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ABSTRACT

The viscous Burgers equation u; +uu, = vu,, is a nonlinear partial differential
equation, named after the great physicist Johannes Martinus Burgers (1895-1981).
We focused on the study of the large time asymptotic for solutions to the viscous
Burgers equation and also to the adhesion model via heat equation. Using gen-
eralization of the truncated moment problem to a complex measure space, we
construct asymptotic N-wave approximate solution to the heat equation subject
to the initial data whose moments exist up to the order 2n + m and i-th order
moment vanishes, for i = 0,1,2...m — 1. We provide a different proof for a the-
orem given by Duoandikoetxea and Zuazua (1992)), which plays a crucial role in
error estimations. In addition to this we describe a simple way to construct an
initial data in Schwartz class whose m moments are equal to the m moments of
given initial data.

Secondly, we focus on the Riemann problem for de-coupled system and obtain
the weak solutions explicitly. It is to be noted here that real valued solution for
the system exists in the case of rarefaction wave and the weak solution consist
of d- measures in the case of raising the speed of characteristics. Eventually, we
consider inviscid Burgers equation with a forcing term, this is in fact the first
equation in the de-coupled system, but with a general initial function ug(z) =
o(|z]), as |x| — oo. We then pick up an explicit solution from [Satyanarayana
et al.| (2017)) for the parabolic approximation of the hyperbolic partial differential
equation using vanishing viscosity method, we construct weak solutions for the

considered hyperbolic partial differential equation.
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Chapter 1

General Introduction

Differential equations usually describe the change in the behavior of every material
object in the nature with respect to time and space variables. It can be change in
single variable for which one can use the concept of Ordinary Differential Equa-
tion(ODE). Otherwise one can describe the change in the behavior of the object
for several variables through Partial Differential Equation(PDE).

A PDE is an equation involving two or more independent variables, an un-
known function and its partial derivatives with respect to the independent vari-

ables up to certain order.

1.1 Preliminaries

We use the following notations for spaces in the thesis.
1. C(R) denotes the space of all continuous functions f : R — R.
2. C*°(R) denotes the space of infinitely differentiable functions f : R — R.

3. LP(R) for 1 < p < oo, denotes the space of all functions f : R — R that

1l = ( / | f(x)!”d:c)p .

4. L*®(R) denotes the space of all functions f : R — R that satisfy

satisfy

|l ey 2= esssup | £ (z)] < o
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Definition 1.1.1. (Evans (1998)). Big-oh notation: We write f = O(g) as

T — xo, provided that there exists a constant C' such that

|f(2)] < Clg(z)],

for all x sufficiently close to xg.

Definition 1.1.2. (Evans (1998)). Little-oh notation: We write f = o(g) as

T — g, provided

lim LI _ g
a0 g ()]
Definition 1.1.3. (Kesavan (1989)). Support of a function: Let ¢ be a real

(or complex) valued continuous function defined on an open set in R"™. The support

of ¢, written as supp(@), is defined as the closure of the set on which ¢ is non-zero.

Definition 1.1.4. (Kesavan (1989)). Test functions: The set of all infinitely

differentiable functions defined on R™ with compact support is called test functions.
Definition 1.1.5. Weak Solution: (Stavroulakis and Tersian (2004)). Assume

that ug(z) € L, .(R). A function u(z,t) € L} (R x [0,00)) is a weak solution of

loc

u +uu, =0, xR t>0, (1.1.1)

u(z,0) =up(x), x€R (1.1.2)

if and only if

o] 00 2 00
/ / <u,0t + %px> dxdt + / up(z)p(x,0)dx = 0, (1.1.3)
0 —o0 —c0

for every test function p € C°(R x [0, 00)).

Definition 1.1.6. (Evans (1998)). Minkowski’s Inequality:

Assume 1 < p < oo and u,v € LP(U), U is open in R". Then

| u+v |leaen < w l|ze@) + || v [|r) -

Definition 1.1.7. (Kesavan, |1989). The Schwartz Space, S: The Schwartz

Space, or the space of rapidly decreasing functions, S, is given by

S={feC?R")/ ‘ llim 128D f(x)| = 0, for all multi-indicies o and (}.
T|—00

2



Definition 1.1.8 ( Kim| (2011))). Let a doubly indexed complex sequence c;; € C
satisfy a;; = ;. Then the full K-moment problem related to a set K C C and
the sequence {cy;} is to find a positive Borel measure p that is supported on K

and satisfies
Qi = /Eiz]du, i,j>0. (1.1.4)

Depending on the choices of K, the problem is called with the names Stieltjes
(K =R7"), Hamburger (K = R), Hausdorff (K = [a,b]), and Toeplitz (K = T)(see
Akhiezer| (1965), Atzmon (1975))). If K C R, then ay; = [ 2"*/du = @j;. Therefore
the doubly indexed sequence «;; is actually a singly indexed one with real values

and we write
o = [aFdp, kE > 0.

Definition 1.1.9. (|Kim| (2011)). The truncated K-moment problem related to a

set K C R and a sequence {ay} is to find a positive Borel measure j such that
ap = /xkdu, 0<k<n, (1.1.5)

and

supp(p) € K.

Usually, a measure in an atomic representation du = i pi0(x—c;)dx is considered,
where d.,(xr) = d(z — ¢;) is the Dirac measure Ce;;éred at ¢;. Therefore, the
truncated moment problem in is to find 2n unknowns p; > 0 and ¢; € R
that satisfy

=Y pick, 0<k<2n, (1.1.6)
=1

provided supp(u) C R.

We start our discussion with the heat equation.

Heat Equation

As we know, one of the application of the heat equation is to study the heat
conduction. In this case, the heat equation provides an information about tem-

perature at a given location in a metal bar as time changes. To determine the
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temperature in the bar at any given time, we need to solve the heat equation
subject to the initial and boundary conditions.

The one dimensional heat equation is given by
Uy = kg, (1.1.7)

where k is the thermal conductivity. Then the function

is called the fundamental solution of the heat equation and is known as heat kernel.
We consider the initial value problem for heat equation on the whole real line
as following:
U = kg, = €R, t>0,
(1.1.8)
u(z,0) = ¢(x), zeR.
Then for ¢(x) € L*(R) or ¢ € C(R) N L>(R),

—(2—y)?

¢(y)
u(x,t) = e Wt d 1.1.9
(=) /]R 4mkt Y ( )
is the solution for (1.1.8]) such that

lim  wu(z,t) = ¢(xg).
(z,t)—(x0,0) ( ) ¢< 0)

One can observe that, the heat equation is a second order linear parabolic partial
differential equation. The solution is the convolution of initial data with
the heat kernel.

Our main work in the thesis is on the study of Burgers solutions via heat

equation. Hereby we begin discussing about the Burgers equation.

1.1.1 Burgers Equation

Burgers equation is a second order non-linear parabolic partial differential equa-

tion, which is of the form

Up + Uy = €Uy, T ER, >0, (1.1.10)

4



where € is a coefficient of viscosity and u = wu(x,t) is the velocity of fluid. This
equation consists of both non-linearity convection and diffusion terms. It is one of
the PDE occurring in various field of applied mathematics such as fluid mechanics,
traffic flow etc.

This equation was first discussed by Bateman| (1915)), due to extensive work
of Burgers (1948), it is known as Burgers equation. Later, this equation has
got much attention and studied by Hopf (1950), |Cole| (1951)) and many others

beginning from 1948.
If e =0, then (|1.1.10) becomes

ur+uu, =0, z€R, t>0. (1.1.11)

The equation (|1.1.11)) is called a inviscid Burgers equation and it is a hyperbolic
partial differential equation. As an application, the Burgers equation ([1.1.10]) can

be derived from Navier Strokes equations.

Navier Strokes Equations

Navier Strokes equations describes the motion of viscous fluid and the solution to
these equations gives the flow velocity.
Consider the Navier Strokes equations for incompressible flow

v =0,
v (1.1.12)

(pv)e + v - (pv) + Vp — pv* v =0,
where p is the density of the fluid, p is the pressure, v is the velocity of the fluid
and g is the viscosity of the fluid.

Simplification of second equation in (|1.1.12]) with respect to x component, we get

o o o ot Op 0%v®  0*® %"
pﬁ%—pvx oz vt Dy o Dz +%_M(8w2 * y? Tz ) =0
If we take one dimensional problem with zero pressure gradient, then the above
equation is reduced to
ov* LSO 0"

ot +pu ox _MaxQ =0

p



Let us take v* = u and kinematic viscosity € = %. Then we get the viscid Burgers
equation

U + UUp = EUgy.

1.1.2 Solution to viscous Burgers equation

Consider the initial value problem for viscous Burgers equation.

Up + Uy = €Uy, T E€R, >0,
(1.1.13)

u(z,0) = ug(x), x€R.

Hopf| (1950) and |Cole| (1951)) considered a method to solve the above initial value
problem by introducing a transformation, later known as Cole-Hopf transforma-

tion by reducing (|1.1.13)) to a linear problem. This transformation is given by

¢(z,t) = exp {—2% /; u(y,t)dy}.

Note that, the lower limit for the integral above can be any real number also. In
fact, Hopf (1950) studied with lower limit zero.

Then the initial value problem ({1.1.13)) was reduced to

¢t:€¢xx7 SCGR, t>07

o(x,0) =: po(x) = exp{—5- [*__uo(y)dy}, =R

(1.1.14)

The solution to the above initial value problem is given by

®o(y) e_(ii;yﬂ

R V4met

From this |Hopf (1950 derived an explicit solution for the initial value problem

(1.1.13]), which is given by

u(z,t) = dy.

u(z,t) = —ZEE

O r— z—y)?
S22 exp{ 2 Yoo (y)dy
122, exp{— Y 0 (y)dy

Though the explicit solution exists, it is very difficult to evaluate both the integrals

= —2¢

in the numerator and denominator for many of the initial data. This is the main
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motivation to study the behavior of Burgers solution via asymptotic analysis. This
difficulty may be resolved by finding a simple approximate solution or one has to
try evaluating the integrals using numerical methods.

Initially, Hopf (1950) studied the behavior of the solution of Burgers equation

to obtain the higher order asymptotic in the following cases.

e The behavior of the solution as t — oo while keeping viscosity constant.

e The behavior of the solution as € — 0 while z and ¢ are fixed.

The following consists of brief review of work done for the higher order asymptotic
for Burgers solutions.

Duoandikoetxea and Zuazua (1992) has taken

2n—1

_ (_1)i% i —4—’;2
¢2n(x7t) - ; Z'\/maz(e )

as an approximate solution to the heat equation and they obtained 5, approaches
1 _ 2n+41

to the solution u of heat equation with a convergence order O (t(2p 2 )> ast —

oo. |Yanagisawa| (2007) constructed an approximate solution to Viscous Burgers

equation, which is of the form

k _ ¢k(‘r7 t)
D = )y
where
avt) = Y (-1 D) (26 g -y 2B (06

is the solution for heat equation, M;(H|[ug]') is the 5 moment of H[uo|, j > 0,
(tr)+ is the time shift, v, is the space shift and Gy(x) is the one dimensional heat
kernel. He estimated that the approximation differs from the true solution by an
error whose LP- norm is of order O(t_(#w“ﬁ) as t — 0o, by assuming that the
initial data satisfies (1 + |z|*"3) € LY(R), where 1 < p < oo0.

Kim and Ni (2009) considered an initial value problem for heat equation

U — Uze =0, zER, t>0,

u(z,0) =up(x), zeR

7



They studied the large time behavior of the solution of the heat equation using
the moments of the solution by imposing conditions on initial data. They assumed
that

7*uy € L*(R) and g is bounded,
which shows that the moments of the initial data exist and is given by

%:/a: uo(x)dx for k=0,1,....2n — 1.
R

Kim and Ni| (2009) has taken a linear combination of n heat kernels

(x—ci)? /4t

e

Z\/H

as an approximate solution for heat equation, where these p;’s and ¢;’s are chosen

in such a way that, the moments

k
Ve = 11_{% Rx ¢n<xat)d$

agree with those of true solution of heat equation. The above relation turns out
to a truncated moment problem and the problem has a unique solution if ug(x)
is a non-negative function (Curto and Fialkow} 1991). Hence, there exists unique
pi’s and ¢;’s which gives the positive approximate solution. Thus, the constructed
solution converges to the exact solution in the order ¢t 2 ’'"2» ast — oo.
Further, Kim/ (2011) removed the condition of non-negative initial data and
generalized the truncated moment problem in Kim and Ni (2009) to a complex

measure space. He considered a complex sequence which is of the form,
my =a+10, 0<k<2n—1, where 5, = fxqo )dx.

Now the truncated moment problem related to this complex sequence is to find a

complex measure p such that
my, = [ 2Fdp,  supp(p) CC, 0<k<2n—1,

i.e, it is reduced to find complex solutions p;’s and ¢;’s that satisfy,

> pick =my (1.1.15)
=1



and he proved that there exists p;, ¢; € C such that ((1.1.15) is satisfied. Thus, for

any sequence oy € R, there exist p;’s and ¢;’s such that
n
o = Re(Zpicf), pi,c; € C, 0< k< 2n.
i=1

Thus the approximate solution is

_ - Pi  _(z—c;)?/4t
QSn(a:,t)—Re( E e ),
— \Aart

where p;, c; € C.

Now we introduce briefly the works related to N-wave initial data, a special case
of zero mass initial data.
It is seen that (Sachdev, [1987), the N-waves move out from a planar source in

the form

x, |x| <1,
u(z,t;) = (1.1.16)

0, otherwise.
To find the evolution of ({1.1.16)) under the planar Burgers equation, we consider

the following solution of heat equation:

Sz t) = 1+ (%O)exp {_21;_;} | (1.1.17)

where t; is a constant. Using Cole-Hopf transformation, v = —5%, we obtain

X

u(z,t) = (1.1.18)

t14 /% e—%]'

Now define the Reynolds number as follows:

1 o0
R = —/ u(zx, t)dx
0 Jo
= logle(0,2)]
t
= log |1+ 70 (1.1.19)
Hence, ([1.1.18) can be expressed as
u(z, t) = - (1.1.20)

1 22y
t[l 4 e 2]
It is to be noted that the above N -wave solution is not self-similar, unlike single

hump solutions for viscous Burgers equation.

9



Sachdev and Joseph| (1994) showed that the true solution of

)
with
z, ‘$| < lo,
u(z,0) = (1.1.22)
0, otherwise,

can be expressed as

1
t[l + 0—062575]

13
2 B [V 2
C’o——ez%/ Yo ag - | =,
T 0 )

It is well known that most of the generalizations of Burgers equation can’t be

where

linearized by Hopf like transformation.

Let us now consider the following generalized Burgers equations, namely, non

planar Burgers equation

' 0
Uy + Uty + ‘% = éum, for j > 0. (1.1.24)

While studying the propagation of weakly non-linear longitudinal waves in liquids,
the nonplanar Burgers equation (1.1.24) was obtained by |Lighthill| (1956) and
Leibovich and Seebass (1974). Here j = 1 corresponds to the case when the
source is cylindrical symmetric and j = 2 for the case when the source is spherical
symmetric.

Sachdev et al.| (1999) considered (1.1.24)) subject to

(FHE if 2 < dy,

u(zx, t;) = (1.1.25)

0 otherwise.

Here dj is the length of one lobe of the initial profile ((1.1.25). They introduced

the similarity variables

C

t, n=uxt*, u=tvn,t)

10



and reduced (|1.1.24) to

i )
(C —; j) v+ anvy + vy = §t(2a+1)vnn - ta+c+lwn- (1.1.26)

The above equations play an important role in analyzing the solutions in the

following three regions.
e Convection dominated region.
e Diffusion dominated region.
e Convection-diffusion balanced region

Sachdev et al| (1999) first considered the convection dominated region [that is

a = —1, ¢=0] and obtained the following old-age solution:

u(zx,t) = (1%‘7) %+O(1), j#£2 as t — o0.

In fact this behavior of the solution agrees with that of the work done by |Crighton
and Scott| (1979). They then considered the diffusion dominated region, i.e. the

case when

a:_§ and c<—§.
Motivated by the old-age solution

x 22

u(z,t) = LRt

of (|1.1.24)), they took
e Lt
2

This, in turns, changes (|{1.1.26f) to

U J ~G4D)2

— U= U +to, = 3 Um ~ t VU, (1.1.27)

Assuming

v(n,) = vo(n) +0(1) as - oo,
they obtained the old-age behavior as
vo(n) = Ane™/%. (1.1.28)

11



It is to be noted that they happen to depend on numerical scheme to find the
old-age constant A in (|1.1.28]).
To incorporate the behavior of solution at far in back time from old-age be-

havior, they assumed the following form for v:

v=ug(n) +€(n,t) as t— oo. (1.1.29)

Substituting (1.1.29) into ((1.1.27]) leads to a PDE. To reduce the resulting PDE
to ODE, they took

e(n,t) =t UTD2f(m) as t — oo. (1.1.30)

With the help of confluent hyper-geometric equation, the variation of parameters

and the antisymmetricity of the solution wu, they arrived at

2
Az exp ( — %)

t1/2 4 =GR F(2) + O(t—(j+1>)] '

u(z,t) =t~ 1+/2 (1.1.31)

It was then showed that the constructed solution agrees with the N-wave solution
of viscous Burgers equation up to the error of order O(t~%/2) when j = 0. They
then obtained an asymptotic expression for Reynolds number . Finally they an-
alyzed the N-wave solution for generalized Burgers equation (|1.1.24) under the
assumption that

=" 0<j<2
n

with m and n are positive integers with no common factors.

Sachdev and Srinivasa Rao| (2000)) constructed N-wave solutions for the fol-

lowing generalized Burgers equation

)
with
u(z,0) = (1.1.33)
0, |z|>1.

12



It is known that

x 2
—x? /26t
Y (1.1.34)

is the antisymmetric profile satisfying the equation ({1.1.32)) in the diffusion dom-

u(z,t) =c

inated region. However, numerical study of (1.1.32))-(1.1.33)) suggests that the

node will be shifting from y-axis when ([1.1.33)) evolves under generalized Burgers
equation ([1.1.32)). It suggested to assume the old-age solution for (1.1.32))-(|1.1.33))

as follows:
(x —xp) _(@—20)?
25t

u(z,t) = g e

They introduced the similarity variables

(z — o) 1/2 (25)1/25
= -/ =t =" > 1.1.
S TN T am (1:4:39)

Using these variables, ((1.1.32)) leads to

2nvve + E[nuve — 2n%0? — 2nTov,] + 2nélvue + 4n?(20)" D2 remy

—4n(20) " VP iy — (n+ 1)évg = 0. (1.1.36)

Inspired by the exact N-wave solution for viscous Burgers equation, they sought

the solution in the following form:

with . '
v = Z fZ(T)%
i=0 )

Substituting the above expression of v into (|1.1.36]), they found that

f1<7-> = 0,
fs(r) = —4\/%7', n =2,

= 0, n>2

They then sought the expression fy,f> and fy in the following form:

p p p
fo(T) ZT%ZakT—k, fa(7) ZTQ”Zka_k, fa(7) :T%Zcm—k. (1.1.37)
s k=0 k=0

13



Though passing the limit p — oo in (|1.1.37)) would give better approximation, it
was only possible explicitly to evaluate foy,f> and f4 for the cases p = 2,3, 4.
They defined the Reynolds number for the N-wave solution of (1.1.32)) to be

R(t) = %/ﬂﬂo u(z,t)dx,

then
1/2
R(t ) + Llog[c1+c2/t i|’ n=np,
R(t) = Ve et (1.1.38)
R(to) + 5 (h(t) — h(ty)), n#p,
where )
n—p)/n
c
h(s) = (01 + 31_32) . (1.1.39)

They finally compared Reynolds number ((1.1.38))-(1.1.39)) obtained by improving

the old-age solution with the Reynolds numbers obtained via numerical scheme
for some specific cases and found very good agreement.
Enflo and Rudenko (1994)) studied N-wave solutions for a Generalized Burgers

equation
€

Uy + U, =
subject to the N-wave initial condition

xz, if |z| <1,
u(z,t) = (1.1.41)

0, otherwise.
In the case as € — 0, they obtained the behavior of the outer solution of (|1.1.40)-
(1.1.41)) as follows:

T
4 0(e), if |z < VA,
u(z,t) =<t () g (1.1.42)

0, otherwise.
Srinivasa Rao and Satyanarayanal (2008), first, constructed large time N-wave

solution, namely,

u(z,t) = t=(+%) Age*% 4 () €/

(1.1.43)

Az. 8._.2
X<_A2£+6_(5]£3+A2%§5+”'>+”'

14



for the nonplanar Burgers equation

T
s + Uy + ]2—:: = Jtar, G20, 520, (1.1.44)

For which, they assumed that the leading order behavior of solution is

. »2
u(x,t) = et~ 2e 55, (1.1.45)

Then they incorporated the effect of non-linear term by adding a correction term

(&, t) to old-age solution.
Inspired by the form of (|1.1.43)), they arrived at

u(z,t) =t~ (1+2)

12002

A%j(j —5)

A o3
T

4% A% —
30

E+.. .+an+1§2"“+...) +...
(1.1.46)

with the help of N-wave solution of viscous Burgers equation. It is to be noticed

that the old-age constant A in (1.1.46|) was found from numerical solution. Then

they picked up approximate N-wave solutions from Parker| (1981) for (|1.1.44])

subject to two different zero mass initial datas:

1. u(z, ty) = ze ™

22

2. u(x,ty) = x3e”

and found the agreement of these approximate solutions with that of (|1.1.46|) for
large t. They noticed that Sachdev et al.| (1999)’s N wave solution depends on
only one unknown function fj in the following form :

~V23¢
-V, T)

u(zx,t)
LT =Y

That is once fy is found, remaining all f;, ¢ > 1 are found. This f, was found by

Srinivasa Rao and Satyanarayana/ (2008) from ([1.1.46)) via the relation

1
Uup(0,8) = ——

Vifo(Vt)

15
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They found a drawback of N-wave solution in |Sachdev et al.| (1999)’s work that
it is not possible to truncate the series in the denominator as every term is of the

order O(t%). To rectify this , they proposed N-wave solution in the following

form
V20(
u(z,t) = ,
Vin,T)
V(n,T) =T""U(@T),
Um,T)  =goln) +T M gi(n) + T ga(n) +. . .,
where k; = j + 1. This, eventually, led to closed form like solution which is

convenient for computational techniques.

1.2 Organization of the thesis

This thesis is organized as follows:

Chapter 2 deals with the study of large time asymptotic of solutions to the
viscous Burgers equation and adhesion model subject to a class of zero mass
initial data. This is done by transforming the Burgers equation to heat equation
using Cole-Hopf transformation. Initially, we transform Burgers equation to heat
equation via Cole-Hopf transformation and construct an N-wave approximation
using truncated moment problem. Then we obtain the error estimates between
the exact and approximate solutions of heat equation as well as Burgers equation.
This chapter ends with a proposition which helps us to construct an initial data
in Schwartz class whose m moments matches with the moments of given initial
data.

In Chapter 3, we consider a Riemann problem for a de-coupled system and
obtain an explicit solutions. Later, we consider a forced Burgers equation with

the forcing term 77 £ > 0 and k is a non-zero constant, subject to the initial

k
(2Bt+1
condition uy(z) = o(|z]) as |z| — oco. From [Satyanarayana et al. (2017), we find
the exact solution to the forced Burgers equation. Further we will prove that

the obtained solution of forced Burgers equation will approach to the generalized

16



5 as viscosity tends to zero. Finally, Chapter 4 sets

solution of u; + uu, = W

forth the conclusions of the thesis and future work.
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Chapter 2

Higher order asymptotic for
Burgers equation and Adhesion

model

2.1 Introduction
The aim of this chapter is to study higher order asymptotic of Burgers equation,
Uy + Uy = Uy, reR, t>0 (2.1.1)

with initial datum
u(z,0) =up(xr), ze€R (2.1.2)
and de-coupled system
Ut + Uy = Uy, reR, t>0,
(2.1.3)
Pt + (up)x = Pz, S R: t>0

with initial data

(u(m,()),p(x,())) = (U()(Z’),po(l’)), YIS R,

where p is the viscosity coefficient. Burgers equation (2.1.1) was introduced
as the simplest model for the differential equations of fluid flow (Hopf, [1950).
The de-coupled system ([2.1.3) is the one dimensional adhesion model for large
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scale structure formation of universe, see, Gurbatov and Saichev| (1993). For

more literature on this decoupled equation we cite [Joseph| (2010)); Sahoo| (2015);

Oberguggenberger| (1992) and references therein.
Cole-Hopf transformation gives the explicit solution of (2.1.1)- (2.1.2)) as

v(z, t)
u(x,t) = —2 = . 2.14
(%) ul—l—f_oov(y,t)dy (2.14)
Here v(z,t) has the integral representation
(0t) = s [l (2.15)
v(z,t) = vo(y)e 1.
) 471_“1/_ . o\Y Y
satisfying the heat equation
Vy =fUzz, T ER, >0, (2.1.6)
1 1 [
v(x,0) =— éuo(x) exp <—§/ uo(s)ds) =:vo(z), x€R. (2.1.7)

Though the solution in the explicit form is available for
—, it is a tedious work to evaluate the integral exactly in right hand
side of for several initial functions vy. Then one can imagine the difficulty
in evaluating the integral exactly in the denominator of right hand side of .
So, one may resort to evaluate the integrals numerically. As an alternative
land Liul [1987} [Jaywan et al, 2010} [Miller and Bernoff], [2003; [Witelski and Bernoff,

11998; [Yanagisawal, 2007)), we go for finding an approximate solution in a simpler

form which has fine asymptotic order similar to the solution.

By scaling time and space variables, we can reduce (2.1.1]) and (2.1.3) to

Uy + Uy = Uyy, reR, t>0 (2.1.8)

and
U + Uy = Uy, reR, t>0, (2.1.9)
pr+ (Up)z = Paxs reR, t>0. (2.1.10)

Therefore, without loss of generality, one can consider (2.1.8) with the initial
condition

u(z,0) =up(z), =zxeR (2.1.11)
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and the de-coupled system (2.1.9)-(2.1.10]) with initial condition
(u(z,0), p(z,0)) = (u(x), po(z)), x€R. (2.1.12)

We first study the large time behavior of solutions to the Cauchy problem ([2.1.8))
and by imposing conditions on the initial function wug that uy, x?"*lu, €
LY(R) and [~ wug(z)dr = 0. Set M := [* wg(z)dz. If M is a non zero real
number, the solution of and approaches Gaussian form as t — o0,
which is a solution of with the initial profile Mdy(x). Here ¢y is the Dirac
measure giving unit mass to the point 0. In case of zero mass initial profiles
i.e., M = 0, the solution of and approaches to N-wave solutions
(see |Whitham| (1974))) of for sufficiently large t. For which, we construct
asymptotic N-wave approximate solution to the concerned heat equation using
generalization of truncated moment problem. This approximation is made as
a spatial derivative of linear combination of n heat kernels. We also provide a
different proof from the existing one that the constructed solution differs from the
true solution by an error of order O(t_(m’q”%) in LP-norm, where 1 < p < oo,
if m moments of initial data vanish and m-th order moment exists. This result is
used to get higher order asymptotic for Burgers equation.

We then generalize the above results to heat equation having initial data whose
i-th order moment vanishes, for © = 0,1,2...m — 1. This approximation is made
as a m-th order spatial derivative of linear combination of n heat kernels. Further,
using a generalized Hopf-Cole transformation, we provide higher order asymptotics
for the adhesion model — by imposing conditions on the concerned
initial data. In addition to this we describe a simple way to construct an initial
data in Schwartz class whose m moments are equal to those of given initial data.
This in turn gives an error estimate of order O(t_(HTmHﬁ) in LP-norm for heat
solutions if m-th order moment exists.

We now describe three remarks of our N-wave approximation over the Gaussian

approximation [Jaywan et al.| (2010); Kim/ (2011))].

1. The 2n-th moment of N-wave approximation for the heat solution matches

with the 2n-th moment of true solution (see Remark [2.2.2]).
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2. The N-wave approximation for the Burgers solution consists of a simpler form
without any integrals to be evaluated (see equation (2.1.14) and Remark
2.3.1)).

3. The rate of convergence is higher when compared to |Jaywan et al. (2010));
Kim| (2011)) (see Remark [2.3.1]).

The main results are stated herewith:

Theorem 2.1.1. Let u(z,t) be a solution to the Burgers equation subject
to (2.1.11) with the zero mass initial data uo(x) satisfying ug, > uy € LY(R).
Then, for any to > 0, there exist b;,c; € C and T > 0 such that

u(.,t) = un (., 1)]|, = O "FIF2) - oo, (2.1.13)

where 1 < p < oo and

R i b <55”<_f")§)
e ————0, [ e "
i—1 \/47T(t —f- to)
L+ Re [ 30—t
e —————e o

=1

Up(z,t) == —2 (2.1.14)

1s well defined fort > T.

Theorem 2.1.2. Let u(x,t), p(z,t) be solutions to the de-coupled system —
with the initial condition satisfying the following conditions:

%7 x2n+772‘/’07 007 x2n+mCO € Ll(R)u

/ 2*Vy(z)dx = / 2*Co(z)dr =0, 0 <k <m

o0 —0o0

with

C’O(x):—%/z pols)ds exp (—%/ uo(s)ds), (2.1.15)

— 00 —00

Vo(l“)ZeXp<—%/m

—00

wo(y)dy — 1). (2.1.16)

Then, there exist b;, c;, Bi, ¢; € C and T > 0 such that

_2n414m | 1
2 +2p

| u(t) — un(. t) [L,=O(t ), t— o0, (2.1.17)
2n+2+m+i
217)

H p(.,t) - pn('7t> ||p:O(t_ 2

.t — o0, (2.1.18)
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where u,(x,t) is given by and
1 7 oy Dy | 0.Cn(, ) = v, a2,

[1 + ffoo vn (v, t)dy} ’

,On(:E, t) =

s well defined for t > T with

O, (z,t) = Re (Z \/;%a;” (5”)) . (2.1.19)

Proposition 2.1.3. If n + 1 moments, namely,

/  f(x)dr =c;, j=0,1,2,...n. (2.1.20)

oo

exist for a given function f, then there exists a Schwartz class function g such that
the moments of g agree with that of f. Further if x""1f € LY(R), the solution
of heat equation with initial profile f — g is of order O(tinTJruﬁ) ast — 0o in

LP-norm, 1 < p < o0.

Miller and Bernofl (2003) investigated the asymptotic self-similar behavior of
solutions to ([2.1.1) with non negative initial data. They estimated that their
asymptotic self-similar approximation differs from the true solution by an error
whose LP-norm is of order O(t_2+ﬁ) as t — 0o, where 1 < p < oo. For which,
they incorporated total mass, space shift and time shift into the approximate
heat kernel while studying asymptotic behavior of solutions to the concerned heat
equation. Their work is an improvement over the work of |(Chern and Liu (1987)
by a factor of % Duoandikoetxea and Zuazua| (1992) considered the linear com-
bination of derivatives of atmost order 2n — 1 to the heat kernel as approximate
solutions for heat equation. They then gave the LP-norm rates of convergence to

4l 1
2~ "2) when t — oo, where

the true solutions of heat equation as of order O(t™
1 < p < oo. Motivated by the works of Duoandikoetxea and Zuazua| (1992)) and
Miller and Bernoff] (2003), Yanagisawa (2007)) constructed higher order approxi-
mate solutions to the viscous Burgers equation (2.1.8). [Kim| (2011]) successfully

generalized truncated moment problem to a complex measure space and subse-

quently dealt with sign changing initial data to the heat equation. Kim and Ni
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(2009) introduced linear combination of n heat kernels as an approximation to the
solutions of relevant heat equation and showed that the kth order moments of the
true and approximate solutions of were contracting with an error whose
LP-norm is of order O((\/z_f)k_%_pr%) as t — oo. For an interesting study of large
time asymptotics to the solutions of heat equation and Porous media equation in
the context of introducing total mass, space shift and time shift, we refer to the
work of [Witelski and Bernoff (1998). For the existence and decay rate of solutions
to generalizations of viscous Burgers equation, we refer to |[Lu and Jager| (2001))

and the references therein.

The scheme of this chapter is as follows. Section[2.2]deals with the construction
of asymptotic N-wave solution, v,(z,t), to the relevant heat equation and then
brings out error estimates to the solutions of heat equation. Section gives
the N-wave asymptotic approximation, u,(z,t), to the solution u(z,t) of viscous
Burgers equation (2.1.8). The decay order of u(x,t) — u,(z, t) for sufficiently large
t is also derived in the LP-norm, where 1 < p < co. In Section [2.4] we also present
higher order asymptotics to the solutions of adhesion model. In addition to this
we construct a smooth function in Schwartz class whose m moments are equal to

the m moments of any given initial data.

2.2 On the moments and asymptotics of heat so-

lutions

In this section, we reduce the initial value problem (2.1.8)) and ([2.1.11]) to an initial
value problem for heat equation via Cole-Hopf transformation and then study the
asymptotic behavior of solutions to the relevant heat equation by introducing a

suitable approximate solution.

Assume that the initial data ug is of zero mass, i.e., ffooo up(z)dz = 0 and

(1+ z)ug € L'(R). (2.2.21)
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We employ Cole -Hopf transformation

H(u) = exp (—% /:; u(s,t)ds) —1=:V(x,t)
to the initial value problem (2.1.8)), (2.1.11)) and then obtain
Vi=Vi, Tz€R, t>0, (2.2.22)
V(x,0) =exp (—% /:o uo(s)ds) -1, zeR (2.2.23)

In general, the initial data (2.2.23) is not summable on R and as we deal with

moments of initial data, we consider space derivative of V(x,t);

T

0,V (2, 1) = —%u(m,t) exp (—%/

— 00

u(s,t)ds) = o(z,b).

Thus, the Cauchy problem (2.2.22)-(2.2.23)) leads to

Vp =VUgsy, TER, t>0 (2.2.24)

(z,0) = — %uo(x) exp <—% / ' uo(s)ds) —v(z), zER. (2.2.25)

—0o0
It can be seen that vy is of zero mass if and only if ug is of zero mass. We
define the k-th order moment of the function v(z,t) as

a(t) ::/ o v(x, t)de, k=0,1,2,....

For t = 0, the above moments are well defined in view of the condition (2.2.21))
imposed on ug. It is known that the initial mass ag(t) and the center of mass o (t)

are conserved for all ¢ > 0. However, it is not true for the moments of order two

or higher. The moments of the solution to (2.2.24)-(2.2.25)) satisfy the following

algebraic relations |Kim| (2011) for any time ¢ > 0:

k
asn(t) =) %tk_lo&l(o% (2.2.26)

=0

= |

(2k +1)!
(k- D20+ 1)

Qop1(t) =

it a1 (0). (2.2.27)
=0 ’

We define the backward moment ax(—ty) of the function v(z,t) at a backward

time ¢, > 0 by making use of summations in (2.2.26)-(2.2.27). One may notice
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that the backward moments of v(x,t) are also moments of v(x,t) for ¢t > —r,
where 7 is the age |Philip (1968)) of the heat distribution vy(x).

Suppose that v(x,t) and 0(x,t) are solutions of the heat equation with
initial profiles vg(x) and 0g(x) respectively. If v and v share the moments upto

k-th order at any specific value of ¢, then they share the moments upto the same

order for all £ € R in view of ([2.2.26)-(12.2.27)).

2.2.1 Contraction of moments

Lemma 2.2.1. Assume v(z,t) is the solution of the heat equation (2.2.24))-(2.2.25)

with zero mass initial data vo(x) such that (1 + x*")ve(z) € L*(R). Then, for any

given to > 0, there exist b;, ¢; € C such that

/ o v(x, t)de = / v, (2, t)dr, 0 <k < 2n, (2.2.28)

[e.9] —0o0

where

)= Re (3 b (fo)
vp(x,t) := Re —0, | e Tt )
i=1 \/ 47T(t + to)
Proof. Consider a linear combination of the spatial derivative of heat kernels,

namely,

(z—cy)?
Z (e‘4<t+to>> , (2.2.29)
\/ 471' t+ to
where x and t are real variables Wlth t > —tg, b;’s and ¢;’s are complex parameters

and ty is any positive constant. Further, consider the real part of the complex

function w,(z,t), denoted by
vn (2, 1) := Re (wy(z,1)) . (2.2.30)

We now make the first 2n + 1 moments of v(x,t) and v,(z,t) equal by suitably

assigning values to 2n parameters b;’s, ¢;’s, ¢ =1,2,...,n. Since
o0
li b t)dr = —k bick ™! <k<2
Jim 700(E U (2, t)dx Re Z c; , 1<k <2n,

one obtains

0, for k=0
Re (—kz bicf_1> , fork=1,2,...,2n,
i=1

26
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by equating the first 2n + 1 moments of v(x,t) and v,(x,t) when t — —t,. Since

the initial mass under the heat equation is conserved and we picked up the zero

mass initial data , k = 0 case in ([2.2.31)) is obtained. Omne can observe

that, if we take ty = 0, the initial data vy is approximated by real part of linear

combination of dipole distributions. So, taking into consideration of backward

time helps in approximating the initial data vy by the function v,(z,0).
Introducing

-
Gy e ) 0 o (2.2.32)

k
equations ([2.2.31)) reduce to
dx = Re (Z bicf> . 0<k<2n. (2.2.33)
i=1

It is known that, if a}’s are moments of a non-negative function, then the existence

of b;, ¢; € R such that
=Y bicf, 0<k<2n (2.2.34)

i=1
is guaranteed by truncated moment problem. However, the truncated moment

problem ([2.2.34)) need not be solvable for arbitrary aj’s. Using the generalization
of truncated moment problem to a complex measure space developed by Kim

(2011)), we solve (2.2.33)) for the complex values b;’s and ¢;’s.

Pick up a nonnegative function go(z) satisfying the following properties:

I It decays fast enough as |z| — oo so that its k-th order moments, [, are well

defined for 0 < k < 2n. Denote my := & + i, 0 < k < 2n.

IT The auxiliary n-th degree complex polynomial g,(z) = 2" — Z?;Ol ;2 has
n- distinct zeros, where the column vector (¢, 91, ...,1,_1)" is the unique

solution of the system,

mo M1 ... Mp_q Yo My
mp M2 ... mp (0 Mpi1
Mp—1 My ... Mop_2 Un_1 Man—1
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It is to be noted that the coefficient matrix in the above system is Hankel

Matrix. Then the Generalized truncated moment problem,
> bk =my, 0<k<2n (2.2.35)
i=1

has a solution set b;, ¢; € C which is unique upto reordering. Here, ¢;’s are none
other than zeros of the auxiliary complex polynomial g,. Thus, the zeros depend
not only on @y;’s, but also on nonnegative function qq. Further, b;’s, 1 <17 < n, are

obtained by solving the Augmented system:

1 1 .. 1 bl mo
C1 Co e Cn b2 mq
n—1 n—1 -1

Cl 62 o e Cz bn mn_l

It is to be noted that these complex values ¢;, b; also satisfy the rest n equations

in (2.2.35)). Equating the real parts on both sides of (2.2.35]), we get
Re (mef) =aE, 0<k<2n
i=1

concluding the proof. O

Remark 2.2.2. Under the same hypothesis of Lemma|2.2.1], we can find a Gaus-
sian approximation v, from | Kim/ (2011) as follows:

For any given ty > 0, there exist p;, ¢; € C such that
/ v (x, t)de = / 2, (z, t)de, k=0,1,...,2n—1, (2.2.36)

where

e AHo)

- - Pi (z—c;)?
Un(z,t) == Re _— :
(zzl \/47T(t+t0) )
In consideration of and , we can say that 2n + 1 moments of N-

wave approrimation v, for heat solution agree with 2n + 1 moments of v whereas

only 2n moments of the Gaussian approximation v, agree with those of v. It is
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to be noticed that we tmposed an extra condition of zero mass when compared to
the class of initial functions considered in |[Kim| (2011). So the vanishing of the
0-th moment of v makes the 2n-th moment of v, to agree with 2n-th moment of

v. Illustrating this contraction of moments for n = 2, an example is discussed in

Section [2.2.2.

2.2.2 An example of contracting moments

Consider the initial value problem ([2.2.24)-(12.2.25)) with a discontinuous function

1
-, —l<z<l,
vo(r) = ¢ ¢° (2.2.37)

otherwise.

It is easy to see that vy has moments upto 4-th order only. These are;
ap(0) =0, a1(0) =0, az(0) =8/15, a3(0) =0, ay(0) = 48/25.

Then the backward moments at t; = 1 are

ag(=1) =0, ay(=1) =0, ay(-1) = = a3(—1) =0, au(-1) = _12_152’

where the algebraic relations (2.2.26))-(2.2.27) were used. Then (2.2.32)) gives

4
15’

_ 28
25

ONéQ:O,ONél:— CYQZO, 0~63

Pick up a nonnegative function go(z) = \%e‘xg and introduce my = ay + 16, with

Br = ffooo 2*qy(z)dz for k = 0,1,2,3. Then, we have

4 l 28

Mo =61 = e M2 =5, s = oe

Solving the Hankel system,
m; Mo Uy ms ’

29 564,
2570° 1T TapT”

we have

Yo = (2.2.38)
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Then the auxiliary polynomial go(z) = 2% — ¢y — 112 has two distinct complex

zeros, namely,

—9820i + 1/8515230i — 9820 — /8515230
= =:1c1, 2=
2570 b 2570

i=:ca. (2.2.39)

z

Now, solving the Augmented system,

)=

we have
10516 + 3v/8515230 . i 5258
by = iy by = = — (2.2.40)
68515230 2 12772845
Hence, the N-wave approximation for ([2.2.24])-(2.2.25)) with (2.2.37)) is given by
1 (@=cp? _(w=cp)?
4n(t 4+ 1))
where ¢y, ¢g, by, by are given by (2.2.39)-(2.2.40]) satisfying
/ vz, t)de = / a*vy(z, t)dr, 0<k<4. (2.2.41)

Let us now obtain a result which reveals the relation between moments and asymp-

totic behavior of solution of heat equation.

Theorem 2.2.3. Let E(xz,t) be a solution to the Cauchy problem

Ey(x,t) = Eyp(z,t), z€R, t>0, (2.2.42)
E(z,0) = Ey(x), xz€R (2.2.43)

satisfying
/ " Ey(z)dr =0, 0<k<m (2.2.44)

and " Ey € L*(R). Then, for 1 < p < oo,

B )], = 0@ " %), t - oc. (2.2.45)

Remark 2.2.4. In fact, |Duoandikoetrea and Zuazua (1992) gave the proof of

Theorem [2.2.5. They defined the sequence of functions recursively;

Ek(x):/ Er_1(x)dx k=1,2,...,m.

o
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They then proved that 0-th moment of each Ej vanishes and Ey’s approach to zero
as |x| — oo by applying integration by parts and making use of inductive argu-
ments. The following proof makes use of Taylor’s series expansion and Minkowski

inequality and is of our independent interest only.

Proof of Theorem [2.2.3, The solution of heat equation (2.2.42)-(2.2.43)) is given
by

E(z,t) = Jiﬁ / Eo(€)e % de. (2.2.46)

Changing the variable as (r,s) = <\/iﬂ, %) and applying (2.2.44]), the above
equation ([2.2.46|) reduces to

E(z,t) :% /00 Eo(2V/ts)e ") ds
L i [ ]
‘ﬁ/mEo(M)L;p“ - ]d.

Here we used the following Taylor expansion,

o —g)d 4
e (r=s)” = ij(r)( s) with p;(r) = — e (r=9)?

= 4! ds’ s=0
and the conditions ([2.2.44]). We now introduce the notation,
S (~y)’
Tu(ry) = > pi(r) T
j=m
Then e (%)° = Z;.":_Ol pi(r) (}S!)j + T,(r,y). This implies
agl[e*“*)?] = O, (1, ). (2.2.47)

Now since 9(T,(r, s))

=0, forv=0,1,2...m — 1, we have
s=0

O (T(r,s)) = /OS O (T (r, 8 (r, 8')ds'.

Applying LP norm on both sides and using Minkowski inequality we get:

03T (r, $))p< 15110 (T (r, )l for i =0,1,...,m.
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Applying the above inequality m-times, starting with ¢ = 0, we have

[Tl ) < 18107 Tl ) = sl (") | = Olsi™.
(2.2.48)

In the above derivation we have used ([2.2.47)).

For 1 <p< o0,
_—(2\/{)1/13 b h ts r,s)ds
sl =22 ([T |7 mevian.esd

< (2\521/13 - ( / joo ‘EO(QﬁS)Tm(r, )

< (2\52 _: |Eo(2Vts)| || T (-, 5) || pds,

o | T | Bo(2vEs)] |s|™ds

—00

1/p
dr)

» 1/p
dr) ds

_ O(1) (Vi) / Eo(€)] (€™ de
— Ot~ ),

In the above derivation, we used Minkowski inequality and inequality (2.2.48]). An

analogous result can be obtained for the case p = oc. O

Lemma 2.2.5. Let v(z,t) be a solution to the heat equation (2.2.24))-(2.2.25)

with the zero mass initial data vo(z) satisfying vo, x> vy € LY(R). Then, for any

tog > 0, there exist b;, ¢; € C with

(z—c;)?
Up, e A4G+to) 2.2.49
(Z \/ 47T t+ t() ( )) ( )

[o(.,t) = va (., 1), = O~ DTy g o, (2.2.50)

such that

where 1 < p < 00.

Proof. Making use of Lemma [2.2.1, we can construct v, as if 2n 4+ 1 moments of
vn (2, t) agrees with 2n + 1 moments of v(x,t). Having the agreement of moments

for v(z,t) and v, (x,t), we now define the difference function as follows:

E(x,t) :==v(x,t) — v,(x,t) (2.2.51)

E(z,0) =vo(z) — v,(z,0) =: Ey(x), x€R. (2.2.52)
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Then E(z,t) satisfies the hypothesis of Theorem with m = 2n+ 1 and hence

the conclusion is derived. O

We can now generalize the above Lemma [2.2.5 and proof is omitted as it is

almost a repetition.

Lemma 2.2.6. Let v(z,t) be a solution to the heat equation (2.2.24)-(2.2.25)

with the measurable function vo(z) satisfying [°° a*vo(z)de =0, 0 < k < m and
vy, 2"y € LY(R). Then, for any ty > 0, there exist b;, ¢; € C such that

o€ 8) = v, D)l = O™

where 1 < p < 0o, with

( .
e 4t+tg)

(3 v (7))

2.3 Asymptotics for Burgers solutions

In this section, we introduce the asymptotic N-wave approximation, u,(x,t), to
the solution wu(z,t) of and then obtain the error estimates. It is to be
noted that the moments of the true solution and approximate solution of the heat
equation ([2.2.24]) are made equal for attaining higher order error estimates. The
same higher order error estimates between the true solution and the approximate
solution of the Burgers equation are obtained even though the concerned
moments of the solutions of are not necessarily agreeing.
The inverse Cole-Hopf transformation H~' gives us

2u(x,t)

w6 == 1+ [7 (s, t)ds

We now prove Theorem [2.1.1} It is to be noted that the LP contraction is

mainly due to the agreement of moments, not due to the specific form of v,.

Proof of Theorem (2.1.1. We prove this theorem in 4 steps.
Step 1: We prove that there exists a T' > 0 such that the solution w,(z,t),
given in (2.1.14)), of (2.1.8) is well defined for all x € R and t > T
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In order to prove that is well defined for all (z,t) € R x [T, 00), it
suffices to prove that the denominator in right hand side of is positive for
all (z,t) € R x [T,00). A calculation on the denominator in right hand side of
(2.1.14) gives

1+/ vn(s,t)ds :1+/ Re

=1+ Re

—e)2
O..e  4G+to)

i b; (2—c;)
(22\/@Tt+td ’ )]dx

e 4(ttto)

_(z—¢;)
E:«MWt+m ]'

Hence, the above expression converges to 1 as t — oo uniformly on R. Thus, there

exists a 7" > 0 such that
1 —|—/ Un(s,t)ds >0 >0, V(x,t) € R x [T, 00) (2.3.53)
for any sufficiently small ¢.

Step 2: We prove that 14 V(x,t) is bounded below by a positive constant for
allt >0 and z € R.

Set B 1= sup,cp f o(s)ds. Since ug is L'-function, one can say that B exists
and so 1+ V(x,0) in 1} is bounded below by e=2/2 for all 2 € R. Thus, as
V(z,t) is a solution of (2.2.22)-(2.2.23)), it is not hard to see that 1 4+ V(z,t) is
also bounded below by e=5/2 ¥(z,t) € R x (0, 00).

Step 3: We now get the L*°-norm estimate for ffoo E(s,t)ds with respect to
the space variable x.

For 1 < k < 2n, integration by parts gives us

/_ Z o By ()dz = —k /_ Z A1 < /_ Oo Eo(s)ds> do + [ack /_ OO Eo(s)ds} :O__oo |

Thus, for 0 < r < 2n, we obtain

[ ([ B a0

as " Fy(z) € L'(R) and [~ 2FEy(z)de = 0 with 0 < k < 2n. Further, a

calculation shows that

/: x%/x Fols)ds

—0o0

de <

1 o, ¢]
—— /_ | 2> By ()| da.
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Therefore, z*" [ Ey(s)ds € L'(R). Hence, in view of Theorem and its
Remark [2.2.4] we arrive at

[

Step 4: We now obtain the LP-norm estimate for u(x,t) —u,(x,t) with respect

= Ot~ "*12) as t — oco. (2.3.54)

to the space variable x.
Consider
v(x,t) v (2, 1)
1+ 7 v(s, t)ds 1+ [°_ va(s, t)ds

(L+ [ va(s,t)ds) — vy (x,t) [T E(s,t)ds
(L4 V(z, )1+ [°_ va(s, t)ds)

lu(z,t) — up(z,t)] =2

By virtue of Step 2 and the inequality (2.3.53) of Step 1, there exists a positive

real number k; such that

lu(z,t) — up(z,t)] <ky

E(z,1) (1+ / ’ vn(s,t)ds) —u(2,1) / " (s, t)ds

—00 —0o0

Y(z,t) € R x (T, 00). (2.3.55)

We now get the LP-norm estimates for the two terms in the right hand side of
the inequality (2.3.55)). Since v, (z,t) is an L'-function, there exists a positive real

number ks such that

HE(x,t) (1 + /Oo vn(s,t)ds>

Then by ([2.2.45), we have

HE(x,t) (1 + /OO vn(s,t)ds)

In view of (2.3.54) and Minkowski inequality, there exists a constant k3 > 0 so
DY

Re—t o, (e—iz:z‘; )
P i=1 47T(t + to)

=0t~ " D*%)  as t — oo, (2.3.57)

< ksl E(z,1)][p-

p

= O@t~ YY) a5t 00 (2.3.56)
p

that

n

Vn(, 1) / E(s, t)ds

—00

p

35



Taking LP-norm to ([2.3.55) and then making use of the results (2.3.56))-(2.3.57)),

we obtain, for each 1 < p < oo,
u(z,t) — up(z,t)||, = 0" %) as t— oo.
||<7) (7)“17 ( ()
[

Remark 2.3.1. Under the same hypothesis as in Theorem |2.1.1, one can obtain
an approzimation in terms of Gaussian approzimation (Jaywan et all 2010) as
follows:

For any ty > 0, there exist p;,c; € C and T > 0 such that

2n+1

[lu(, ) = (-, )], = O =

where 1 < p < oo and

%), — oo, (2.3.58)

Un(, 1)

Up(z,t) == —2
n (2, ) 1+ [7_u(y, t)dy

(2.3.59)

1s well defined for t > T with

 (z—cy)?
e o) ) . (2.3.60)

(Z T
In view of and , we can say that rate of convergence of N-wave
approzimation is higher than that of Gaussian approximation. Further, we can
notice that N-wave approzximation u, is in a simpler form whereas Gaussian ap-
proximation U, involves an integral in the denominator to be evaluated
numerically. It is further to be noted that Chung, |Kim and N1 (2009) consid-
ered the class of initial functions for which odd number of moments exist whereas
we dealt with the class of zero mass initial functions for which even number of

moments exist. In this regard, an example is given in Section |2.5.2

Remark 2.3.2. We considered the Burgers equation with respect to the

zero mass iitial data ug on R by imposing a condition on ug that
(1+ |2 Hue € LY(R). (2.3.61)

The necessity of the condition (2.3.61]) is to assure the existence of 2n+1 moments
forug. One may even replace the condition (2.3.61)) by assuming that ug is bounded

almost everywhere on the open interval (—1,1) and x*"uy € LY(R).
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2.3.1 Examples with single heat kernel

We pick up two initial functions for the Burgers equation and construct
corresponding approximate solutions, in the form of spatial derivate of a single heat
kernel, to (2.1.8]) with such initial functions. Then we show that these constructed
solutions approach the true solutions with an error of order O(t=2*/?P) as t — oo
in LP-norm, where 1 < p < oco. It is known that ug(z) is of zero mass if and only

if vo(z) = —3uo(x)exp (—% [ uo(s)ds> is of zero mass. Hence, as we deal with

zero mass initial data ug(x) for (2.1.8)), (2.1.11)), one may find the moments of the

initial data vy of the concerned heat equation ([2.2.24))-(2.2.25) with Yanagisawa
(2007).

However, for the sake of easier calculations, we first consider the initial pro-
files for the heat equation and then describe the approximate solutions for the
concerned initial value problem posed for Burgers equation ([2.1.8)).

The first example we see is the initial data

1 2 2
. ~(@=1? _ go-9(r+2) ] 2.3.62
w(@) =5 = ¢ ¢ (2:3.62)
to the problem ([2.2.24))-(2.2.25)). Then
23
p = 07 ] = 1, 052(0) = —2—7
In consideration of (2.2.32)), we have
- .23
Qo = —1, o = a
Hence the truncated moment problem
b1 = do, b101 == dl (2363)

has a unique solution as the concerned Hankel matrix is non singular. The solution
of the truncated moment problem ([2.3.63)) is
B
54
Thus the approximate solution of the problem (2.2.24)-(2.2.25)) with is

(2, 1) L (““3“’?)2)
v1(z,t) i= ————=0, | e T+ :
' VAr(t+ 1)
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Define
20o()
1+ [*_wo(s)ds’
where vy is given in (2.3.62)). Then the approximate solution of (2.1.8)) subject to

(2.3.64]) is given by

u(z,0) :=

z€R, (2.3.64)

) vi(, 1) T +23/54
ul(m,t) = _21 +fx U1(y t)dy - (x+23/54)2
—o0 ’ (1+1) |1 —2y/m(1+t)e @D

and the error estimate is given by
lu(.,t) —ui (., )], = Ot 21172yt = oo0. (2.3.65)

Let us consider another initial data

1 2 2 9 2
vo(z) == —= e (@D o7 4EHDT _ 0 (2.3.66)

NZa 2
to the problem ([2.2.24])-(2.2.25)). Then

167
Qg = 0, ] = 0, @2(0) = 4_8

In consideration of (2.2.32)), we have

167

dozo, 071 :—4—8

Hence the truncated moment problem
by =y, bicy = ay

can not be solved as the concerned Hankel matrix is singular. Then by introducing

efx2/2

qo(x) = v and B, = [ a%qo(z)dz, one has
mo :do + Zﬁo =1

my =a; +if = 1o
1 =0 1= T g
Then the generalized truncated moment problem

by = my, bicp =my
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has a solution

167 .
—1.
96

Thus the approximate solution of the problem (2.2.24)-(2.2.25) with (2.3.66) is

i _e—gfy?
vi(z,t) == Re | —=0, (e D ) .
Am(t+1)

B 2up(x)
14 [°_wo(s)ds’

blz’i, cl =

given by

Define

u(z,0) := xr € R, (2.3.67)

where vy is given in ([2.3.66)). Then the approximate solution u;(x,t) of the Burgers
equation ([2.1.8]) with reference to (2.3.67]) satisfies the error estimate ([2.3.65)) and
is given by

. (2— 1872
— AR+
Re( ,—47r(t+1)8x (e 4(t+1 ))
2 , g2\ '\
L G
e (s ()

2.3.2 An example with three heat kernels

uy(z,t) == —

Consider the initial value problem (2.1.8)), (2.1.11)) with

(16 .
I——186I97 if x < —1,
uo(w) = —TLQ, if —l<az<l, (2.3.68)
16
—_— if z > 1.
(2 — 829’ =

It is seen that moments of ug exist upto the 7-th order only. Due to Cole-Hopf

transformation, we now study heat equation ([2.2.24))-(2.2.25)) with

r, —l<z<l,
vo(z) = § ¢ (2.3.69)

—, otherwise.
x

We then see that vy has moments upto the order 7 only. These are;
ap(0) = 0,a1(0) =20/21, a2(0) =0, a3(0) =4/5,
a4(0) = 0,a5(0) = 20/21, a6(0) = 0, a7(0) = 20/9.
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Then the backward moments at t; = 1 are

ao(—1) =0, a1(—1) = 20/21, as(—1) =0, az(—1) = —172/35,

ay(=1) = 0, a5(—1) = 884/21, ag(—1) = 0, ay(—1) = —4516/9,

where the algebraic relations (2.2.26))-(2.2.27) were used. Then (2.2.32)) gives

ap = —20/21,61 =0, &y = 172/105,

d3 — 0, d4 — —884/105,6&5 =0.
Pick up a nonnegative function go(z) = \/%76_"”2 and introduce my, = &y + i with

Br = [ aFqo(x)dx for k =0,1,2,3,4,5. Then, we have

20 w _ 0 172
e R T )
_0 B _884 N 3i ~0
mz =V, My = 105 4,m5— .
Solving the Hankel system,
mo M1 My Yo mg
mi1 Mo M3 ¢1 - my )
Mg M3 1My Py ms
we have
1183309 239820
i, Py = 0. (2.3.70)

Yo =0, U1 = =+ 100361

Then the auxiliary polynomial g3(z) = z3 — 1,2 has three distinct complex zeros,

namely,
z2=0, z=¢, z= —c, where
1183309 239820
=4/— . 2.3.71
‘ \/ 258722 | 129361 (2.3.71)

Now, solving the Augumented system,

1 1 1 by mo
0 ¢ —c by | =1 mi |,
0 & ¢ b3 Mo



we have

. _ 903556004 +—15357222¢ by _ 178348048 2754701 (23.72)
L 1323264705 | 12602521 0 2 * T 1323264705 25205042

Hence, the N-wave approximation for (2.1.8)), (2.1.11]) with (2.3.68)) is given by

(z—0)? (z+c)?
1 0+ D) AT EICES)
Re l\/m&r (b1€ = + boe 4D + hge 4t >:|
ug(z,t) = =2

1+ Re { —4 Y
where by, by, b3 and ¢ are given in (2.3.72)) and (2.3.71]). The rate of convergence is

(2.3.73)

(z=c)2 @+2 \ |’
ble 4(t+1) +b2€ 4(t+1) +b36 401

[u(.,t) — us(., t)|], = O/, + = . (2.3.74)

For the same initial value problem ({2.1.8)), (2.1.11]), (2.3.68)), one can construct

a Gaussian approximation (Jaywan et al., [2010) @o(x,t) as follows:

1

u(.,t) — dis(.,t)||, = O 27 %), t— o0, (2.3.75)

where 1 < p < oo and

is well defined for ¢ > T with

4(t+.1)

= Re Z EG)
\th+1 ’

where p;,c; € Cand T > 0.

We are now in a position to generalize the Theorem as follows.

Corollary 2.3.3. Let u(x,t) be a solution to the Burgers equation subject
to with the measurable function ug(x) satisfying [~ x*vo(z)dz =0, 0 <
k <m and vy, 2*" vy € LY(R), where vy is given by (2.2.25 m Then, there exist
bi,ci € C and T > 0 such that

2n+14+m 1
“T )t o0,

[lu(,t) = un (-, 1), = Ot

where 1 < p < o0,

o U (2, 1)
up(z,t) = 21 T oy Dy (2.3.76)
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1s well defined for t > T with

vn(z,t) = Re (Z Z’%ta;@ (6_(14?) )) )
i1 V

The proof of Corollary is also repetition of the procedure discussed and

hence we omit the proof.

2.4 Asymptotics for solutions of Adhesion model

In this section, we present main results about LP-contraction rate of solutions to
Adhesion Model.

We now extend the results obtained in previous Sections to the de-coupled

system ([2.1.9)-(2.1.10]) with initial functions
u(z,0) =up(x), = €R, (2.4.77)
p(x,0) = po(x), z€R, (2.4.78)
by proving the Theorem [2.1.2

Proof of Theorem[2.1.7 In view of the lemma [2.2.6] it is enough to consider the
partial differential equation (2.1.10) with initial condition (2.4.78)). Using the

generalized Cole-Hopf transformation (Joseph, [2009),

Cla, 1) :—% /_ Oo p(s, t)ds exp <—% /_ ;u(s,t)ds>,

the equations (2.1.10) and (2.4.77)-(2.4.78) lead to

Cy =Chy (2.4.79)
C(z,0) =Cy(z), (2.4.80)

where Cj is given by (2.1.15). Let C,(z,t) and p,(x,t) be approximations to
C(z,t) and p(z,t) respectively. Further, let C(x,t)—C,(z,t) = v(x,t) and recall v(x,t)—
Un(z,t) = E(x,t). By virtue of the lemma [2.3.3] we have

_2n414m | 1
2 + 2p

17( 1) [l,= Ot ), t— o0
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Using the inverse generalized Cole-Hopf transformation, we now obtain

{1 + 7 (s, t)ds] 8,C (1) — v(z, £)C(x,1)

pla,t) = 2T vo0d] ; (2.4.81)
where
Oz, 1) \/ﬂ ) exp (— (= ;ty>2> dy, (2.4.82)
ol t) = - - \/_ / (—% /_ 1 wo(s)ds — %) dy.  (2.4.83)
Consider

[1+ I v st)ds]aC(x t) — vz, £)C(z, t)

S 1+ 7, (s, ) ds}

[1 + [7_ vl s,t)ds} 0.Cn(x,t) — vy (z,t)Cy (2, 1)
- ; (2.4.84)

[1 + [7 va(s, t)ds}

_ Alz, ) . (2.4.85)

[1 + fxoov(s,zf)ds]2 [1 + 7 vn(s,t)ds]

where the numerator A(x,t) is given by

A(x,t) {/ E(s,t)ds 0,Cy(z,t) —1-2/_; E(s,t)ds ' v (8, t)dsx

—0o0

0,Cr(z,t) — 2C, (x, t)v,( q:,t/ Es,t)ds—i—/ E(s,t)dsx

—0o0

(/_1 “n<57t>d5)23x0n(x,t) — 2C,(z, t)vn(z, t) /_OO E(s, t)ds /_OO vn(s,t)dsl

- ( / Oo El(s, t)ds)2 [@C’n(x, 1) + 8,Co(, 1) / oo (s, 8)ds — Cy(, yon(z, t)]
+0uy(x,t) / OO E(s,t)dsduy(x,t) + 30,7y(x, 1) / " (s, t)ds — E(s.0) [Cn(;c, )

—00

+ (z, t)} — Oz, t)y(z, t) + 20,7y (2, ) /90 E(s,t)ds /x Un(s,t)ds

—0o0 —0o0

+ 30,y(x,t) (/:; vn (s, t)ds)2 — 2E(z,t)Cy(z,t) /_; vn(s,t)ds
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— 27(a7,t)vn(x,t)/ Un(s,t)ds — 2E(x,t)y / Un(s

— 00

. 2
+ (/ vn(s,t)ds) l@mfy(x,t)/ E(s,t) ds+/ Un(8,1)ds0,y(x, t)

—E(,£)(Co(,t) + Y(x, 1)) — va (@, )Y(2, t)} .

The existence of T' > 0 is obtained by repeating the proof of Step 1 of the Theorem
2.1.1] The existence of b;, & with (2.1.19) is obtained by repeating the proof of

Lemma [2.2.5] Eventually, we have

H/ E(s,t)ds| =0t 3" %), t — oo,
IE(, )|, =0t 24 %), ¢ - o,

2n+4+24m | 1
10:7(. t)Il, =O( T, t— oo,

for 1 < p < oo. Taking LP-norm on equation (2.4.84) and then making use

Minkowski inequality with above order estimates, we conclude the proof. O

We conclude this section by proving the Proposition [2.1.3] which shows a way

to construct Schwartz function sharing the moments with the given function.

Proof of Proposition[2.1.3. In view of (2.1.20)), construct a polynomial p,, by
ey = 3o,
k=0
Denote the Fourier transform of p,¢ by g as follows:

9(y) = Flpa(2)o(2)) = / " pa(@)é()emvd,

o0

where ¢ is any test function having compact support in R which is 1 in the interval

[—1,1] and zero out side [—2, 2].
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Then g is a Schwartz class function and denote the Fourier transform of g by

h as follows:

h(z) = /_OO g(y)e 2™V dy (2.4.86)

o0

As h(z) = po(—z) for —1 <z < 1, we get
h9(0) = (=2miYc;,  j=0,1...n, (2.4.87)

where h)(z) is the jth derivative of h(x).
On the other hand, the equation (2.4.86|) gives

W90) = (-2x) [ gtu)dy (24.8%)
Comparing (2.4.87) and (2.4.88)), we have [~ yig(y)dy =c¢;, j=0,1...n.
The rest part of the Proposition follows from the Theorem [2.2.3] O
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Chapter 3

Generalized solutions for a
de-coupled system and a forced

Burgers equation

3.1 Introduction

The forced Burgers equation
Up + Uy = Vg, + f(x,t), z€R, t>0, (3.1.1)

has wide variety of applications in different fields of science (Xu et al., [2007). In

this chapter, we consider the forced Burgers equation
k
(28t + 1)3/2”

where v > 0, > 0 and k is a non-zero constant, subject to the initial condition

Up + Uy = VUgy + reR, t>0, (3.1.2)
u(z,0) = ug(x), z€R, (3.1.3)
with the assumption that ug(z) = o(|z|) for large |x|.
Hopf (1950) studied the vanishing viscosity behavior of solutions to the viscous
Burgers equation

U + ULy = VlUg,, T ER, t>0, (3.1.4)

u(z,0) = wp(z), z€eR, (3.1.5)
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with the assumption that the initial data ug satisfies [ uo(y)dy = o(z?) for large
|z| and he proved that the solution of (3.1.4))-(3.1.5]) converges to the weak solution

of the concerned inviscid Burgers equation as the viscosity v — 0.

Joseph| (1993) considered a system of conservation laws

2

u+ (%), =0, zeR, t>0,

(3.1.6)
v+ (ww), =0, ze€R, t>0,

with the initial conditions

ur,vr)t if x <0,
(u,v)t(z, 0) = (uz,v1) (3.1.7)
(ug,vr)t ifaz>0

which is known as Riemann problem. He analyzed the solution of above problem

by using vanishing viscosity method. For which he took an approximate solution

(u”(z,t),v"(x,t)) of (3.1.6))-(3.1.7) which is defined by the Riemann problem

<
R
+
—~

g
TN
~—
8

Il
N =

vu? reR, t>0,

T

(3.1.8)
v+ ()Y =Y, xeR, t>0,

T 2 X

with the initial conditions

uy, oY)t if o <0,
(u”, v") (z,0) = (i vg)"if (3.1.9)
(u, v%)t if x> 0.

He proved that the solution so obtained for the above Riemann problem will give

the solution of (3.1.6)-(3.1.7)) in the sense of distribution as ¥ — 0. The explicit
solution for (3.1.6))-(3.1.7) given by |Joseph! (1993) is

(1) U > UR

(ur,vr) if x < st,
(uo(x>t)a UO(I‘,t)) - (%(UL + UR), %(UL — UR)<UL -+ ’UR)tégc:St) if z= St,
(ur,vr) if x> st,

(3.1.10)
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where s = %(uL + ug) and ,—g is the usual §- measure concentrated along the

line z = st.

(11) ur, < UR

(up,vr) if ©<urt,
(u(z,t),0% (2, 1)) = 4§ (x/t,0)  if upt <z < ugt, (3.1.11)
(ug, vR) if x> upt,

(111) Uy, = UR = u

0 0 (ﬂa UL) if x<wut,
(W), ) = { (31.12)

(w,vg) if = > ut,
Ding and Ding (2003)) showed that, for fixed (x,t), the solution of

Up + Uy, = Vg, +4r, xR, t>0, (3.1.13)
u(z,0) = wy(z), zeR, (3.1.14)

converges to the weak solution of relevant inviscid forced Burgers equation as

v — 0, assuming the initial data satisfies
uo(z) = o(x), |z| — 0.

This chapter is organized as follows. In the Section [3.2] we consider a Riemann
problem for de-coupled system and obtain the explicit solution. In Section (3.3 we
find the solution to the initial value problem for forced Burgers equation —
. Section shows that the solution obtained in the Section converges

to the relevant inviscid forced Burgers equation as v — 0.

3.2 Riemann problem for de-coupled system

In this section we construct the solution of the following Riemann problem for

decoupled system.

U + U, = reR, t>0

k
@177 (3.2.15)
pe+ (up), =0, z€R, t>0,
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with the initial value

ur,, Lt of x 0,
(u, p)'(2,0) = wpn) e (3.2.16)

(ur, pr)" if > 0.

Assuming that there exists a v such that
Uy = P, vy = —up.

Then the system (|3.2.15)) with (3.2.16)) reduces to

(

_ k

vy + uv, =0,

ur, x <0,
u(z,0) = (3.2.17)
ug, x>0,
r, x <0,
o(.0) = J7 pla.0)dz = {
prT, x> 0.

\

We now solve the Riemann problem for inviscid forced Burgers equation using the
method of characteristics.

The characteristic equations are

dx du k

— = —_— = 3.2.18

a dt (2Bt + 1) (3:2.18)
Solving this system of ODEs, we obtain the characteristic curve originated at the

point (z9,0) and is given by

z(t) = %(1 — V2Bt +1) + (u(xo, 0) + %)t + 9, (3.2.19)
and the solution along the curve is
k 1

Depending on the values of u; and ug, we have the following cases.

Case 1: uy, > ug
In this case, we will have a shock wave originated from (0,0) and satisfies

dr 1[4 1
E = 5 [F(l——m)‘i‘UL‘i‘UR ,
z(0) = 0.

(3.2.21)
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Then the equation of shock wave is

a(t) = %[;—ﬁ(l - \/m> + <%+UL+UR)?5]

=: g(t).

(3.2.22)

Thus the solution for the Riemann problem for inviscid forced Burgers equation

18

( k 1 ,
B(l—W>+uL if x<g(t),
u(z,t) =1 ¢ if = =g(t),
i 1 ! if t
\B< —W>+UR if x> g(t),

where ¢ is any constant.

(3.2.23)

Using the solution u(z,t) given in (3.2.23)), we solve the Riemann problem for the

second equation in de-coupled system (|3.2.17)).

If x < g(t), then we have

x(t) =

(- VBT D) + (w4 5 e+ 6

u(z,t) =

1
G_W&+J+”’

where 2(0) = & < 0. Hence,

U(ZL', t) = pLgl

- e (o))

for the case x < g(t).

If # > g(t), then we have

x(t) =

(1—28t+1) + (uR+%)t+&,

u(z,t) = + UR,

k
B2
k (1 _ ;>
8 V2Bt + 1

where z(0) = & > 0. Hence,

U(:L‘,t) = pR§2

- e (o))
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(3.2.24)

(3.2.25)

(3.2.26)

(3.2.27)

(3.2.28)

(3.2.29)



for the case x > ¢(t).

Here we find the distribution derivative of v(z, ).

Le
t er(t) :%(\/m—l)—k (uL—l—g) t
en(t) = %(\/W— 1)+ (uR + %) t.
ple.t)  =Ta(9)
=t
_ /Ooo/Rv(az,t)agbdxdt]

+li%ﬂﬁwm+/mﬁwﬂ+%@wﬂﬁﬂﬁ

t) 0
oo prg(t) 0o 00
:/ / pL¢(:r;,t)dxdt+/ / pro(z, t)dxdt
t=0 J —o0 t=0 J g(t)

+[whw@+@@wmmw+qwmpmmww

=0

for every C°(R x (0,00)). Thus
p(z,t) = pr if x > g(t), (3.2.30)

(Prlg(t) + er(t)] = prlg(t) + er(t)]) Gumgy if @ = g(t).

Case 2: ur, < up
From (3.2.19)), the characteristic curves originated from (zg,0) for the Riemann

problem for inviscid forced Burgers equation are

%(1—\/25t+1)+ uL+§)t+x0 if <0,

(3.2.31)
%(1 — /20t + 1) + | up + %)t—i—xo if xq >0,

z(t) =
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and the solution along these curves respectively is

E(1—;> +ur,

u(w,t) = VLA (3.2.32)
E (1 - —m) + UR.
Let
fu(t) = %(1 — V26t +1) + (% + uL>t, (3.2.33)
k k
Jr(t) = 7 (1 — /2Bt + 1) + (3 - uR>t. (3.2.34)

It is clear that the region {fL(t) < x < fr(t)} is not covered by the characteristics.

Therefore, the solution in this case is

(k<1—;)+u,; if =< fr(t),

V2Bt +1

3
u(z,t) = Hx— 21— Wﬁtﬂ)} — s iF fu(t) <z < fr(D), (32.35)
kg( _——ZBlt+1) fun it > fal)
and

PL; it @< fi(t),

plz,t) =40, if  fo(t) <z < fa(t), (3.2.36)

pr, i x> fr(t).

Now we prove that the solution so obtained is a weak solution of (3.2.15)-(]3.2.16)).
First we prove that u is the weak solution of the first equation in (3.2.15), i.e.

to show that u satisfies the integral equation

%WKZW@+(§>%WMt I—/OMM&WM—iwmammm

—0o0

o0 o0 k.
_ /O /_ @y Tt et (32.37)

for every ¢(z,t) € C(R x (0, 00).
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Case 1: uy, > up

Consider

[ e (S = [ s (o [ e (5) oo
= I+ Ip.

Then

2

k 1
S )

oo rg(t) k 1
Il:/o /oo {[B(l\/ﬁ)—i—m

+ ur, g,(t) _

1]k 1 i
5 [B (1 — —m) +ur, } ¢(g<t),t)dt,

(3.2.38)

2

s [%(1—%)

//(){[%( ) o B )
( qbda:)dt

k 1
5(1_\/W)+“R

- )

1
m)*’m

J a0 )




Y e k oo

_/o /gm 25t 1 e Ddwdt = ur /0 6(x,0)dx

+/o {[5(1\/W>+“R
Thus

/ / (uepy + gbx dxdt / / W(ﬁ(:& t)d:cdt—uL/ o(z,0)d
[+ (g(ﬁ>]
- [g (1= ) )g’<t>¢<g<t>,t>dt

el ee——p 2
. 2013 Jpir1)

2

J 0 —%[g<1 - ﬁﬁtﬁ) +un

B [g (1 N \/ﬁ) +ur| |9(g(t),t)dt
R k 0
:/0 /_Oo W(b(x,t)d:cdt—w /_oo o(x,0)dx
— UR /000 é(x,0)dx

Hence, u(z,t) given in (3.2.23) is the weak solution of inviscid forced Burgers
equation ([3.2.15)).

(3.2.40)

Case 2: ur < up

We prove that u(x,t) given in ({3.2.35)) is a weak solution of (3.2.15)-(3.2.16)). For
that we show that u(z,t) satisfies (3.2.37)).

Consider

[ e (o [ (3
[y e (5)e0
—l—/o /fR(t) Uy + (u;) ¢z )dadt

= [1 +Ig+[3

o] S,

¢, )dxdt+

) dxdt

| S,
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Then

A e A
[ L GO ) ] Yoo

fo®) k
- )

0
1

. /OOO {g( - T +qu¢<fL<t>,t>dt.

Since I5 has singularity at ¢ = 0, we consider I, = lim._,o I5 .

/ /ffR (udy + (2)¢>x)d9:dt

7 (i 0] g
/ /f:”R ({x—— \/mﬂ_w%)ibxdxdt

-1 / (uR+g<1— ﬁ))l(m(ﬂ,wdt

s / N <u +g(1 - Jﬁ)ﬂ(mmdt

fr(t k
— dxdt.
/g /fL(t) (28t + 1)%2¢(x, 1)

I
N |
ﬁ
N
S
=yl
_|_
| =

—( _ ﬁ))lm,odt

- % /O h (uL +g<1 - m)ﬂ(mw,wdt

oo rfr(t) k
_ / / _dudt.
o Jrw (28t+1)2
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Also,

b / /fR [ ( 2/6’]1;+ )+UR}¢td$dt
7 GI 0 ) o] Yot
:_/ UR¢(£UOCZ:L‘—/ /fR Wqﬁ(m dudt

! / ~ [% <1 _ ﬁ) + uRTWR(t),t)dt

Thus,
(o) [e%s) 'LL2
/ / (U¢t+(§)¢x)d$dt=h+12+[3
0 —00

0 0
= _/ urp(x,0)dx —/ urg(z,0)dz
—oo 0

o o0 k
b [ e

Similarly, one may prove that, the solution p(z,t) given in (3.2.30]) and (3.2.36)) is

a weak solution of (3.2.15)), i.e. to prove the following,

/ / e [p@ (up qu] dxdt + / /f f:t [pqst up)%} dxdt
[ /f . [pcz»t + <up)¢x} dedt = — / el 0de = [ profa,0)ds

(3.2.41)

for every ¢(x,t) € C*(R x (0,00))
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3.3 Solution of the forced Burgers equation

In this section, we show that the solution of the forced Burgers equation (|3.1.2))

converges to the generalized solution of relevant inviscid forced Burgers equation

k

Ut + UU, =

as v — 0.

From [Satyanarayana et al. (2017)), we can see that under the Cole-Hopf like trans-

formation
2v y(n,t)
u(x,t) = — U , 3.3.43
(1) V2Bt +1 ¢(n, 1) ( )
where 1 = L, the problem (3.1.2)-(3.1.3) reduces to
28t + 1
k
(2Bt +1)tby = By + viby, — 2,1 (3.3.44)
1 (7
¥(n,0) = exp {—5/ uo(s)ds} = 1o(n). (3.3.45)
0
Scaling the variables
n=vvn, Pnt) =Y vy,t)=e0',t), (3.3.46)
in (3.3.44)-(3.3.45)), we find that
/ k /
2Bt +L)pe = By + oy — O (3.3.47)
e(',0) = Yo(vr') = po(n). (3.3.48)

A solution for ([3.3.47)-(3.3.48)) was obtained by [Satyanarayana et al.| (2017)) by

assuming that the initial data ug € L'(R) and ug is continuous over R, which is

ol = (28t + 15 [ Ky 0000y (3.3.49)
where,
'y 1 koo, 1 , k , k 2
K“?’y’”:mexp{m(” g [V ) - (7 ) }
(3.3.50)
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Scaling back to n and 1, we get a solution of (3.3.44)-(3.3.45)), which is

2
(28t + 1)5e®

?/)(77775) = 2\/@
(o) 2
></ eXp{Q;C (n—y) — 41t [\/2ﬁt+1(n+%)—(9+%)} }wo(y)dy
(3.3.51)
Let t' = ;, then (3.3.51]) becomes
20t +1
¢(777t) = 27“/\(/13_ t/Z)t/<14ﬁB3>
o0 k Bt? 1 k kN1
></ GXP{% (n—y)— m{; (U+E)—(y+@)1 }wo(y)dy-
(3.3.52)
Set
k 2T k kN1 y
F(n,y,t) = - {B(n—y) - (lﬁ_t_tﬂ) [; (77+ @> - <y+ @)] } +/0 ug(s)ds
2 k(1-—+¢ k 20t/
T ﬁt'277 - 1ﬁ t2y2+5 <1+t'> [n—y+§] N 1—6#2%
’ ds. 3.3.53
+ [ uleyis (3:3.53)

Then, from (3.3.52]) we see that

bty = —— Y8 p(-i) /_ h exp{—iF(n,y,t’)}dy. (3.3.54)

2mv(1 — /%) % 2v

One can find

25( —ty) k (1—15'2)‘

F y="-—L 27 [
Therefore, the solution of the Cauchy problem (3.1.2))-(3.1.3) is
v ) i Wa(,t)
V2Bt +1 9(n,t) b(n,t)
t[2 Fyn,y,t)exp{—5F(n,y,t'") } dy
o exp{—5F(n,y,t")} dy
Jo, [ o a (}%ﬁ)] exp {— 5, F'(n,y,) } dy
Joexp{—5,F(n,y.t)} dy
=: a(n,t), (3.3.55)
1

x
where F is given in (3.3.53)), n = ——— and ' = ———.
NeT S V2Bt 1
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u(z,t) =




3.4 Vanishing viscosity behavior

In this section, denoting the solution in by u(z,t,v), we show that u(x, t,v)
converges to the generalized solution of inviscid forced Burgers equation
as v — 0. In order to prove this, we use the original ideas from [Hopf| (1950).
Since

uo(y) = o(y) as |yl — oo,
it can be seen that

F / 12
(n.y.t) Bt :
y2 1 —¢

as  |y| — oo, for every fixed n,t'. (3.4.56)

Then there exists a natural number N such that

1/ Bt? 3/ Bt”?

Since F' is continuous in y for all |y| < N and by the virtue of (3.4.57)), minimum

of F(n,y,t') exists for all y. Say,
min F(n,y,t") = m(n,t).
y

Let y.(n,t') and y*(n,t’) be the smallest and largest value of y for which F'(n,y,t")

attains its minimum.
Lemma 3.4.1. We have the following

(i) y*(n.t) <wuln' ') if n<u;

(i) y«(n = 0,t') = yu(n, 1), y*(n+0,8") = y*(n, 1');
(117). y.(400,t") = +00, y*(—o0,t') = —0c0.

Proof. Setting

k(1—t k
G(n,y,t') = F(n,y,t') — 1_Bt,2772 ~3 (1 +i,) [n+ @] : (3.4.58)

it can be seen that G(n,y,t') also attains its minimum at y.(n,t') and y*(n,t'). So

) .o =0it <y

>0 if y>y"
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where y* = y*(n,t'). In view of (3.4.58]) and (3.3.53)), we have

, . 2B
G(n,y,1) = G0y, ) — —2my (3.4.60)
and
/ * / ! * / 2/Bt/a *
GOta,y,t)=Gntay’t) =Gy t) =G,y t) -5 y—y"). (3.4.61)

Then from (3.4.59)),(3.4.60), we find that

Gn+a,y,t')—Gn+a,y*,t')y>0 for y<y* and a>0. (3.4.62)

Therefore, G(n + a,y,t') attains its minimum for y > y*. Hence (i) is proved.

We will prove y*(n + 0,t') = y*(n,t'), i.e, we will prove that for a given ¢ > 0

there exists a real number a such that
ly*(n + h,t') —y*(n,t)| <e V he(0a). (3.4.63)

Let € > 0 be given. Set

G(n,y, 1) — G(n,y*,t
G (y) = 7y ;_y*(ny ) (3.4.64)

Then in view of (3.4.59), we have g, #(y) > 0 for y > y*.
From (3.4.56)), we can say that there exists a natural number N such that

1/ Bt?
§(W>y2<F(77,y,t’) v oyl >N

The above inequality leads to

1( ﬁt’2> v Flyst) _ Fly,t) = Flnyx.t)
1—t?%)y—y* y—y* y—y*

9 = Ont (y) :

Thus, we find that g, 4 (y) — oo as y — oo. Then, corresponding to M > 0, there
exists a N > 0, such that

gnv(y)>M Y y>N. (3.4.65)

On the other hand, from ([3.4.59)), ¢,+(y) > 0 and is continuous in [y* + €, N], so

it attains a positive minimum say d > 0 in [y* + €, N| in the case that y*+¢€ < N,
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the other case is trivial.

Let o = min{d, M}, then
Gor(y) =2 a>0, ¥V y>y +e (3.4.66)

In view of (3.4.61]) and ((3.4.66|), we can choose sufficiently small a, such that

Gn+h,yt')—Gn+hy,t) 20t'h
- = gow(y) — —3
y—vy 1—1t
2 !
> (X R /B—ta;’
1—-¢
> 0, (3.4.67)

for all h € (0,a) and y > y* + €. Hence, from and it is clear that
Gn+h,y,t'")—Gn+h,y*,t') >0, (3.4.68)
holds when y < y* or y > y* + €. This means,
v <y'n+ht)<y" +e V he(0,a).
Therefore, follows. Similarly, we can prove y.(n—0,t) = y.(n,t"). Hence,
(71) is proved.
We will prove y.(400,t") = 400, i.e., we will prove that for every real number
I > 0, there exists g > 0 such that
e, t')y>1 Y n>n. (3.4.69)

Let the minimum of G(0,y,t') be m for fixed ¢'. Take a real number A such that

A > y*(0,t). (3.4.70)
Then,
1—t?
A+1.¢)—
0 S5 [G(0,A+1,t") — n]
= Mo
And in view of (3.4.60]), we have
20nol’ 28not!
G,y t) =+ 1— ;214 =G0y #) —n— = ‘;2 (y — A). (3.4.71)
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Hence, G(no,y,t') and left hand side of (3.4.71)) attain their minimum at same
points. Clearly,

G(no,y,t') —n+ (3.4.72)

=0 if y=A+1.

Thus, the function G(no,y,t') attains its minimum only for y > A. That is

Y« (1o, ') = A. Hence, in view of (i), we get
y(n,t') =AY > (3.4.73)

Case(a): If I < A, then (3.4.69)) follows from ((3.4.73)).
Case(b): If I > A, then (3.4.69) follows by replacing A with I in (3.4.70) and
proceeding the same upto (3.4.73]).

Similarly we can prove y*(—o0,t') = —oo. Hence, (#ii) is proved. O
Lemma 3.4.2. The function

m(n,t') = F(n,y.(n,t'),¢') = F(n,y"(n,1), 1)
is continuous in the region {(n,t') :n e R, 0 <t < 1}.

Proof. Take an arbitrary point (1o, t'g) in the region {(n,t') :n € R, 0 <t < 1}.
We will show that m(n,t’) is continuous at (1, tf).

Denote
Yo = Y=o, 10), y" = y" (no, tg) and m" = F(no, ys, tg) = F (10, y" 1g)-
Since m’ is the minimum of F(ny, y, t;), there exists a constant p > 0 such that
F(no,y,ty) >m' +p whenever y <y,—1 and y>y"+1. (3.4.74)

In view of (3.3.53)), F'(n,y,t') — oo uniformly as |y| — oo in a neighborhood of
(n0,t,). Hence, in view of (3.4.74)), there exists 0 < ¢ < t{,, such that

F(n,y,t') > m'+§, whenever y < y,—1, y>y*"+1 and |[n—no|+|t'—t;| < q.
(3.4.75)
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Besides, from the fact that F(n,y,t') is continuous at the point (1o, y«, t,), we see

that there exists » > 0, r < ¢, such that
F(n,y,t') <m' + g, whenever |n —no| + [t — 5| < 7. (3.4.76)

In view of (3.4.75)) and (3.4.76]), we conclude that, for all (n,t") satisfying

In—nol + [t/ —ti| < r, F(n,y,t') attains its minimum in
v —1<y<y +1

Thus, there exists ¢ in [y, — 1, y* + 1] such that F(n,y,t') attains its minimum for
all (n, t') satisfying |n — no| + |t — ti| < 7. Then uniform continuity of F(n,y,t’)

over the region
{(nyt) iy = 1<y <y +1 and [n—no| +[t' — o] <7}
will imply the existence of 0 < ¢; < r such that
F(no, v ty) — F(n,y',t') < e whenever |n—mno|+ |t —t,] < 1.
Therefore,

m(no,ty) —m(n,t") = min F(no,y, ty) — min F(n,y,t')
y y

(3.4.77)
< F<n07y/7t6) - F(U; Z//;t/) <€,
whenever | —no| + [t — t5| < d1.
Consider,
m(nv t/) - m(7707 25,0) = myin F(nv Y, t/) - F(T]07 Y t{))
< F(777 Y, t/) - F(UO: y*7t6)

Since F(n,y,t") is continuous at (1o, v, t;), we get

m(n,t') —m(no,ty) < € whenever |n—no|+ [t' — ty] < da. (3.4.78)

Thus, in view of (3.4.77]) and (3.4.78)), choosing  to be the minimum of §; and d,

we infer that m(n,t') is continuous at (1o, t;)). O

Lemma 3.4.3. The functions y.(n,t') and y*(n,t’) are lower and upper semi con-
tinuous respectively. And at the point (n,t') where y.(n,t') = y*(n,t'), they are

continuous.
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Proof. Let (no,t,) be a fixed point in ¢t > 0, t’ = ﬁ and (n,,t)) be a sequence
of points approaching to (1, ;). And also let U be an open and bounded set that
contains (1o, ty) and (9,,t) Vn=1,2,3,--- . Firstly, we prove that the sequence
{y«(nn,t,,)} is bounded, for which let us assume contrarily that {y.(n,,t,)} is
unbounded. The fact that m(n,t') is continuous proved in Lemma will imply
that

supm(n,t’) = M
U

exists. Due to (13.4.56)), corresponding to this M > 0 there exists a N > 0 such
that
F(n,y,t') > M, whenever |y| > N, (3.4.79)

for all (n,t') € U. Since {y.(n,,t),)} is unbounded, so corresponding to this
N > 0 there exists a point (1;, ;) such that |y.(n;, ;)] > N. From (3.4.79), we get
F(ni,y.(ni, th),t) > M, which is a contradiction, since M is supremum of m(n, t').
Thus {y.(nn,t),)} is bounded.

Let

im  y(mn, ty) =1 9 (3.4.80)

(1 5t7,) = (n0,t0)

Then the sequence {y.(n,,t,,)} has a subsequence {y.(n,,t’,)}, such that

lim (M, 1)) = 7. 3.4.81
(nnut;/)ﬁ(no,ta)y(n ) =9 ( )

Though we use the general notation of limit in (3.4.81]), our meaning here is to
say that (n,,t)) converges to (1o, ;) along the specific curve.

If y is arbitrary, then from

F(nn’ayat/n’> > F(nn’ay*(nn’at,n’)vt,n’)v
we get
F(7707y7t6) 2 F(770’37> t6)7

in view of (3.4.81)), by letting (n,v,t.,) — (no,t,). Therefore, it is clear that ¥ is

also a point at which F(no,y,t;) attain its minimum. So

Ue(mo,to) <y = lLm  y.(n, 1) (3.4.82)

(77n 1t'ln)_>(770 7t6)
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Thus, y.(n,t') is lower semi continuous at (no,t;). Similarly, we can show that

y*(n,t') is upper semi continuous. It is obvious that, if y.(no, ;) = y* (1o, ty), then

lim (0, 1) = y.(no,t5),
L (n,t) s (10, 10)

im oy () = Y (o, t).
(777tl)_>(770,t6)y (77 ) Y (770 0)

So y.(n,t') and y*(n,t") are continuous at (1o, ty). a

Theorem 3.4.4. Suppose u(z,t,v) be a solution of subject to with

uo(x) = o(z) as |x| = oo. Then for xz,t > 0 we have,

— 26t — t'y.(n, t")] Kt [1-—t
1 1 < ’ = (— 3.4.83
(ng%ﬁmMmTw)\ 1—t? +x3 1+t )’ ( )
28t [n — t'y*(n, )]kt [1—t
Btln y/2(77, ) + — ( ,> < lim (o, T,v). (3.4.84)
1—t BANLHY ) (w0

Proof. We will prove (13.4.83). We know from ([3.3.55]) that
. fiﬂﬁg%ﬂ+%WﬁDLMK—iFm%ﬂ}@
a(n,t') = 5 5 ;
I exp{ Fny,t }dy
where t' = \/Qﬁltﬂ, n= \/2/§t+1 and F'is as given in (3.3.53]). Now we have

I [+ ()] e (4 Pen )

1—7

w(o, T, V) = = , (3.4.85)
2 exp{=LP(&,y,7)} dy
where 7 = ﬁ, £ = ﬁ and
1
P(&y,7') = 5[F(&y, ) —m(& 7)) (3.4.86)

with
m(&,7) = F(&y.(&,7),7) = F(&y (€,7),7).

Now, we notice that

Of *;/ *’I’
Py, 7) = 20 ysuleT)ony =) (3.4.87)

=0 if y=y({7) or y=y"(&7)
and from Lemma P(&,y,7') is continuous in &, y, 7. In view of (3.3.53)),

we see that

P&y T) B
lim = 57
ly|—o0 y2 2(1 -7 )

holds uniformly with respect to &, 7" on every closed set.

(3.4.88)
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We choose an arbitrary point (n,¢') and then let

Y. =u(n,t), Y =y*(n,t).

For any small real number € > 0, if a and b are chosen sufficiently small, then we

find that

26t'(n—t'Y*) Kkt [1—1
l = 1_—#2 —+ F — €
/

267(&—Ty) kT (1—7

28t'(n — 1Y) kt' (1t
< T + F +e=: L.

holds when
E—n|+ |7 —t|<a, and Y, —2b <y < Y™ + 2b.

From Lemma |3.4.3] since . (&, 7’) is lower semi continuous at (7, t'), corresponding

to this b > 0 there exists a; > 0 such that
Y:k —b < y*(§77-/)7

whenever | —n| + |7/ — /| < a;. At the same time, since y*(&,7') is upper semi
continuous at (n,t'), corresponding to the same b > 0 there exists ay > 0 such
that

Y& 7) <Yi 40,
when | —n| + |7 — /| < as.

Therefore, if a = min{a;, as}, then
Y, —b<y.(7) <y (7)< Y+, (3.4.90)

when

€ =nl+ |7 =] <a. (3.4.91)

Now, in view of ([3.4.89)) and (3.4.90f), the numerator in right hand side of (3.4.85))

is less than
0 P Yi—2b . . P
L/mexp{—;}dy—k/oo {QﬁTl(fr 'y) (1 T) }exp{—;}dy
<287 —Ty) 1 P
o P (1+ )l

67




whenever &, 7/ satisfy (3.4.91)), where P is as given in ([3.4.86)).

Claim: There exist sufficiently small positive numbers a and b such that

2687 (€ — T'y) N kT’ (1 —T’) 7

B 1+7

<Kly-Y~
1 _7-/2 B — (y )7

for ally > Y* +2b, | —n|+ |7 — | < a and for some constant K.
We have

267 (E—7'y) k! (1—1' 2
D + ET ) — L 2 /
lim |——" 7 (i5) _ . (3.4.93)
Y—>00 Yy — Y * 1 — 7/
Then for d > 0 there exists M such that
2687 (E—1'"y) k! (1—71'
T’2y+7<1+r')_[’ 2p37"° d
y—Y* 1— 72 '
20t + a)?
— +d= K 3.4.94
S T (@rap T B4

for all y > M and | —n| + |7 — ¢/| < a. In fact a is chosen sufficiently small so
that ¢’ 4+ a < 1, remember that 0 < ¢’ < 1. Therefore,

287'(E—Ty) kT (1 —T’) _z

< Ky(y—=Y"), foral y>M

— g e

and [€—n|+ |7 —t] <a. (3.4.95)

If Y*+2b> M, then the claim holds. If Y* + 2b < M, then

287 (€=T"y) | kr' (1=7'
ot () L

y—Y*

is continuous on [Y* + 2b, M]. Hence it is bounded by K7, for some real K.
Thus,

LI < K(y—Y"), (3.4.96)

267'(E—Ty) kT (1—7’) B

1— 77 B\1+T

forall y >Y*+4+2b and [{—n|+ |7 —t| <a, where K = sup{K, K>}. Claim
holds.

Similarly one can obtain that

LI <K{Y* —vy), (3.4.97)

287 (& —Ty) kT (1 — T’) B

177 ERVERE
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for all y < Y* — 2b,|¢ —n| 4 |7 — | < a and for some constant K.
Therefore, from (3.4.92)), (3.4.96]) and (3.4.97), we have

SRy exp{=CYdy . [ (- Y exp{-L}d
fy*(ET exp{ }dy fy*(f,T’) eXp{ l/}d

(o, v) < L+ K (4.4.08)
(3.4.99)

when |§ —n| + |7/ — | < a is satisfied.

; Y*) d
Claim : 1 &2l eXpP{ 2
= fy “(g.r) P { } dy

To prove this, we first show that y@ Y, T)Q is bounded below by a positive constant

¢, y, and 7’ satisfy y > Y*+2b and | —n|+|7'—t'| < a. Since fy(fgj)g — 2(fo,2) as

ly| — oo uniformly on any closed set of (f ,7'), there exist a natural number N such
that 5‘“2 is bounded below by4 =: A forally > N and [—n|+|7"—1| <

ais Satlsﬁed

On the other hand f(f o )2) attains its positive minimum on B = {(&,y,7)/Y*+
206 <y <N, [ —n|+ |7 —1| < a} say As,.
Take A = min{A;, As}. Then

A_PEyT)

2 <oy when &, y, 7' satisfy y > Y* 4+ 2b and |€ — | + |7 — | < a}.
y_ *

Further, a calculation shows that

/ (y—Y*)eXp{——}dy < / (y-Y )exp{—2—(y—Y )Q}dy
Y*+2b v Y*+2b v

2Ab?
- Zexp{— b } (3.4.100)

whenever £, 7’ satisty | —n|+|7" —t/| < a. Meanwhile, the uniform continuity of

P on the set
(€ )i —nl+17 —¢| <aand Y. — 26 < y < V™ + 25}

and the fact (3.4.87)) imply that there exists a positive d such that P < 2A4b? holds
whenever &, y, and 7’ satisfy y* (£, 7')—d < y < y*(&,7')+6 and [E—n|+|7'—t'| < a.
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Thus

00 P y*(&,7)+6 2 A2 oo 2 Ab?
/ exp{——}dy = / exp{— }dy—l—/ exp{— }dy
v (&) v v (&) v (67 +6 v
y (&) 40 2 Ab2
> / exp {— } dy
y*(&7) v
2
= dexp {—Qib } (3.4.101)

whenever | —n| + |7 — /| < a is true.

Therefore, the third term in right hand side of the inequality (3.4.99)) is less than

v/Ad and hence it tends to 0 as v — 0, whenever &, 7/ satisfy [ —n|+ |7 —t/| < a.
Claim holds. Similarly, second term in (3.4.99) also vanishes as v — 0.

Thus we have proved (3.4.83)). Similarly we can prove (3.4.84)). n

In view of Theorem [3.4.4] we observe that, at the point (n,t") where y.(n,t') =

y*(n,t'),

lim (o, T,v)
(a,m,v) = (1,4,0)
exists and
- N 20t — t'y.(n, )] | kt' (1
(o) S i Tv) = 1— 2 ] (1 + t’)
2Bt —ty*(m, )] Kkt (1t
a 1—t? 5 (1 + t’> (3.4.102)

i(n, t')
=: u(z,t).
By virtue of Lemma Ly« (n,t'), y*(n,t') are monotonic in R for fixed ¢’. Then
the set of points n at which y.(n,t)and y*(n,t') are discontinuous is at most
countable.
Further, suppose y.(n,t') is continuous at 7. Take a sequence 7 such that 7, <

7 and 7y, converges to 7.

Then
v (s t') <y, t).
Therefore,
Jim g (g, #) < g (3, 1).
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Hence,
y (,t') = y. (1, 1)
Thus, we obtain,
y(n,t) =y (n,t') a.e.

Finally, for every ¢ > 0,

limu(z,t,v) = u(x,t) ae., (3.4.103)

v—0

But we know that the weak formulation of (3.1.2) is

// [:I:tu\lft—l—M\If}dxdt—k/w\D(xO) (z,0,v)dx

(3.4.104)

for any ¥ € C°(R3), RZ = Rx (0, 00). Let supp(¥) =: Ky x Ky C R3. Therefore,

passing to v — 0 for the limit function u(x,t), we have

/K2 /K1 {u(x,t)\llt + M\Px + m\lf} dxdt — /Kl W(z,0)u(x,0)ds = 0.
(3.4.105)

Hence, u(x,t) is the generalized solution of

k
Uy + Uty = W’ reR, t>0, (3.4.106)

where § > 0 and k is a non-zero constant, with the initial condition ([3.1.3)).
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Chapter 4

Conclusions and future work

e We assumed that up € L'(R), 2"™uy € L'(R) with [*_ug(2)dz = 0, then
we showed the existence of approximate solution u,(x,t) to the true solution
u(z,t) of

U + Uy = WUy, reR, t>0,

(4.0.1)
u(z,0) = ug(x), xR

such that [|u(.,t) — u,(.,1)]], = O~ FVH/2P) as ¢ — .

For which, an asymptotic N-wave approximate solution was constructed for
heat equation in such a way that, the moments of exact solution of the heat
equation agree with those of approximate solution and achieved higher or-
der estimates. In the case of Burgers solutions also, we obtained the same
higher order convergence, even though the moments of exact and approxi-
mate solution of Burgers equation are not equal. The proposed approximate
solution is much simpler and the rate of convergence of the N-wave approx-
imate solution is higher when it is compared with the Gaussian approxi-
mation proposed by |[Kim| (2011)) in certain cases. Finally, we constructed
an approximate solution for a de-coupled system and obtained higher order

convergermnce.

e Using generalization of truncated moment problem, we just showed the ex-
istence of approximate solutions for (4.0.1)). However, one can further study

which one among all those approximate solutions would be convenient to
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applications.

It will be more challenging to consider the problem (4.0.1)) with

(1+]z|*ue € L' (R) and then looking for an approximate solution u(z, t)
such that ||u(.,t) — v(.,t)||, = O™ /2) as t — oo, where m > n + 1.
Perhaps one has to introduce time shifts in approximate solution in addition
to considering space shift parameters. It is worthy to consider n = 2 case

first and then one can look for generalizing it.
It will be exciting to consider the non planar Burgers equation

U + U, + v — VUgy,
t 2 (4.0.2)

u(z,0) = uo(x),
where [*°_ug(z)dz = 0 and uy € C(R). By mimicking the solution, con-
structed in Chapter 2, one may investigate the behavior of solution of (4.0.2]).
It will be more worthy to obtain approximate N-wave solutions with precise

error estimations.

We constructed approximate solutions for

Up + Uy = Ugpy, reR, t>0, (4.0.3)
pr+ (Up)e = pus, xreR, t>0. (4.0.4)
u(z,0) = up(x), x€R, (4.0.5)
p(x,0) = po(x), x€R, (4.0.6)

under the assumption that

‘/07 x2n+m‘/07 CO7 x2n+mCO € Ll(R>7

/ "V (x)dx = / *Co(z)dr =0, 0 < k < m.

—00 o0

One can look for the solution of (4.0.3)-(4.0.5) under the conditions that
uy € C®(R) and py € C°(R). One can also investigate the behavior of

solutions for the generalization of (4.0.3])-(4.0.5) in higher dimensions.
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e We constructed generalized solutions for the following problem

k
@z T E R, t>0 (4.0.7)

pr+ (up) =0, ze€R, t>0,

U + UU, =

subject to

ur, Lt if ,
(1, )i (ay0) = 4 P <0 (4.08)

(ug, pr)t if x > 0.

Also, we obtained the generalized solutions for

k

U + UlU, =

subject to u(x,0) = ug(x), where ug(x) = o(|z|) as |z| — oco. For which, we

made use of viscosity method.

If one can try to study (4.0.7]) subject to the general initial data

(u(z,0), p(2,0)) = (uo(2), po()), (4.0.10)

where
ug(x) = o(|z]), as |z| — oo,
o(x) = o(|z]) |z (40.11)
po(x) = o(|z]), as |z|— oo,
it gives good insight into the properties of solutions and hence it will be
helpful in dealing with the problem (4.0.9) with f(z,t¢) in place of specific

. k
EXPTession gz vy

e One can even though study the initial value problem (4.0.9)-(4.0.11)) regard-

ing uniqueness of solutions by following the well known results from |Evans

(1998).

e While studying (4.0.7))-(4.0.10)), we completed the cases u; < ug and uy >

ugr. One can also investigate the case ur = ug.
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