

v 1 1
— (1l — )<=V 3.
u(z,t) <1 557 1> < C\/f’ xe€R andt >0, (3.3.66)

where Yo(n) and K(n,y,t) are as in (3.3.41) and (3.3.46) respectively.

Proof. Since ug € L'(R), it is clear that the integral

vin.1) = <2ﬁt+1w3/oo (1., t)o(y)dy

) . (3.3.67)
(ﬁt\_l/_7_r) 77+5 /Oo —z¢02\/_2_8)
where s = 4 —+/20t + 1 (7] + %) +%, converges for all n € Rand ¢t > 0. From the

Theorem 3.3.2, we conclude that 1(n,t) solves (3.2.25) and satisfies the condition

Hence
T V2B O(n, )
defines a solution of (3.1.14) for ¢t > 0. Further, since n = 2;15%—1’ we have the
o — ¢’U( 7t)
following for F'(n,t) = ¢(7:t)

x 2 x r
A u(r, t)dr = —m%] F <\/m,t> dr
= -2 /077 F(s,t)ds
= —2log(n,t) + 2log (0, t)

— —2log 1o(z) + 21og 10(0)

/ won

:/UQTdT as t— 0.
0

Thus, we are left to prove the inequality (3.3.66). Finding partial derivative of v
in equation (3.3.67) with respect to 7, we have

2

o
(268t + 1) 2 fnro5i]

¢n(77’ t) = ﬁ
X /_O:O l;; (1 — /26t + 1) + 2615;—12] e 7 1o (2Vtz — s)dz

20



Therefore,

=2 y(n,1)
V2Bt + 1 1(n,t)
v <1 1 > 2 [ ze  1ho(2v/tz — s)dz
6] V28t +1 NG t [ e Fh(2Vtz — s)dz

u(z,t)

(3.3.68)

We know that
2\/5273
— [ wo(r)dr < ol

and so

1 p2Vtz—s

lluolly
—5 uo (r)dr —
e 2Jo o(r) <e 2 .

Hence,

‘/OO “o(2Vtz — s)dz

S / T 2l o(2VEz — 5)|dz

llugll 00 [lugll
e 2 / lzle ™" dz = e cal (3.3.69)

where the result / zle™*"dz = 1 is used. One can also take

2/tz—s
L e < fusl)

and so

1 [2Vitz—s lluglly
e 2J)o ug (r)dr >e 2.

—22

Multiplying the above inequality by e™*" and integrating over R, we obtain

/OO e " P (2VEz — s)dz > /me” R

and hence

‘/OO ¢ o(2Viz — 8)dz| > Ve 3 (3.3.70)

Clearly (3.3.66) follows from (3.3.68) in view of the inequalities (3.3.69) and
(3.3.70) with C = e”“OHI O

Remark 3.3.6. Suppose that ug(z) € L},.(R), ug is continuous on R and ug(z) =

loc

o(x) for large |x|. Then also the statement of (3.3.64) and (3.3.65) of the Theorem
3.3.5 holds by virtue of the Proposition 3.3.3.
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Having proved the inequality (3.3.66), we are ready to give the error estimates.

Set
y___ 7
B BV2Bt+1

It is to be observed that vy(z,t) is a solution of the initial value problem (3.1.14)-

vo(z,t) :=

(3.1.15) with a specific initial data ug(z) = 0V x € R. Let us now treat u(z,t)
as a (true) solution and wvg(x,t) as an approximate solution of the initial value
problem (3.1.14)-(3.1.15). Then we show that the approximate solution vy(z,t)
differs from the true solution u(z,t) by an error of the order O(t72) as t — oo
with respect to the LP-norm, where 1 < p < oo. In view of the inequality (3.3.66)

of the Theorem 3.3.5, vg(x,t) converges uniformly to u(z,t) as t — oco. Hence
[u(.,t) = vo( D) ooy = 0 as t — oo,
Further, we can say that
() = w0, )l gy = O(72) as ¢ — oo,
If K is any compact subset of R, then
(-, t) = vo(, B)l| pr ey = O(t72) as ¢ — oo,
where 1 < p < oo.

Remark 3.3.7. It is to be noted that u(x,t) is convergent uniformly as t —
oo drrespective of ¥(n,t) in (3.2.40) is convergent or divergent, in view of the

asymptotic behavior of 1(n,t) discussed in (3.2.39) and (3.5.66).

Remark 3.3.8. We now mention two more solutions of the forced Burgers equa-

tion (3.1.14),

28
1. vi(z,t) == Qﬁtfl + ﬁ\/;ﬁtJrl’ VezeR, t>0,
— 1 T 1
2. va(a, 1) = S (1+ %) +555(28+1), VaeR, t>0.

In fact, the solutions vy(z,t) and ve(x,t) were noticed while studying the large
time behavior of the solution 1(n,t) of the partial differential equation (3.2.25) as
well as its partial derivative 1,(n,t) and while studying the expression of u(x,t)

in (8.3.68) respectively.
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3.4 Appendix

As mentioned in Section 3.2, we now show that the expression u(z,t) obtained

through the Cole-Hopf like transformation

u( t) = ——2_Yal0:) (3.4.71)

V2B T Y t)
where n = ﬁgﬁ’ would satisfy the forced Burgers equation (3.1.14) if ¥ (n,t) is
obtained by solving (3.2.25).

Suppose that the solution 1(n,t) of (3.2.25) is found. Then introduce ®(n, )
as follows:

O(n,t) = —2log (v(n,t)), neR, t>0. (3.4.72)

Hence, substitution of ¥(n,t) = e 2201 into (3.2.25) gives the partial differential
equation:

1
(1+28t)%, = n®,; + O — 5(@,7)2 + - (3.4.73)

Differentiating the above equation with respect to 7, one obtains
(1+ 2862, = B(nPyy + ) + Py — Dy Py + - (3.4.74)
We now pick up the spacial derivative of ® as follows:
¢(n,t) = Py(n,t). (3.4.75)

This expression will reduce the partial differential equation (3.4.74) to

(1+26t)¢r = B(ngy + &) + by — ¢y + 7. (3.4.76)

Let us also introduce a dependent and independent variables as follows:

v(z, 1) o(n,1), (3.4.77)

xr = \1+20tn, t=t.

With these variables, the equation (3.4.76) is transformed to

(1428t vy = Pv+ (1 4 26t)vge — /1 + 26t vu, + 7. (3.4.78)
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Finally, introduce

v(x,t)
V1+238t
Summing up the transformations (3.4.79), (3.4.77), (3.4.75) and (3.4.72) gives us

u(z,t) = (3.4.79)

the same Cole-Hopf like transformation (3.4.71). In view of (3.4.79), the equation
(3.4.78) changes to the forced Burgers equation (3.1.14) concluding the required

result.
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Chapter 4

Conclusion

An asymptotic approximate solution to the Cauchy problem for diffusion equa-
tion (2.1.1)-(2.1.2) was proposed in Chapter 2 and its higher order convergence
was proved. This approximate solution was constructed by making the first k + 3
initial moments of it to agree with those of the true solution. Large time asymp-
totics for diffusion equation as well as Burgers equation were studied with the
help of proposed approximate solution. Finally, some advantages of the proposed
approximation were given by comparing it with Yanagisawa (2007)’s approximate
solution.

In Chapter 3, explicit solutions in terms of Hermite polynomials were derived
to the viscous Burgers equation with a forcing term (3.1.14) subject to the initial
data (3.1.16)-(3.1.17). This process mainly depended on the Cole-Hopf like trans-
formation and then the method of separation of variables. Further, we proved the
existence of a solution to Cauchy problem (3.1.14)-(3.1.15). We found an approxi-
mate solution to (3.1.14)-(3.1.15) which is, in fact, the solution to (3.1.14)-(3.1.15)
with ug(x) is identically 0 on R. Finally, we established the rates of convergence
to asymptotic approximation as order O(t_%) in LP—norm, where 1 < p < oo,
for large time. However, more challenging task is to obtain higher order error
estimates for the problem considered in Chapter 3. One may ask whether the
asymptotic approximation given in Chapter 3 is unique or not with the decay rate

O(t_%) for large time. We have no answer for this question right now.

95



26



Bibliography

Ames, W. F. (1965). “Nonlinear partial differential equations in engineering”,

volume 18. Academic Press, New York-London.

Bateman, H. (1915). “Some recent researches on the motion of fluids”. Monthly

Weather Review, 43(4): 163-170.

Bec, J. and Khanin, K. (2003). “Forced Burgers equation in an unbounded do-
main”. J. of Stat. Phy., 113(5): 741-759.

Benton, E. R. and Platzman, G. W. (1972). “A table of solutions of the one-
dimensional Burgers equation”. Quar. of App. Math., 30(2): 195-212.

Burgers, J. M. (1948). “A mathematical model illustrating the theory of turbu-
lence. Adv. in App. Mech., 1: 171-199.

Chern, I. L. and Liu, T. P. (1987). “Convergence to diffusion waves of solutions

for viscous conservation laws”. Comm. in Math. Phy., 110(3): 503-517.

Chung, J., Kim, E., and Kim, Y.-J. (2010). “Asymptotic agreement of mo-
ments and higher order contraction in the Burgers equation”. J. of Diff. Eq.,

248(10): 2417-2434.

Cole, J. D. (1951). “On a quasi-linear parabolic equation occurring in aerodynam-

ics”. Quart. Appl. Math., 9: 225-236.

Ding, X. and Ding, Y. (2003). “Viscosity method of a non-homogeneous Burgers
equation”. Acta Math. Sci. Ser. B Engl. Ed., 23: 567-576.

o7



Ding, X., Jiu, Q., and He, C. (2001). “On a nonhomogeneous Burgers equation”.
Sci. China Ser. A, 44: 984-993.

Duoandikoetxea, J. and Zuazua, E. (1992). “Moments, masses de Dirac et
décomposition de fonctions”. C. R. Acad. Sci. Paris Sér. I Math., 315(6): 693~
698.

Eule, S. and Friedrich, R. (2006). “A note on the forced Burgers equation”. Phys.
Lett. A, 351: 238-241.

Evans, L. C. (1998). “Partial differential equations”, volume 19 of Graduate Stud-

ies in Mathematics. American Mathematical Society, Providence, RI.

Fletcher, C. (1982). “Burgers equation: A model for all reasons, Numerical solu-
tions of Partial Differential Equations.(J. Noye, Ed.)”. North-Holland : Ams-

terdam.

Grundy, R. (1983). “Asymptotic solution of a model non-linear convective diffusion

equation”. IMA J. of App. Math., 31(2): 121-137.

Higgins, J. R. (1977). “Completeness and basis properties of sets of special
functions”, volume 72. Cambridge University Press, Cambridge-New York-

Melbourne.

Hopf, E. (1950). “The partial differential equation u; +uu, = uu,,”. Comm. Pure
Appl. Math., 3: 201-230.

Irving, R. S. (2004). “Integers, polynomials, and rings”. A course in algebra.

Springer-Verlag, New York.

Kesavan, S. (1989). “Topics in functional analysis and applications”. John Wiley
& Sons, Inc., New York.

Kim, Y. J. (2011). “A generalization of the moment problem to a complex measure
space and an approximation technique using backward moments”. Dis. and Con.

Dyn. Sys., 30(1): 187-207.

o8



Kim, Y. J. and Ni, W. M. (2002). “On the rate of convergence and asymptotic
profile of solutions to the viscous Burgers equation”. Indiana Univ. Math. J.,

51(3): T27-752.

Kim, Y. J. and Ni, W. M. (2009). “Higher order approximations in the heat equa-
tion and the truncated moment problem”. SIAM J. Math. Anal., 40(6): 2241
2261.

Kim, Y. J. and Tzavaras, A. E. (2001). “Diffusive N-waves and metastability in
the burgers equation”. SIAM J. Math. Anal., 33(3): 607-633.

Kloosterziel, R. C. (1990). “On the large-time asymptotics of the diffusion equation
on infinite domains”. J. Engrg. Math., 24: 213-236.

Knobel, R. (2000). “An introduction to the mathematical theory of waves”, vol-
ume 3 of Student Mathematical Library. American Mathematical Society, Prov-

idence, RI.

Miller, J. C. and Bernoff, A. J. (2003). “Rates of convergence to self-similar
solutions of Burgers equation”. Stud. Appl. Math., 111: 29-40.

Polyakov, A. M. (1995). “Turbulence without pressure”. Phy. Rev. E, 52(6): 61—
83.

Polyanin, A. D. and Zaitsev, V. F. (2003). “Handbook of exact solutions for ordi-
nary differential equations”. Chapman & Hall/CRC, Boca Raton, FL, second

edition.

Rao, C. S. and Nath, S. (2015). “A study of separable solutions of a generalized
Burgers equation”. Stud. Appl. Math., 134: 403-419.

Rao, C. S. and Satyanarayana, E. (2010). “Solutions of Burgers equation”. Int.
J. Nonlinear Sci., 9(3): 290-295.

Rao, C. S. and Yadav, M. K. (2010a). “Large time asymptotics for solutions
to a nonhomogeneous Burgers equation”. Appl. Math. Mech. (English Ed.),
31: 1189-1196.

29



Rao, C. S. and Yadav, M. K. (2010b). “On the solution of a nonhomogeneous
Burgers equation”. Int. J. Nonlinear Sci., 10: 141-145.

Rao, C. S. and Yadav, M. K. (2010c). “Solutions of a nonhomogeneous Burgers
equation”. Stud. Appl. Math., 124: 411-422.

Rees, E. L. (1922). “Graphical discussion of the roots of a quartic equation”.
Amer. Math. Monthly, 29(2):51-55.

Rubinstein, I. and Rubinstein, L. (1998). “Partial differential equations in classical

mathematical physics”. Cambridge University Press.

Salas, A. H. (2010). “Symbolic computation of solutions for a forced Burgers
equation”. Appl. Math. Comput., 216: 18-26.

Satynarayana, E., Sahoo, M. R., and Manasa, M. (2017). “Higher order asymptotic
for Burgers equation and adhesion model”. Comm. on Pure and App. Anal.,

16(1): 253-272.

Stavroulakis, I. P. and Tersian, S. A. (2004). “Partial differential equations: An
introduction with Mathematica and MAPLE”. World Scientific Publishing Co.,
Inc., River Edge, NJ.

Titchmarsh, E. C. (1986). “Introduction to the theory of Fourier integrals”.
Chelsea Publishing Co., New York.

Whitham, G. B. (1974). “Linear and nonlinear waves”. Wiley Interscience.

Witelski, T. P. and Bernoff, A. J. (1998). “Self-similar asymptotics for linear and
nonlinear diffusion equations”. Stud. Appl. Math., 100: 153-193.

Xu, T., Zhang, C. Y., Li, J., Meng, X. H., Zhu, H. W., and Tian, B. (2007).
“Symbolic computation on generalized Hopf-Cole transformation for a forced
Burgers model with variable coefficients from fluid dynamics”. Wave Motion,

44: 262-270.

60



Yadav, M. K. (2013). “Solutions of a system of forced Burgers equation”. Appl.
Math. Comput., 225: 151-157.

Yanagisawa, T. (2007). “Asymptotic behavior of solutions to the viscous Burgers

equation”. Osaka J. Math., 44(1): 99-119.

Zingano, P. R. (2005). “Some asymptotic limits for solutions of burgers equation”.

arXiv preprint math/0512503.

61



PUBLICATION

[1] Engu Satyanarayana, Mohd Ahmed and V. Murugan, Large Time Asymp-
totics with Error Estimates to Solutions of a Forced Burgers Equation, Stud-

ies in Applied Mathematics, Vol.138, No.2 (2017), 185-204.

62



63



BIODATA

Name
Email
Date of Birth

Permanent address

Educational Qualifications

Degree Year
B.Sc. 2011
Mathematics

M.Sc. 2013

Applied Mathematics

Mohd Ahmed
ahmed.nitw@gmail.com
06 February 1989.
Mohd Ahmed,

S/o Mohd Pasha,

H. No: 1-10-94/B/3,
Sha sahab gutta,
Mahabubnagar,
Telangana-509 001.

Institution / University
Adarsh degree college,
Mahabubnagar. (Osmania University)

NIT-Warangal.

64





